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Abstract: In this paper, we have tried to study the effect of toxins on logistically growing biological species. We
have proposed some non linear mathematical models to study the effect in various cases, such as:

(i) The toxin is being emitted in to the environment by some external source.

(if) The toxin is being discharged by the species itself.

(iii) Simultaneous effect of two toxins.

These models involve system of non linear ordinary differential equations. The qualitative analysis has been
done using stability theory. These models have been simulated using MATLAB.
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. Introduction

In past several decades, there are many studies (Agarwal, et al.2016; Kumar et al., 2016; Misraet al.,
2015; Agarwal, et al.2015; Kumar et al., 2015;Khare et al. 2011;Dubey et al., 2010;Agrawal.et al.,
2000;Agrawal, 1999; Shukla et al., 1999; Shukla andDubey 1996; Deluna and Hallam, 1987) present to study
the effect of toxicants on biological species. Some of these studies (Agrawal,et al., 2000;Agrawal, 1999; Shukla
et al., 1999; Shukla andDubey 1996) show the growth of biological species in toxic environment. These studies
are based on mathematical models and their analyses.

In case first, Agrawal, 1999 has studied the behaviour of logistically growing biological species which
is living in a toxic environment. This toxic environment contains a single toxicant and at a constant rate this
toxicant is being emitted in to the environment by some external source. Constant emission of this toxicant
increases the concentration level.

The case second is similar to the case first with different situation in which affected species emits the
toxicant itself in to the environment.

In case third,Agrawal, 1999has studied the simultaneous effect of two toxicants on a logistically
growing biological species. In this case, both toxicants being emitted in to the environment by some external
sources.

In all of these studies, a mathematical model based on system of non-linear differential equations has
been proposed and analyzed in each case. These studies play a great role to study the growth of the biological
species in toxic environment. These studies will be more realistic after including simulation graphs in these
studies. So, in this paper, we give a short description of mathematical models and simulation graphs of the
proposed cases.

I1. Mathematical Models And Their Simulation Graphs
Case (i): The toxin is being emitted in to the environment by some external source
In this case, we have postulated that a single toxicant is being constantlyemitted in to the environment
with a constant rate Q. N(t)is the density of the biological population at time ¢, which is logistically growing
and surviving in this toxic environment. The environmental concentration of this toxicant is T(t) at time t. We
assume that U(t) is the concentration of toxicant T(t), taken up by the biological species N(t) at time t. With
these assumptions, the model is:

dN _[ W) rON]N

a | K(T)

dT

E=Q—6OT—aNT+m/NU (D
du

— = —6U + aNT —vNU

dt

The model (1) has two equilibrium points E; (0,62,0>and E,(N,T,0), where N, T and U are the
0
positive solutions of system of equations
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v = TKMD) _ Q6 +VN) _ QaN
oo N )

andf (N) = 6,6, + (6qv + a8;)N + av(1 — m)N?
The stability analysis (Agrawal, 1999) of the model (1) shows that the equilibrium point E; (0’5_’ 0) is
0

a saddle point which is stable in T — U directions and unstable in N direction. The equilibrium point E, (IV, T, l7)

is locally and globally stable under certain conditions.
Simulation Graphs:In Figure 1, we draw the simulation graph of the model (1). This simulation graph describe

the continuous growth of biological species with respect to the time for different values of emission rate of

external toxicant Q.Here, we assume the defined functions »(U) and K (T) in model such as:
b,T

r(U)=r0—r1U and K(T)ZKO—W

and the value of parameters are assumed as:
15 = 0.20, r; = 0.80, K, = 10.0, b, = 0.010, b, = 1.0,
&y = 0.040, m = 0.80, v = 0.040, &, = 0.00050, a = 0.0010.

Figure 1: Growth of density of biological population (N) with respect to time (t).

Case (ii): The toxin is being discharged by the species itself
This case is similar to the first case with a different situation in which toxicant emitted in the

environment by the biological species itself. This model is relevant to the case of human population. For this

situation, the model is given as:

dN _ [ U T'0N
a 'Y %D
dT
E=AN—60T—0(NT+1TVNU 2)
du
T —6,U 4+ aNT — vNU
The model (2) has two equilibrium points E5(0,0,0)and E,(N*,T*,U*), where N*,T* and U* are the
positive solutions of system of equations
(KT T_/UV(51 +VvN) U _ AaN?
o o fwy )

andf(N) = 6,6, + (6yv + ad;)N + av(1l — m)N?
The stability analysis (Agrawal, 1999) of the model (2) shows that the equilibrium point E5(0,0,0) is a

saddle point which is stable in T —U directions and unstable in N direction. The equilibrium point
E,(N*,T*,U") is locally and globally stable in under certain conditions.

Simulation Graphs: Similarly, as case (i), we assume the defined functions r(U) and K(T) in model (2) such
as:

14 | Page

National Seminar cum workshop on "Data Science and Information Security 2019"
Amity School of Engineering &amp; Technology Lucknow Campus, (U.P.) 226028, India



Survival of Biological Species under The Effect of Toxins: A Study Through Mathematical Models

b T
r(U)=ry—nU and K(T)zxo_m
2

and the value of parameters are assumed as:
7, =020, 1, =080, K,=100, b, =0.010, b, = 1.0,
6y = 0.040, m = 0.80, v = 0.040, 61 = 0.00050, a = 0.0010.

T

densaty of the biological population (N)

tume (1)

Figure 2: Growth of density of biological population (N) with respect to time (t).
Figure 2 shows the growth of density of biological population with respect to the time at d

emission rates of toxicant which is emitted in the environment by the biological population itself. Thi
shows that as the emission rate of toxicant increases the level of biological population density decreases.

Case (iii): Simultaneous effect of two toxins

ifferent
s graph

Here, we consider a logistically growing biological population with density N(t) in the environment

and simultaneously affected by two different types of toxicants with environment concentrations T;

(t) and

T, (t) (both toxicants are constantly emitted in the environment at the rates Q; and Q, respectively, from some
external sources). These toxicants are correspondingly uptaken by the biological population at different
concentration rates U; (t)and U, (t). These toxicants decrease the growth rate of biological population. Keeping

these views in mind, the model is:

aN U Uy) roN N
ac 'Y TR T)
dT,
E = Q - 51T1 — lelN + T[lVlNUl
dT,
E = AN — 62T2 - ]/2T2N + 7T2V2NU2(3)
du,
ar 11N — B1Uy —viNU;
du,
a9 Y2ToN — BoU; — v, NU;
The mathematical model (3)has two equilibrium points Es (O,E,0,0,0)and E¢(N,T;,T,, Uy, U;), where
N, T,,T,,U; and U, are the positive solutions of system of equations
(U1, U)K (Ty, T?) Q1 +viN) AN (B, + v,N)
N = ;o Mi=——p—; = ——
T fi(N) f2(N)
_ QN _ Ay, N®
U, = ) U, =
fi(N) f2(N)
where, fi(N) = 881 + (181 + 81v1)N + y1vi(1 — my)N?
fo(N) = 828, + (V282 + 8,v2)N + v, (1 — m,)N?
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The stability analysis (Agrawal, 1999) of the mathematical model (3) shows that the equilibrium point
Es (0,% 0,0, 0) is a saddle point which is stable in T; — T, — U; — U, directions and unstable in N direction.

The equilibrium point E, (N, Ty, T,, Uy, Uy), is locally and globally stable under certain conditions.
Simulation Graphs: In the mathematical model (3), we assume the defined functions r(U;, U,) and K(Ty,T,)

sucn as:
7 (U] Uz) = T'O _T] U] - rZ“Zand K(T] TZ) = KC - b21 2
’ ’ 1+b]2]] 1+b2212

and the value of parameters are assumed as:
KO = 100, b]_]_ = 002, blz = 10, bz]_ = 001, bzz = 20, r() = 004,

r, =0.0009, 7, =0.0006 & =0.04, & =0005  y =0.0004
y, = 0.0008, 1w =0.0004, m,=0.0006, v, =0.0005,
v, =0.0001, B, =006, B, =0.08.

density of the biclogial population (N)

me (f)
Figure 3: Growth of density of biological population (N) with respect to time (t).
Figure 3 shows the growth of density of biological population with respect to the time at different
emission rates of toxicant which is emitted in the environment by the biological population itself. This graph
shows that as the emission rate of toxicantincreases the level of biological populationdensity decreases.

I11. Conclusion
In this paper, we give a short description including simulation graphs of the studies based on effect of toxins on
logistic growing biological species on the following cases:
(i) The toxin is being emitted in to the environment by some external source.
(ii) The toxin is being discharged by the species itself.

(iii) Simultaneous effect of two toxins.
After including these simulation graphs these studies become more realistic.
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