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Abstract: For analyzing the count data, traditional probability distributions such as Poisson and negative
binomial distributions are considered to be the most suitable models. But in some situations, count data shows
large number of zeros that cause heavy tail which leads to over dispersion. In these situations, it is observed
that these traditional statistical count models cannot be used efficiently. In order to overcome this problem,
many mixed distributions have been introduced in the statistical literature. Among these distributions, Poisson
and negative binomial were used as base line distribution for analyzing over dispersed count data. In this
paper, we have proposed a mixture of negative binomial mixture distribution with generalized Lindley
distribution and the resulting distribution is named as negative binomial-generalized Lindley (NB-GL)
distribution. Further we have obtained some vital characteristics of the distribution such as mean, variance and
factorial moments. Also we used maximum likelihood estimation method for estimation of parameters of
proposed distribution.

Keywords: Mixture Distributions, Negative binomial distribution, Generalized Lindley distribution, Maximum
Likelihood Estimation

l. INTRODUCTION

Count data analysis plays a significant role in various fields such as insurance, public health and road
accidents (Panjer, 2006). Usually Poisson distribution is used for count data analysis if the dispersion index
(equi-disperson) gives the value one (Johnson e.al 2005). But in many applications, count data does not satisfy
this assumption. According to Karlis and Xekalaki, 2005, Poisson distribution does not provide flexible analysis
for count data sets, since most of the applications count data shows over dispersion. Hence many mixed
distributions were introduced in literature for modeling over dispersed count data(Raghavachari etal., 1997,
panjer, 2006; Karlis and Xekalaki, 2005). Among the mixed distributions, negative binomial(NB) distribution is
one of the most commonly used distribution for modeling the over dispersed count data. Greenwood and Yule,
1920 used mean of the Poisson random variable is distributed as a gamma random variable. It is considered as a
very good alternative for Poisson distribution in count modeling. However, in some applications NB distribution
may not suitable due to the over dispersed count data.

One major cause of over dispersion is the existence of excess number of zero counts. And this
phenomenon is called zero inflation. Further, recent studies shows that mixed negative binomial distributions
perform better compare to the Poisson mixture distributions and traditional distributions for modeling the zero
inflated count data. Some of them are negative binomial —inverse Gaussian distribution (Gomez-Deniz et.al ,
2008), negative binomial —Lindley distribution (Zamani and Ismail, 2010), negative binomial-exponential
distribution(Ranger and Willmot, 1981), negative binomial —generalized exponential distribution (Aryuyuen and
Bodhisuwan, 2013), negative binomial —Sushila distribution (Yamrubboon et al, 2017) etc.

The aim of this paper is to introduce an alternative distribution named as negative binomial-generalized
Lindley (NB-GL) distribution for modeling the count data with excess number of zero counts. It is obtained by
mixing the NB distribution with generalized —Lindley distribution (Zakerzadeh and Dolati, 2009). The
organization of the paper is as follows. In Section 2, the probability mass function and some possible shapes of
the proposed NB-GL distribution are provided. Section 3 discusses some characteristics of the NB-GL
distribution. Parameter estimation method is provided in section 4. Section 5 provides applications of the NB-
GL to a real data set. And finally in section 6, the conclusion of the study is given.
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Negative binomial-Generalized Lindley distribution

In this part a new negative binomial mixture distribution is provided which is obtained by mixing the negative
binomial distribution with generalized Lindley distribution (Zakerzadeh and Dolati, 2009).

Definition: Let X be a random variable following NB-GL(r,a, 6, y)distribution where X has the NB

distribution with parameter r > 0and p = exp(—4) and A follows GL distribution with parameters «, 8,y . i.e.;
XIA~NB(r, p=exp(-4)) and 1 ~GL(a,6,7) for r,6,a,y>0

Theorem 1: Let X ~ NB-GL(r,6,c,y). Then the probability mass function of Xis given

a+l
[ @)
byp(X=x|/1)=(r+X_lj_§ J (QHH) , where x>0 &r,0,a,y>0
X J)=0 ><{(6’+r+j+;/)}
(6+7)

Following figures (Fig 1 - 4) represents the PMF of NB-GL distribution for different values of parameters
a,0,randy
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. Figure 1: PMF of NB-GL distribution for the parameters &
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Figure 2: PMF of NB-GL distribution for the parameters 8
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Figure 4: PMF of NB-GL distribution for the parameters y

Characteristics of the NB-GL distribution
In this section, we provide some characteristics of the NB-GL distribution. Since the factorial moment is one of
the most significant characteristics of the probability distribution, we defined the factorial moments as follows.

Theorem 2: If X~ NB-GL(r, 8, a,y), then the factorial moment of order k of X is given by

1 .
u :F(r+k)§ k(—l)j 0 Y o-k+j+y
K=" r =l 0K+ | 0+

Where k =1,2,3,...forr,0,a,y >0

From the factorial moments we can easily obtain the mean and variance of the NB-GL distribution as
/Jl = E(X) = rl;(151 —1J
,Ll2 =V(X)= I’(I’ +1)|_,’{252 —){151 +1J

where
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Parameter estimation
The parameter of the NB-GL distribution is obtained by using the method of maximum likelihood estimation

method.

The log likelihood function of the NB - GL(r, &, «, y) is obtained as

k
log L(r,a,a,y)z Xgonx log py

(e

K « ) P a+l
X J
) Yy = I . -
L(r,a,6,7) Xgonx 0g XEO(JJ( 1) (—(9+r+j)j

X[(‘9+r+j+7)J

i (9 + )/)
By equating the partial derivatives of the log likelihood to zero with respect to the parameters r,0,«,y we
obtain the parameters of the NB-GL distribution. The score equations are given below.

iL(r,oz,er,y)zo

or
i (9 +r+ j) i
F(r+ X)k —(6+r+ j +7)(a+l)
Ir (9 +r+ j)a+2
k 1 _ T

= Xéonx s FrF(r + x) =0

+k(9+r+j+;/) —F(r+x)l“rl

(9 +r+ j)a+1 (l“r)2 '
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Using these equations, we can obtain the MLE’s of r, «, 8, y respectively using R software.

Application study

Here we considered a real data set which provides information on 9461 automobile insurance policies
and fit the data set with the Poisson, NB, NB-L and the proposed NB-GL distribution. The data set was taken
from Zamani and Ismail (2010). Tablel provides the fitting of different distributions to this data set. For
comparing the expected and observed values of the data set for different distributions, we used the estimated
log-likelihood and chi-square test statistic. Chi-square test is used for finding the goodness of fit of the data.
Here we set the null hypothesis as data follow whatever distribution that is being tested, which includes Poisson,
NB, NB-L, and NB-GL with given parameter estimates and the alternative hypothesis is set as data follow some
other distributions. Based on the p- value and the log likelihood, the NB-GL distribution provides better fit to
the given data.

Table 1. Observed and expected frequencies

No. of No. of Poisson NB NB-L NB-GL
accidents | policies
0 7840 7638.3 78433 7853.6 7850.0
1 1317 1634.6 1290.2 1287.4 1310.3
2 239 174.9 257.7 2476 237.8
3 42 125 54.5 54.2 41.7
4 14 0.7 118 13.2 14.2
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Parameter estimates 1=0214| F=070 f =463 f=2421

p=0765| §=2355| §=9873

& = 0.855
y =29.27

Chi-square 293.8 8.65 6.9976 47078

p-value <0.01 0.07 0.32 0.6714

Log Likelihood -5490.78 | -5348.00 | -5344.00 | -5334.94

II.  CONCLUSION
In this paper, we proposed a new mixed negative binomial distribution, named as negative binomial—

generalized Lindley (NB-GL) distribution. Some characteristics of the negative binomial —generalized Lindley
distribution such as factorial moments, mean, variance etc are determined. Using method of maximum
likelihood estimation, we obtained the parameters of the proposed NB-GL distribution. And the NB-GL
distribution is applied to a real data set and compared the performance with some other already existing
distributions in terms of p-value and log likelihood. And the result shows that the proposed distribution is a
flexible alternative to other distributions for modeling the count data with excess number of zero counts.
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