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Abstract: - A new type of fuzzy compact space and fuzzy compact function namely fgspr compact space and
fgspr compact function with the concept of fgspr-open set are introduced. Some characterizations on their
properties are obtained.
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l. INTRODUCTION
The concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [10]. Subsequently,
several authors have applied various basic concepts from general topology to fuzzy sets and developed the
theory of fuzzy topological spaces. Fuzzy topology and fuzzy compactness was first introduced by Chang [2].
The concept of fgspr-closed set and fgspr-open set in fuzzy topological space was introduced by M. Thiruchelvi
and Gnanambal [6]. In this paper fgspr compact space and fgspr compact function are introduced and their
properties are studied.

Il.  PRELIMINARIES
Let X, Y and Z be fuzzy sets. Throughout this paper (. t). (Y. o) and (Z.n) (or simply X, Y and Z) represent
nonempty fuzzy topological spaces on which no separation axioms are assumed unless otherwise stated. Let
f: (., ©) = (¥, a) be a function from a fuzzy topological space X to fuzzy topological space Y. Let us recall the
following definitions which we requires later as follows.

Definition 2.1: A fuzzy set A in a fuzzy topological space (X.T) is called
(1) afuzzy semi-preopen set [8] if & = cl{int(cl(A})) and a fuzzy semi-preclosed set if int{cl(int(A))) = A
(2) afuzzy regular open set [1] if int(cl (2} ) = & and a fuzzy regular closed set if cl(int(3) ) = A.

Definition 2.2: A fuzzy set A in a fuzzy topological space (. T) is called

(1) a fuzzy generalized semi preregular closed set (briefly, fgspr-closed) [6] if spel(A) = w, whenever A < 1
and u is a fuzzy regular open set in X.

(2) a fuzzy generalized semi preregular open set (briefly, fgspr-open) [6] if u = spint(A), whenever p < % and
u is a fuzzy regular closed set in X.

Definition 2.3: Let X and Y be two fuzzy topological spaces. A function f: (X, ) — (¥, a) is called
(1) a fuzzy generalized semi preregular continuous (briefly, fgspr-continuous) [5] if £f7*(x) is a fuzzy

generalized semi preregular open (fuzzy generalized semi preregular closed) set in X, for every fuzzy open
(fuzzy closed) set L in Y.

(2) a fuzzy generalized semi preregular irresolute (briefly, fgspr-irresolute) [5] if £=1(4} is a fuzzy generalized
semi preregular open (fuzzy generalized semi preregular closed) set in X, for every fuzzy generalized semi
preregular open (fuzzy generalized semi preregular closed) set & in Y.

(3) afuzzy open (briefly, f-open) [9] if f{X} is a fuzzy open set in Y, for every fuzzy open set & in X.

(4) a fuzzy generalized semi preregular open (briefly, fgspr-open) [7] if f{X} is a fuzzy generalized semi
preregular open set in Y, for every fuzzy open set & in X.

Definition 2.4: A fuzzy topological space (X. T} is called
(1) afuzzy semi preregular Ty, space [5] if every fgspr-closed is fuzzy semi preclosed.
(2) afuzzy semi preregular T;,, space [5] if every fgspr-closed is fuzzy closed.
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Definition 2.5: A fuzzy topological space (X, 1) is called

(1) afuzzy compact space (briefly, f-compact) [2] if every fuzzy open cover of X has a finite sub cover.

(2) a fuzzy semi pre compact space (briefly, fsp-compact) [4] if every fuzzy semi pre open cover of X has a
finite sub cover.

Definition 2.6: Let X and Y be two fuzzy topological spaces. A function f: (X,t) — (¥, a) is called a fuzzy
compact (briefly, f-compact) [3] if f~*() is a fuzzy compact set in X, for every fuzzy compact set & in Y.

1. FGSPR COMPACT SPACE
In this section, a new type of fuzzy compact space called fuzzy generalized semi preregular compact space is
defined and its properties are studied.

Definition 3.1: A collection {};: i e I} of fgspr-open sets in a fuzzy topological space (X, 1) is called fgspr-open
cover of a fuzzy set pin X if u <V{:iel}.

Definition 3.2: A fuzzy set A in (X, 1) is said to be fgspr compact relative to X if every collection {A;: i€ I} of
fgspr-open sets of X such that A < V{A; : i e I} there exists a finite sub collection {iy, i,...... ,ip € I} such that
A= Vi A siel}.

Example 3.3: Let X = {a, b, ¢} and consider the fuzzy sets A; = {(a, 0.7), (b, 0.5), (¢, 0.2)}, X, = {(a, 0.8),
(b, 0.5), (c, 0.3)}, A3 = {(a, 0), (b, 0.4), (¢, 0.2)} and A4 = {(a, 0.5), (b, 0.4), (c, 0.1)}. Let T= {0, 2%y, 1}. The
collection of fgspr-open sets A = {0, A,, A3, 1} such that A4 < VA and the sub collection of fgspr-open sets
p = {0, A, 1} such that A, <Vp. Hence A4 is fgspr compact relative to X.

Definition 3.4: A fuzzy set A in (X, 1) is said to be fgspr compact if A is fgspr compact relative to X.

Definition 3.5: A fuzzy topological space (X, 7) is called fgspr compact if every fgspr-open cover of X has a
finite sub cover.

Example 3.6: Let X = {a, b, ¢} and consider the fuzzy sets A; = {(a, 0.7), (b, 0.5), (¢, 0.2)}, A, = {(a, 0.5),
(b, 0.4), (c, D}, A3 = {(a, 0.6), (b, 1), (c, 0.4)} and A4 = {(a, 0.4), (b, 0.5), (c, 0.1)}. Lett= {0, Ay, Ay, 1}. The
collection of fgspr-open sets A = {0, A3, A4, 1} such that A, < VA, then A is fgspr-open cover of a fuzzy set A, in X.
Let the sub collection of fgspr-open sets p = {0, A3, 1} such that A, < V. Therefore (X, 1) has a finite sub cover.
Hence (X, 1) is fgspr compact.

Theorem 3.7: Let X be a fgspr compact space and A be a fgspr-closed set in X. Then A is fgspr compact.

Proof: Suppose A be a fgspr-closed set in X. Let {p;: i e I} be a fgspr-open cover of A in X. So by fgspr-
closedness of A, spcl(h) < V{u;:ieI}. Now spcl(A) is a fgspr-closed set and hence it is fgspr compact. This
implies that, there exists a finite sub collection {iy, i,...... Jin € I} such that spcl{i) = 1'-."']!:'=1_{!..Lij:I e[ and so

o= 1'-"I:=J=1{!..lij :ie [} Therefore A has finite sub cover and hence A is fgspr compact.

Theorem 3.8: Let f: (X.7) — (Y. ) is a fgspr-continuous function and surjective. If X is a fgspr compact space,
then Y is a fgspr compact space.

Proof: Let {A;: i€ I} be a fuzzy open cover of Y then V{A:iel} = 1. Since every fuzzy open set is a fgspr-
open set and f is fgspr-continuous, {f*(A;) : i e I} is a fgspr-open cover of X. Then Vif~*{x):i eI} = 1. Since
X is a fgspr compact space, then there exists a finite sub collection {iy, iy,...... Jn € I} such that
Vs F‘l{lijj:I ell =1 (ie)f VL {Ai:iel}] =1. Since fis surjective, F{F‘l[V]!’=1{J-.ij: iel}]} =1f1). (i.e)

kr']-”ﬂ{.lij :iel} = 1. Hence Y is a fgspr compact space.

Theorem 3.9: Let f: (X.t) — (Y. o) is a fgspr-irresolute function and surjective. If X is a fgspr compact space,
then Y is a fgspr compact space.
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Proof: Let {A;: i eI} be a fgspr-open cover of Y then V{}j:i e I} = 1. Since f is fgspr-irresolute, {f*(A;) : i e I}
is a fgspr-open cover of X. Then V{f~*(%):i e} = 1. Since X is a fgspr compact space, then there exists a
finite sub collection {iy, iy,...... Jdne 1} suchthat ViZ{ F‘l{lij]:I elt=1 (i.e) FHVIL fhiel}] =1 Since f
is surjective, F{F‘l[‘u’]!’:l{}lqj: iell]) =1f(1). (i.e) 1-’]!’=1{lij :iel} = 1. HenceY is a fgspr compact space.

Theorem 3.10: A fuzzy topological space X is a fgspr compact space if and only if for every collection {A;: i€
I} of fgspr-closed sets of X having the finite intersection property A {A:iel} =0,

Proof: Suppose X is a fgspr compact space and let {}; : i € I} be a collection of fgspr-closed sets of X with the
finite intersection property. To show that Afd:iel} =0, Suppose that A{d:iell =0, then
1-Af4:iell =1 This implies that, V{1 —#):iell =1, Since X is a fgspr compact space, then there
exists a finite sub collection {iy, i,........ Jn € I} such that V= {(1 — % ):iel}=1. Then ;“n]-":l{lij diell=0,

which is a contradiction. Therefore A {4:1 eI} =0,
Conversely, let {; : i e I} be a fgspr-open cover of X then V{# : iel} =1. Suppose that for every finite sub
collection {iy, i,........ Jne I}, we have 1'-.-"]p=1{5'-.ij diel} =1, then AL, {(1 - ?-.ijj:E el} 0. Hence {(1-%),i¢

I} satisfies the finite intersection property. Then from the hypothesis, we have A{{1 —#)iel} # 0. (i.e)
Vi:i e} = 1, which is a contradiction. Hence X is a fgspr compact space.

Theorem 3.11: Let f: (X, 1) —(Y, o) be a fgspr-continuous function. If A is fuzzy compact relative to X, then
(L) is fgspr compact relative to Y.

Proof: Let the collection {y; : i € I} be fuzzy open sets of f(A) in Y. (i.e) f(A) < V{u; : i e I}. Since every fuzzy
open set is a fgspr-open set and f is fgspr-continuous, then the collection {f*(;), i € I} is fgspr-open sets in X.
(ie) £ () = £ towiw:ield). (ie)d = W{f~*(u):iel). Since A is fuzzy compact relative to X, then there

exists a finite sub collection {i, ip....in € I} such that A= VR (F*(w ):ieD. (ie)
F) = AVEL () i e D] = VIL[FF " (g ):ieD]. (o) FOO < V{w:iel)  Hence f2) is fospr

compact relative to Y.

Theorem 3.12: Let f: (X, 1) —(Y, o) be a fgspr-continuous function. If A is fuzzy compact in X, then f(}) is
fgspr compactin'Y.

Proof: By Theorem 3.11, f(}) is fgspr compact relative to Y and by Definition 3.4, f(X) is fgspr compact in Y.

Theorem 3.13: Let f: (X, 1) —(Y, o) be a fgspr-irresolute function. If A is fgspr compact relative to X, then f(A)
is fgspr compact relative to Y.

Proof: Let the collection {|; : i e I} be fgspr-open sets of f(A) in Y. (i.e) f(A) < V{u; : i e I}. Since f is fgspr-
irresolute, then the collection {f*(u) : i e I} is fgspr-open sets in X. (i.) £~*(f()) = £~ 10V {u:ieD)).
(i.e)d = WIf ()il Since ) is fgspr compact relative to X, then there exists a finite sub collection {ij,
ip...in € 1} such that & = VA, (F~* (g )i €D, (ie) ) = AV () 11 e D] = VEL IR ()i e D1,
(i.e) flA) = 1I'-f']!1=1'[l-l-ij :1 eI}, Hence f(}) is fgspr compact relative to Y.

Theorem 3.14: Let f: (X, 1) —(Y, o) be a fgspr-irresolute function. If A is fgspr compact in X, then f(}) is fgspr
compactin'.

Proof: By Theorem 3.13, f()) is fgspr compact relative to Y and by Definition 3.4, f(A) is fgspr compact in Y.

Theorem 3.15: Let f: (X, 1) —(Y, o) be fgspr-open bijective and Y is a fgspr compact space, then X is a fgspr
compact space.

Proof: Let {A; : i e I} be a fuzzy open cover of X then Vi}:i eI} = 1. Since every fuzzy open set is a fgspr-
open set and f is fgspr-open, {f(A): i eI} is a fgspr-open cover of Y. Then Vif(}):i eI} = 1. Since Y is a fgspr
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compact space, then there exists a finite sub collection {iy, i,........ Jin € I} such that 1Iuf']!’=r[F{JJ-1-jj:i ell =1. (ie)
F{V]!LL{JH-J.:E eI¥) = 1. Since fis bijective, F‘L[F{"J]-“'=L{?qj el =711 (ie) 1'n"|:=:|=1_{:-'|.ij :iell =1. Hence X
is a fgspr compact space.

Theorem 3.16: Every fgspr compact space is a fuzzy compact space.

Proof: Let {\ : i eI} be a fuzzy open cover of X then ViX:iel} = 1. Since every fuzzy open set is a fgspr-
open set, then {}; : i € I} is a fgspr-open cover of X. Since X is a fgspr compact space, then there exists a finite
sub collection {iy, is,........ Jine I} such that ‘v']”=1{lij :iel} = 1. Hence X is a fuzzy compact space.

Theorem 3.17: If X is fuzzy semi preregular T, space and X is a fuzzy compact space then X is a fgspr
compact space.

Proof: Let {A; : i eI} be a fgspr-open cover of X then WV{}:iel} = 1. Since X is fuzzy semi preregular T

space, then {A; : i e I} is a fuzzy open cover of X. Since X is a fuzzy compact space, then there exists a finite
sub collection {iy, is,........ Jipe 1} such that "uf']il{lij :iel} = 1. Hence X is a fgspr compact space.

Theorem 3.18: Every fgspr compact space is a fsp-compact space.

Proof: Let {A; : i eI} be a fsp-open cover of X then Vi}:iel} = 1. Since every fuzzy semi preopen set is a
fgspr-open set, then {X; : i e I} is a fgspr-open cover of X. Since X is a fgspr compact space, then there exists a
finite sub collection {iy, i»,........ Jin € I} such that "u’]il{lij :i eI} = 1. Hence X is a fsp-compact space.

Theorem 3.19: If X is fuzzy semi preregular T ;; space and X is a fsp-compact space then X is a fgspr compact
space.

Proof: Let {A; : i e I} be a fgspr-open cover of X then ViA:iel} = 1. Since X is fuzzy semi preregular T,

space, then {A; : i € I} is a fsp-open cover of X. Since X is a fsp-compact space, then there exists a finite sub
collection {iy, is,........ ,in€ I} such that "u’]il{lij :iel} = 1. Hence X is a fgspr compact space.

Proposition 3.20: Let (X, 1) be a fuzzy topological space. If A and B are two fgspr compact subsets of X, then
AV E is also fgspr compact.

Proof: Let the collection {A, : a € I} be fgspr-open sets of AW E, then AV B = Vi, :ael} Since A=ZAVE
and B = AV B, then the collection {), : o € I} is fgspr-open sets of A and fgspr-open sets of B. Since A and B
are two fgspr compact subsets, then there exists a finite sub collection {ay, ay,........ ,0n € I} which covering A

belong to {A, : a € I} such that A = Vi_;{A; ra €I} and there exists a finite sub collection {as, 0y,........ Ome I}

which covering B belong to {A, : a e I} such that B = Vf'll{%j=ﬁ eI}, Hence there exists a finite sub collection

{01, Ogyerennnn. ,On+m € I} which covering AW B belong to {A, : a e I} suchthat AW B = VE:E’{JW: ael}l. Thus
AV E is fgspr compact.

Proposition 3.21: Let (X, 1) be a fuzzy topological space. If A and B are two fgspr compact subsets of X, then
A A B need not be fgspr compact.

Proposition 3.22: Let A and B be fuzzy subsets of a fuzzy topological space (X, t) such that A is fgspr compact
and B is a fgspr-closed set in X, then A A B is fgspr compact.

Proof: Let A is fgspr compact and B is a fgspr-closed set in X. To prove that A A B is a fgspr compact set. Let
{Ni :1€1} be a fgspr-open cover of A/A B . Since 1 — B is a fgspr-open set, then {A; :ie I} V (1 - B) is a fgspr-
open cover of A. Since A is fgspr compact, then there exists a finite sub collection {iy, iz,........ ,in € 1} such that
A= ‘U']F:l{}ﬁ :iel}V (1 — B). Therefore AAB = VL {#; +1el}. Hence AN B is fgspr compact.
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Theorem 3.23: Every fgspr-closed subset of a fgspr compact space is fgspr compact relative to X.

Proof: Let X be a fgspr compact space and A be any fgspr-closed subset of X. Let {A; : i € I} be a fgspr-open
cover of X. Since A is fgspr-closed, then 1 — A is fgspr-open and {A; : i e I} V (1 — A) is a fgspr-open cover of
X. Since X is a fgspr compact space, then there exists a finite sub collection {iy, is,........ Jip € 1} such that
X= Vj:'=1{lij (iell W (1 - A). Therefore A = ‘hf'f':i{-"qj : iel}. Hence A is fgspr compact relative to X.

Theorem 3.24: Every fgspr-closed subset of a fgspr compact space is fgspr compact.
Proof: By Theorem 3.23, A is fgspr compact relative to X and by Definition 3.4, A is fgspr compact.

Theorem 3.25: Let f: (X, 1) —(Y, o) be fgspr-open and injective. If A is fuzzy compact relative to Y, then f 2y
is fgspr compact relative to X.

Proof: Let the collection {y; : i € I} be fuzzy open sets of () in X. (i.e) f~*(A) = V{u : iell. Since fis fgspr-
open and injective, then the collection {f(W) : i e I}is fgspr-open setsin Y. (i.e) F{F‘l{};l} = f\ [y s iel}). (ie)
A= V() s iel}.  Since A is fuzzy compact relative to Y, then there exists a finite sub collection {i,
[P Jin € 1} such that & = 1""'I]!:I=1{F':|J-ij:] Diell (o) fTh) = F‘l[\.,u"]!:; {f{uij:] Higll] = 1'..!"]!:'=1{f"1 E'{p_ijj :iel}.
(i) f~H) = VL o{m; +iel}. Hence (1) is fgspr compact relative to X.

Theorem 3.26: Let f: (X, 1) —(Y, o) be fgspr-open and injective. If A is fuzzy compact in Y, then f(X) is fgspr
compact in X.

Proof: By Theorem 3.25, f1()) is fgspr compact relative to X and by Definition 3.4, () is fgspr compact in X.

V. FGSPR COMPACT FUNCTION
Definition 4.1: A function f: (X, 1) —(Y, o) is called fuzzy generalized semi preregular compact (briefly, fgspr
compact) if the inverse image of every fuzzy compact set in Y is a fgspr compact set in X.

Theorem 4.2: If f: (X, 1) —(Y, o) is fgspr compact and g: (Y, 6) — (Z, n) is fuzzy compact, then g o f: (X, 1)
— (Z,m) is fgspr compact.

Proof: Let A be a fuzzy compact set in Z. Since g is fuzzy compact, then g(X) is a fuzzy compact set in Y.
Since f is fgspr compact, then f* (g™ (1)) = (g 0 £)*(}) is a fgspr compact set in X. Hence g o f: (X, 1) — (Z, 1) is
fgspr compact.

Theorem 4.3: If g o f: (X, 1) — (Z, 1) is fuzzy compact, f: (X, 1) —(Y, o) is fgspr-open and onto, then
g: (Y, 6) — (Z, n) is fgspr compact.

Proof: Let A be a fuzzy compact set in Z. Since g o f is fuzzy compact, then (g o f)*(A) is a fuzzy compact set in
X. Since f is fgspr-open, f [(gof)™] () is a fgspr compact set in Y. Since f is onto, then f[(gof)™] (1) = g*() is
a fgspr compact set in Y. Therefore g: (Y, ) — (Z, n) is fgspr compact.

Theorem 4.4: If gof: (X, t) — (Z, 1) is fgspr compact, g: (Y, 6) — (Z, ) is fuzzy open and one to one, then
f: (X, 1) —(Y, o) is fgspr compact.

Proof: Let A be a fuzzy compact set in Y. Since g is fuzzy open, then g(A) is a fuzzy compact set in Z. Since
g o fis fgspr compact, then (g o f)™[g(})] is a fgspr compact set in X. Since g is one to one, then (g o ) [g(V)]
=f*(0). Hence () is a fgspr compact set in X. Therefore f: (X, 1) — (Y, o) is fgspr compact.

Proposition 4.5: For any fgspr-closed set A of a fuzzy topological space X, the inclusion function iy : A — (X, 1)
is fgspr compact.

Proof: Let p be a fgspr compact set in X, then by Proposition 3.22, A A p is a fgspr compact set in A. But
i7*(w) = XAy, then i7*(w) is a fgspr compact set in A. Therefore the inclusion function iy : L — (X, 1) is fgspr
compact.
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