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Abstract:Sufficient conditions for oscillations of third order non-linear neutral delay differentialequations of
the form

{r(t)—(m(t)y() Zt 0 _1) (t—r)}+f(t)y(t—0'):0, t>t,

are obtained where, r(t), m(t) are positive real valued continuous functions f (t) >0, and
« is the ratio of odd positive integers and nis an integer.
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l. INTRODUCTION
In this paper we consider the non-linear neutral delay differential equation

{r(t)—[m(t)y() Zt(t 1)Y“(t—f)j}+f(t)Y(t—0)=0, t=1 ©)

where r(t) e C([t,,),(0,2)), f(t) e C([t,,»),[0,0))
Corresponding equation in the absence of neutral term is given by

d d?

a{"(’f)F {m(t)y(t)}} +f@)y(t-o0)=0 @)

which is a delay differential equation and further if we take m(t) =1, 0 =0 in equation (2) we get
{r( )7 {y<t)}} + YN =0 o

The study of behavior of solutions of differential equation (2) has been a subject of interest for several
researchers. We mention the works of [4, 5and 6].Oscillatory behavior of delay differential equations is
extensively studied by several authors [1, 2, 3,7,10,11,12,13,14, 15 and 16].

Now we see some special case of equation (1).

When
r(t) = 1 equation (1) is reduced to
{m()y() Z y“(t—r)}+ fM)yt-o0)=0 (4)
i=1 |(t 1)
and to
{m(t)y() Z L 1)y (t—f)}+ FO)y() = 0if o=0 (5)
i=1 Hi\Y
and we note that, when m(t) =1, this equation further becomes to the equation
{y( )+ Zt (t nY (t—'r)}+ fFOy® =0 (6)
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Recently there has been an increasing interest in the study of the oscillation of differential equations e.g. papers
[18]-[22]. In particular, differential equations of the form (1) and for special cases when r(t) =1, is a subject

of intensive research.

The oscillation for equation (6) has been discussed by many authors.
Cuimeidiang ,Ying Jiang and Tongxing Li [8],studied the Asymptotic behavior of Third order differential
equations with nonpositive neutral coefficients and distributed deviating arguments of the form

o ®) ) + [at. &)f [xt.oNlde =0 )

andMustafa FahriAktas ,DevrimCakmakand AydinTiryaki [17] have considered the Third order nonlinear
functional differential equations of the form

LOEOY )]+ pOY +a® 1 (vg@)-0 ®
V. Ganesan ,M. Sathish Kumar [ 9] have considered the Third order nonlinear neutral differential equation
with neutral terms of the form

a4

r(t) [x(t) + Z P ©)x(7, (t))j +q(0)x (o(t) =0 ©

The present work is motivated by [19] where the Authors, P. V. H. S Sai Kumar and K. V. V SeshagiriRaohave
considered oscillations of third order linear neutral delay differential equation of the form

d d’ ) e
a{rl(t)ﬁ(m(t)y(mmy (t—r)J}+f(t)y(t—o-)—O, t>t,

In this paper we establish the conditions for the oscillation of solutions of equation (1) by Ricccati Technique
using the condition.
t

J‘Ldt =oast —>oo0.
r(t)

)

By a solution of equation (1) we mean a function Yy(t) eC([T,,)) where T, >t;, which
satisfies(1) on [T, ,90). We consider only those solutions of y(t) of (1) which satisfy Sup{|y(t)|: t>T }> 0
forall T > Ty and assume that (1) possesses such solutions.

A solution of equation (1) is called oscillatory if it has arbitrary large zeros on [Ty,OO) ; otherwise it is

called nonoscillatory. Equation (1) is said to be oscillatory it all its solutions oscillate .Unless otherwise stated,
when we write a functional inequality, it will be assumed to hold for sufficiently large t in our subsequent
discussion.

1. MAIN RESULTS
We need the following in our discussion

(Hp): r(), mt) eC([ty, ), R);
(Hy):f(®), pi(t)=

1
—— are continuously differentiable on [t0 , oo).
ti(ti _1)

(H;):0<a <1, and« is the ratio of odd positive integers.

(H,): rando are positive constants

(Hs) f(t)>0,0<Zpi(t)<ooi.e.0<z;<oofor i=12.......c .
i=1 i=1 ti (tl —1)
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We set
2(t) = m(t)y(t)+Z e _1)y “(t-1) (10)
And R(t) = j%dt =0 as t —>oo (11)

We have the following Lemmas
Lemma2.1: If aand barepositivethena“b*™ <ca+(@1—-a)b for O<a <1,

where equality holds if and only if a =Dh.

Lemma 2.2: Let o > 1, be a ratio of odd positive integers. Then
a+l a a+l
— a B
Bu-Au¢ <———u——
(o +1)*" A”
Now we present the main theorem.
Theorem 2.1: Assume (H;)—(H:) and (11) hold. If & >1 and there exists a positive non decreasing

, A,B >0, (12)

function p € C ([t,, ), R) such that

Limsupj“ (S)f(s){Zk(l [o+(1+a) = ]Zt(t 1)”}-%.}13_@
t—w £

(13)
for some k € (0,1) , then every solution of equation (1) is oscillatory.

Proof.Suppose that there exists a nonoscillatory solution. Let y(t) be such nonoscillatory solution. Without
loss

of Generality we can assume that there exists T > t, such that y(t) >Ofor t>T .
We observe that

2(t)>0, z'(t)>0, z"(t)>0,(r(t)z"(t))<0;fort >t, >T >t,
Thus z(t)>at)z" (OR() , t>t,
2(t)

r(t)z" (t) is decreasing. Hence —— is decreasing for t > t, .

Since z(t) is positive increasing function, there exists a constant K > O such that
z(t)>2k >0 (14)
From the definition of z(t) we have

2(t) = m<t>y<t>+§ o _1)y “(t-7)

m(t)y(t) = z(t) - Zt T _1) y“(t-1)

y()>% 2(t) - Zm“()} t-rst
y()>$ 2(1) - Z az(t)+(1—a))}
y()>$ 0 Zt(t }
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m‘?{za)( th(t ];t.(t. )(_“)}

We have used the inequality with b=1.
Using p(t) = max p, (t)

(15)

Also we have y(t) = (t) { [1 ; tl (tl —1) - Z t) ; t| (t| 1) ( B a)J :| (16)

Substituting (14) into (16) we get

1 L 1 13
y(t)>ﬁ{ k[l_gti(ti DTG —1)( _“)H

17)
From equation (1) we see that

d d? o]
a{r(t)w(m(t)y(thzt "

i=1 Y i_l)

Y“(t—T)J}=—f(t)Y(t—G)

But

1 f 1
y(t)>W{ k(l_;t.(t. 1) _Ezt Tt —1)( _Q)H
1 13
== o) ){ ( th(t -1 _E;t.(t. )(_“)H w

Define

rmz°(.

o) = PO 7 2 .
o) = p'(t) (t)z(t)(t) “P(t)z(t)(t)}

oM = p'(t) r(t)(( )(t)) p(t)_z (t)(r(t)z"(t()z?'(—tgggt)z"(t))z'-(t)}

0= 0L FUOEOT] o0 O]

From (19) we have,
oft) _ r)(z" ()
pt) 7'ty
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p'() - 5 _1 -
w'(t) < ()a)(t) p(t)f(t){ (t_g){zk(l ;t(t ¢ k I —1)( a)ﬂ}

o)
g (t)[ @Oy }

(20)

Also

2"(t) __ o)

Z(t)  r)p(t)
o P (1) oo 1¢ 1
0= " p(t)f(t){ m(t - {Zk[l_gti(ti—l)a_?” t (t; 1)( a)ﬂ}

p(t)
o) )20 }
p()[r() 00
p'(t) C 1
w'(t) < ()a)(t) p(t)f(t){ T ){2{1—;‘%“ = _Ezllt(t _1)(—(1)”}
Lty
r(t)p(t) )
u=ot) Aot g=r0
r(t)o(t) p(t)
Using the Inequality
Bu—Au%ﬂs a’ iﬂ, AB >0,
(a+1)"" A”
(p(t)}z
P 1 p®
00 o, 055
r(t)p(t)
AP PO oo
o0 Y (t)p(t) > g())j "Op0)
P p'(t))2 ¢
o0 0" r(t)p(t) 03" O 22
From (21)

. 1 3
w(t)s_p(t)f(t){m(t—a) {21{1—% t -1 _Ezt 1 —1)( _a)ﬂ}

L0 0 {w(t) }
0 r()p®

From (22)
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@' (t) < G(t)+4(p(())) )

where

1 N 1
G =, ) m(t—{ ( D D a)ﬂ

Hence there exists t,>t; such that

t : 3 S L3 1(0'()r(s)
j. (s)f (s) M{Zk[l Zt(t 2° kzt.(t. —1) a)ﬂ " s<aolt,)

5, i=1 i=1 o(s)

which contradict (13).Hence the proof is complete.
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