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Abstract: The goal of this study deals with an effective approach to achieve the approximate solution of 

nonlinear partial differential equations (NPDE's). This approach exempts the calculation of integration in 

recurrence relation, and the convolution theorem in Laplace transforms to compute the value of Lagrange 

multiplier. Finally, nonlinear terms can easily be handled with He's polynomials via homotopy perturbation 

method (HPM). This approach demonstrates the high efficiency and attains very good agreement in illustrated 

problems. 
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I. INTRODUCTION 
Most of the applications arising in physical systems are sculpted in NPDE's, that can be broadly useful 

in numerous disciplines of sciences particularly, fluid mechanics, solid state physics, plasma wave, chemical 

physics, chemical kinematics, etc. Few years back, both scientists and researchers studied the partial differential 

equations containing exact and numerical solutions to the nonlinear problems. KdV equations are the 

mathematical models which may perform a significant role in one-dimensional nonlinear lattice [1]. Numerous 

approaches have been handled to these problems such as: finite volume scheme [2], spectral method [3], 

decomposition method [4], (G'/G)-expansion method [5], Reduced differential transformation method [6] and 

boundary value method [7]. 

A Chinese mathematician executed an idea of variational iteration method (VIM) to handle the 

nonlinear hurdles in several sort of NPDE’s, like that: rational solution for KdV equations [8,9]. Another 

efficient technique, known as homotopy perturbation method [10] has introduced which showed good 

agreement to solve nonlinear partial differential equations with numerous problems [11]. Many authors [12,13] 

showed the appropriate solution in various difficulties of NPDE's by merging the Laplace transformations with 

HPM. It is keenly noticed that the obtained results of Lagrange multiplier are often critical in most of the 

studies, and all these approaches face some incapacities. 

This research article is summarized as follows: In section [II], A new scheme is introduced to handle 

the NPDE's with some modifications. In section [III], some problems are illustrated to show the capability of the 

proposed scheme which reveals good results. Finally, conclusion and future work is presented in section[IV]. 

 

II. HE-LAPLACE VARIATIONAL ITERATION METHOD 
Recently, Nadeem and Li [14,15,16] established a technique to evaluate Lagrange multiplier for ordinary and 

partial differential equations but we reveal the following modification which present the analytical solution of 

NPDE’s in a simple way. In order to implement He-LVIM, consider the following differential problem, 

 

                                              ( ) ( ) 0R S c − − =  

 

After, taking the Laplace transformation, the recurrence relation may be written as 

 

 

( ) ( ) 1( , ) ( , ) ( ) ( )                          (1)n n n nx s x s L R L S c    + = + − +
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Thus ( )s can be identified by applying the following optimality condition, where, n  is a limited source with  
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Thus, inverse Laplace transform of Eq. (1) yields, 
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HPM to nonlinear terms can be applied as 
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So, analogizing the identical, the following approximations are 
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Ultimately, the obtained result provides a series solution 

 

0 1 2 3( , ) ...,x t    = + + + +  

 

We perform this approach in-depth with the following illustrations.
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III. NUMERICAL EXAMPLES 
In this part, we will examine a few models to achieve the accuracy and ability of He-LVIM. Significant results 

demonstrate the efficiency of present method. 

 

Example 1:  

Suppose the following fifth-order KdV problem, 

2 220 0                    (3)t x xx x xx xxx xxxxx        + + + + + =  

 

with initial condition 

1
                                    ( ,0) .x

x
 =  

 

Now, applying the Laplace transformation on Eq. (3), we get, 
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Multiplying this equation with 1( ),s we get, 
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According to VIM, the recurrence relation brings the following description, 
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On executing Eq.(2) and taking the variation for solving 1( ),s  we get, 
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So, Eq. (4) becomes, 

 
2 2 3 5

2 2

1 2 2 3 5

1
( , ) ( , ) . 20n nx s x s L

s t x x x x x x

      
   +

       
= − + + + − + 

       
 

Thus, inverse Laplace transform yields, 
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According to He's Polynomial rule and equating the highest power of p , we get, 
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Hence, the obtained result provides a series solution, 
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Thus, the fifth-order KdV equation has particular solution 
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Example 2: 

Next, consider the following K(2,2) problem, 
2 2( ) ( ) 0                 (5)t x xxx  + + =  

 

with initial condition 

( ,0)x x =  

Now, applying the Laplace transformation on Eq. (5) 
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Multiplying this equation with 1( ),s we get, 
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Thus, the recurrence relation brings the following description, 
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On executing Eq. (2) and taking the variation for solving 1( ),s  we get, 

 

2

1
                                           ( ) .s

s
 = −  

So, Eq. (6) becomes, 
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According to He's Polynomial rule and equating the highest power of p , we get, 
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Hence, the obtained result provides a series solution, 
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Thus, the K(2,2) equation has exact solution 
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IV. CONCLUSION 

In this article, He-LVIM has been studied for the approximate solutions of fifth-order KdV and K (2,2) 

problems. The acquired findings disclose the reliability of the present method and its broader applicability to 

NPDE’s. It is evident that this approach performs immediate successive approximations in need of any 

constrictive theories or variations. Hence, He-LVIM is reliable and rapidly overcome the difficulties of NPDE’s. 

The present theory reveals the following highlights:  

 

➢ He-LIVM performed very quickly to the NPDE’s. 

➢ He-LVIM is more attractive for solving linear and nonlinear problems with fractal derivatives. 

➢ The suggested method is suitable for fractal derivatives and fractional calculus. 

➢ The computation of Lagrange multiplier by He-LVIM is much easy than variational iteration method. 

➢ All results are computed by Mathematica Software 11.0.1. 

 

In future, He-LVIM must be employed to achieve the estimated solution of fractional PDE’s, which are very 

often used in several branches engineering. 

 

REFERENCES 
[1]. Baldwin, D., Goktas, U., Hereman, W., Hong, L., Martino, R.,&Miller, J. (2004). Symbolic computation 

of exact solutions expressible in hyperbolic and elliptic functions for nonlinear PDEs. Journal of 

Symbolic Computation, 37(6), 669–705. 

[2]. Benkhaldoun, F., & Seaid, M. (2008). New finite-volume relaxation methods for the third-order 

differential equations. Communications in Computational Physics, 4(3), 820–837. 

[3]. Korkmaz, A. (2016). Numerical algorithms for solutions ofKorteweg-de-Vries equation. Numerical 

Methods for Partial Differential Equations, 26(6), 1504–1521. 

[4]. Bektas, M., Inc, M., &Cherruault, Y. (2005). Geometrical interpretation and approximate solution of non-

linear KdV equation. Kybernetes, 34(7/8), 941–950. 

[5]. Islam, M. T., Akbar, M. A., & Azad, M. A. K. (2017). Multiple closed form wave solutions to the kdv 

and modified KdV equations through the rational (G'/G)-expansion method. Journal of the Association of 

Arab Universities for Basic and Applied Sciences, 24, 160–168. 

 



Hybrid Power Control System 

International organization of Scientific Research                                                          37 | Page 

[6]. Keskin, Y., &Oturanc, G. (2010). Reduced differential transform method for generalized KdV equations. 

Mathematical and Computational Applications, 15(3), 382–393. 

[7]. Brugnano, L., Gurioli, G., & Sun, Y.(2019). Energy-conserving hamiltonian boundary value methods for 

the numerical solution of the Korteweg-de-Vries equation. Journal of Computational and Applied 

Mathematics, 351, 117–135. 

[8]. Wazwaz, A. M.(2007). The variational iteration method for rational solutions for KdV, k (2, 2), Burgers, 

and cubic boussinesq equations. Journal of Computational and Applied Mathematics, 207(1), 18–23. 

[9]. Seadawy, A. R. (2011). New exact solutions for the KdV equation with higher order nonlinearity by 

using the variational method. Computers and Mathematics with Applications, 62(10), 3741–3755. 

[10]. He, J. H. (1999). Homotopy perturbation technique. Computer Methods in Applied Mechanics and 

Engineering, 178(3/4), 257–262. 

[11]. He. J. H. (2003). Homotopy perturbation method: a new nonlinear analytical technique. Applied 

Mathematics and Computation, 178(3/4), 257–262. 

[12]. Gupta, S., Kumar, D., &Singh. J. (2015). Analytical solutions of convectiondiffusion problems by 

combining Laplace transform method and homotopy perturbation method. Alexandria Engineering 

Journal, 54(3), 645–651. 

[13]. Goswami, A., Singh, J., &Kumar. D. (2018). Numerical simulation of fifth order KdV equations 

occurring in magneto-acoustic waves. Ain Shams Engineering Journal, 9(4), 2265–2273. 

[14]. Nadeem, M., & Li. F. (2019). He-Laplace method for nonlinear vibration systems and nonlinear wave 

equations. Journal of Low Frequency Noise, Vibration and Active Control, 132(3/4), 1060–1074. 

[15]. Li, F., &Nadeem. M. (2019). He-Laplace method for nonlinear vibration in shallow water waves. Journal 

of Low Frequency Noise, Vibration and Active Control, 132(3/4), 1305–1313. 

[16]. Nadeem, M., & Li. F. (2019). Modified Laplace variational iteration method for analytical approach of 

Klein--Gordon and Sine--Gordon equations. Iranian Journal of Science and Technology, Transactions A: 

Science, 43(4), 1933–1940. 

 

Muhammad Nadeem,et al.  "He-Laplace Variational Iteration Method for the Analytical Solution 

of Nonlinear Partial Differential Equations." IOSR Journal of Engineering (IOSRJEN), 10(3), 

2020, pp. 32-37. 

 

 

 


