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I. Introduction 
In 1942, Menger [5] was first who thought about distance distribution function in metric space and 

introduced the concept of probabilistic metric space. He replaced distance function d(x, y), the distance between 

two point x,y by distance distribution function Fx,y(t) where the value of Fx,y(t) is interpreted as probability that 

the distance between x, y is less than t, t > 0. The study of fixed point theorem in probabilistic metrics space is 

useful in the study of existence of solution of operator equation in probabilistic metric space probabilistic 

functional analysis. 

PM space has a nice topological properties. Many different topological structures may be defined on a 

PM space. The one That has received the most attention to date is the strong topology and it is the principle tool 

of this study. The convergence with respect to this topology is called strong convergence.  

Schweizer and Sklar [1], developed the study of fixed point theory in probabilistic metric spaces. In 

1966, Sehgal [12] initiated the study of contraction mapping theorem in probabilistic metric spaces. Several 

interesting and elegant result have been proved by various author in probabilistic metric spaces.  

In 2005, Mihet [2] proved a fixed point theorem concerning probabilistic contractions satisfying an 

implicit relation. The purpose of the present paper is to prove a common fixed point theorem for six mappings 

via pointwise R-weakly commuting mappings in probabilistic metric spaces satisfying contractive type implicit 

relations. This generalizes several known results in the literature including those of Kumar and Pant [8], Kumar 

and Chugh [7] and others. 

 

Definition 2.1.1: Let R denote the set of reals and R+ the non-negative reals. A mapping F: R →  R+ is called a 

distribution function if it is non decreasing left continuous with  inft∈R F(t) = 0   and supt∈R F(t) = 1 

 

Definition 2.1.2: A probabilistic metric space is an ordered pair (X, F) where X is a nonempty set, L be set of all 

distribution function and  F: X × X →  L . We shall denote the distribution function by F (p, q) or Fp,q ; p, q ∈ X 

and Fp,q (x)  will represents the value of F (p, q)  at x ∈ R . The function F(p, q)  is assumed to satisfy the 

following conditions: 

2.1.2(a) Fp,q x = 1 for all x > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑝 = 𝑞   

 2.1.2(b)Fp,q 0 = 0 for every p, q ∈ X  

 2.1.2(𝑐)Fp,q  =  Fq,p  for every p, q ∈ X 

 2.1.2(𝑑)Fp,q x = 1  and Fq,r y = 1  then Fp,r x + y = 1  

for every p, q, r ∈ X.   
In metric space (X, d), the metric d induces a mapping F ∶  X ×  X →  L such that Fp,q x = Fp,q =

H (x –  d(p, q))  for every p, q ∈  X and x ∈  R, where H is the distribution function defined as  

    H x =   
0, if x ≤ 0
1, if x > 0

                                                     

 

Definition 2.1.3: A mapping Δ:  [0, 1]  [0, 1]  →  [0, 1] is called t-norm if  

 2.1.3 𝑎  Δ  a, 1 =  a∀ a ∈  0,1   
  2.1.3 𝑏   Δ (0, 0)  =  0,  
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    2.1.3 𝑐  Δ (a, b)  =  Δ (b, a), 

2.1.3 𝑑   Δ (c, d)  ≥  Δ (a, b) for c ≥  a, d ≥  b, and   

2.1.3 𝑒   Δ (Δ (a, b), c )  =  Δ ( a, Δ(b, c )) 

    Example:  

(i) Δ (a, b)  =  ab,                
(ii) Δ (a, b)  =  min (a, b)  

(iii) Δ (a, b) = max (a + b − 1; 0) 

 

Definition 2.1.4: A Menger space is a triplet (X, F, Δ) where (X, F)a PM-space and Δ is is a t-norm with the 

following condition 

Fu,w x + y ≥ ∆( Fu,v x , Fv,w y   

The above inequality is called Menger’s triangle inequality. 

 

Definition 2.1.5: Let (X, F,∆) be a Menger space. If u ∈  X, ε >  0, 𝜆 ∈  (0, 1), then an (ε, λ) neighbourhood of 

u, denoted by Uu  (ε, λ) is defined as  

       Uu ε, λ =  v ∈ X; Fu,v ε > 1 − 𝜆 .       

If (X, F, Δ) be a Menger space with the continuous t-norm t, then the familyUu ε, λ ; u ∈ X; ε > 0, 𝜆 ∈
(0,1) of neighbourhood induces a hausdorff topology on X and if   supa<1 Δ a, a = 1, it is metrizable.  

         

Definition 2.1.6: A sequence  pn  in (X, F,∆) is said to be convergent to a point p ∈ X  if for every ε >  0 and 

λ >  0, there exists an integer N =  N(ε, λ) such that pn ∈ Up(ε, λ) for all n ≥  N or equivalently   Fxn ,x ϵ >

1 − 𝜆 for all n ≥  N. 
 

Definition 2.1.7: A sequence  pn   in (X, F,∆) is said to be Cauchy sequence if for every ε >  0 and  λ >  0, 

there exists an integer N =  N(ε, λ) such that Fpn ,pm
 ϵ > 1 − 𝜆 for all  n, m ≥  N.  

 

Definition 2.1.8: A Menger space (X, F, Δ) with the continuous t-norm ∆ is said to be complete if every Cauchy 

sequence in X converges to a point in X. 

 

Definition 2.1.9: A coincidence point (or simply coincidence) of two mappings is a point in their domain having 

the same image point under both mappings. 

Formally, given two mappings f, g ∶ X → Y we say that a point x in X is a coincidence point of f and g if  

f(x)  =  g(x). 
 

Definition 2.1.10: Let (X, F,∆) be a Menger space. Two mappings f, g ∶ X → X are said to be weakly compatible 

if they commute at the coincidence point, i.e., the pair {f, g} is weakly compatible pair if and only if fx =  gx 

implies that fgx =  gfx.  

 

Lemma 2.1.11: Let  pn  be a sequence in Menger space (X, F, Δ) where ∆ is continuous and ∆(x, x)  ≥  x for 

all x ∈ [0, 1]. If there exists a constant k ∈  (0, 1) such that x >  0 and n ∈ 𝐍   Fpn ,pn +1
(kx) ≥ Fpn−1 ,pn

(x), then 

 pn  is a Cauchy sequence. 

 

Lemma 2.1.12: If (X, d) is a metric space, then the metric d induces a mapping F: X ×  X →  L, defined by 

F (p, q)  =  H (x –  d (p, q)) ,   p, q ∈ X and x ∈ R.  Further more if Δ:  0,1 ×  0,1 →  0,1  is defined by 

Δ(a, b) =  min(a, b), then (X, F, Δ) is a  Menger space. It is complete if (X, d) is complete. The space (X, F, Δ) 

so obtained is called the induced   Menger space. 

 

Lemma2.1.13: Let (X, F,∆) be a Menger space. ]. If there exists a constant k ∈  (0, 1) such that   Fx,y (kt) ≥

Fx,y t , for all x, y ∈ X and t > 0 then x = y . 

Now we give some definition which are used in this chapter. 

Throughout this chapter, (𝛺,𝛴) denotes a measurable  space. 𝜉 ∶ 𝛺 →  𝑋 is a measurable selector. X is any non 

empty set.  

Definition2.1.14: A random probabilistic metric space is an ordered pair (X, F,𝛺) where X is a nonempty set, L 

be set of all distribution function and  F: X × X →  L . We shall denote the distribution function by F (ξp, ξq) or 

Fξp,ξq ;  ξp, ξq ∈ X  and Fξp,ξq (x)  will represents the value of F (ξp, ξq)  at x ∈ R . The function F(ξp, ξq)  is 

assumed to satisfy the following conditions: 

2.1.14(a) Fξp,ξq x = 1 for all x > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 ξp = ξq   
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 2.1.14(b)Fξp,ξq 0 = 0 for every ξp, ξq ∈ X  

 2.1.14(𝑐)Fξp,ξq  =  Fξq,ξp  for every ξp, ξq ∈ X 

 2.1.14(𝑑)Fξp,ξq x = 1  and Fξq,ξr y = 1  then Fξp,ξr x + y = 1  

for every ξp, ξq, ξr ∈ X.   
 

Definition 2.1.15: A Random Menger space is a triplet (X, F, Ω, Δ) where (X, F, Ω)a RPM-space and Δ is is a t-

norm with the following condition 

Fξu,ξw x + y ≥ ∆( Fξu,ξv x , Fξv,ξw y   

The above inequality is called Menger’s triangle inequality. 

 

Definition 2.1.16: Let (X, F, Ω,∆)  be a random menger space. If ξu ∈  X, ε >  0, 𝜆 ∈  (0, 1),  then an (ε, λ) 

neighbourhood of u, denoted by Uξu  (ε, λ) is defined as  

       Uξu ε, λ =  ξv ∈ X; Fξu,ξv ε > 1 − 𝜆 .       

If (X, F, Ω, Δ) be a random menger space with the continuous t-norm t, then the familyUu ε, λ , ξu ∈
X, ε > 0, 𝜆 ∈ (0,1)  of neighbourhood induces a hausdorff topology on X and if   supa<1 Δ a, a = 1, it is 

metrizable.    

       

Definition 2.1.17: A sequence  ξpn  in (X, F, Ω,∆) is said to be convergent to a point ξp ∈ X  if for every ε >  0 

and λ >  0,  there exists an integer N =  N(ε, λ)  such that ξpn ∈ Up(ε, λ) for all n ≥  N  or equivalently   

Fξxn ,ξx ϵ > 1 − 𝜆 for all n ≥  N. 

 

Definition2.1.18: A sequence  ξpn   in (X, F,∆) is said to be Cauchy sequence if for every ε >  0 and  λ >  0, 

there exists an integer N =  N(ε, λ) such that Fξpn ,ξ pm
 ϵ > 1 − 𝜆 for all  n, m ≥  N.  

 

Definition 2.1.19: A random menger space (X, F, Ω, Δ) with the continuous t-norm ∆ is said to be complete if 

every Cauchy sequence in X converges to a point in X. 

 

Definition 2.1.20: A coincidence point of two mappings is a point in their domain having the same image point 

under both mappings. 

Formally, given two mappings f, g ∶ X → Y we say that a point x in X is a coincidence point of f and g if  

f(ξx)  =  g(ξx). 
 

Definition 2.1.21: Let (X, F, Ω,∆)  be a Menger space. Two mappings f, g ∶ X → X are said to be weakly 

compatible if they commute at the coincidence point, i.e., the pair {f, g} is weakly compatible pair if and only if 

f ξx  =  g ξx  implies that fg ξx  =  gf ξx .  
 

Lemma2.1.22: Let  ξpn  be a sequence in Menger space (X, F, Ω, Δ) where ∆ is continuous and ∆(x, x)  ≥  x for 

all  x ∈ [0, 1] . If there exists a constant  k ∈  (0, 1)  such that x >  0  and n ∈ 𝐍    Fξξpn ,pn +1
(kx) ≥

Fξpn−1 ,ξpn
(x), then  ξpn  is a Cauchy sequence. 

 

Lemma 2.1.23: If (X, d, Ω) is a random metric space, then the metric d induces a mapping F: X ×  X →  L, 

defined by F (ξp, ξq)  =  H (x –  d (ξp, ξ q)) ,   p, q ∈ X and x ∈ R.  Further more if Δ:  0,1 ×  0,1 →  0,1  is 

defined by Δ(a, b) =  min(a, b), then (X, F, Ω, Δ) is a  Menger space. It is complete if (X, d, Ω) is complete. The 

space (X, F, Ω, Δ) so obtained is called the induced   Menger space. 

 

Lemma 2.1.24: Let (X, F, Ω,∆)  be a random menger space. If there exists a constant  k ∈  (0, 1)  such that   

Fξx,ξy (kt) ≥ Fξx,ξy t , for all ξx, ξy ∈ X and t > 0 then x = y . 

 

2.2 COMMON FIXED POIONT THEOREMS IN RANDOM PROBABILISTIC METRIC SPACES 

Theorem 2.2.1: Let (X, F, Ω,∆)  be a complete random menger space where ∆ is continuous and 

∆ (t, t)  ≥  t for all t ∈ [0,1]. Let A, B, T and S be mappings from X into itself such that  

2.2.1.(a) S X ⊂ A X  and T(X) ⊂ B(X)  

2.2.1.2. AB = BA, ST = TS weakly commuting  

2.2.1.3. The pair (S, A) and (T, B) are weakly compatible  

2.2.1.4. There exists a number k ∈ (0,1) such that  

FSξx,Tξy kt ≥ Δ  
FA ξx ,S ξx  t 

FA ξx ,B ξy  t1 +FS ξx ,B ξy  t2 
 , Δ( FBξy,Tξy t , Δ(FAξx,Bξy t ,  
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Δ(FB ξy ,S ξx  βt )

Δ(FS ξx ,B ξy  t )
,  Δ  FAξx,Tξy  2 − β t))     

for all ξx, ξy ∈ X, β ∈  0,2  and t > 0; t1 + t2 = t. Then, A, B, S and T have a unique common fixed point 

in X. 

Proof: Since S X ⊂ A X   for any  ξx0 ∈ X   there exists a point ξx1 ∈ X such thatSξx0 = Aξx1. Since T X ⊂
B X  for this point  ξx1  we can choose a point  ξx2 ∈ X such that Tξx1 = Bξx2.  
Inductively we can find a sequence  ξyn   as follows ξy2n = Sξx2n = Aξx2n+1   and ξy2n+1 = Tξx2n+1 =
Bξx2n+2   

For n =  0, 1, 2, 3………. for all t > 0 and β = 1 − q  with  q ∈  0,1 , we have  

Fξy2n +1 ,ξy2n +2
 kt = FSξx2n +1 ,Tξx2n +2 

 kt   

≥  Δ  
FA ξx 2n +1 ,S ξx 2n +1 

 t 

Δ(FA ξx 2n +1 ,B ξx 2n +2 
 t1 +FS ξx 2n +1 ,B ξx 2n +2 

 t2 )
, Δ(FBξx2n +2 ,Tξx2n +2 

 t  ,  

Δ(FAξx2n +1 ,Bξx2n +2 
 t ,

Δ(FB ξx 2n +2 ,S ξx 2n +1 
 βt )

Δ(FS ξx 2n +1 ,B ξx 2n +2 
 t )

, Δ   FAξx2n +1 ,Tξx2n +2 
 2t − βt ))    

≥ Δ 
Fξy2n ,ξy2n +1

 t 

Δ(Fξy2n ,ξy2n +1
 t1 + Fξy2n +1 ,ξy2n +1

 t2 )
, Δ( Fξy2n +1 ,ξy2n +2

 t ,  

Δ(Fξy2n ,ξy2n +1
 t ,

Δ(Fξy 2n +1,ξy 2n +1
 βt )

Δ(Fξy 2n +1,ξy 2n +1
 t )

,  Δ Fξy2n ,ξy2n +2
  1 + q t ))    

≥ Δ  
Fξy 2n ,ξy 2n +1

 t 

Δ(Fξy 2n ,ξy 2n +1
 t )

, Δ( Fξy2n +1 ,ξy2n +2
 t , Δ(Fξy2n ,ξy2n +1

 t ,   

Δ(Fξy 2n +1,ξy 2n +1
 (1−q)t )

Δ(Fξy 2n +1,ξy 2n +1
 t )

,  Δ Fξy2n ,ξy2n +2
  1 + q t ))    

         ≥ Δ 1, Δ( Fξy2n +1 ,ξy2n +2
 t , Δ(Fξy2n ,ξy2n +1

 t ,    

      Δ(1, Δ Fξy2n ,ξy2n +1
 t , Fξy2n +1 ,ξy2n +2

 qt ))   

                             ≥ Δ  Fξy2n ,ξy2n +1
 t , Fξy2n +1 ,ξy2n +2

 qt   

Fξy2n +1 ,ξy2n +2
 kt ≥ Δ  Fξy2n ,ξy2n +1

 t , Fξy2n +1 ,ξy2n +2
 qt   

Since ∆ is continuous and the distribution function is left continuous, making q → 1 we have  

Fξy2n +1 ,ξy2n +2
 kt ≥ Δ  Fξy2n ,ξy2n +1

 t , Fξy2n +1 ,ξy2n +2
 t   

Similarly 

Fξy2n +2 ,ξy2n +3
 kt ≥ Δ  Fξy2n +1 ,ξy2n +2

 t , Fξy2n +2 ,ξy2n +3
 t   

Therefore 

Fξyn ,ξyn +1
 kt ≥ Δ  Fξyn−1 ,ξyn

 t , Fξyn ,ξyn +1
 t   for all n ∈ N  

Consequently 

Fξyn ,ξyn +1
 t ≥ Δ  Fξyn−1 ,ξyn

 k−1t , Fξyn ,ξyn +1
 k−1t   for all n ∈ N 

Repeated application of this inequality will imply that  

Fξyn ,ξyn +1
 t ≥ Δ  Fξyn−1 ,ξyn

 k−1t , Fξyn ,ξyn +1
 k−1t  ≥ ⋯………. 

≥  Δ  Fξyn−1 ,ξyn
 k−1t , Fξyn ,ξyn +1

 k−it  , i ∈ N  

Since Fξyn ,ξyn +1
 k−it → 1 as i → ∞, it follows that  

Fξyn ,ξyn +1
 t ≥ Δ  Fξyn−1 ,ξyn

 k−1t   for all n ∈ N 

Consequently 

Fξyn ,ξyn +1
 kt ≥ Δ  Fξyn−1 ,ξyn

 t   for all n ∈ N 

Therefore  ξyn   is a Cauchy sequence in X.  

Since X is complete,  ξyn converges to a point z ∈ X.  

Since  Sξx2n ,  Tξx2n+1  ,  Aξx2n+1    and  Bξx2n+2    are subsequences of   ξyn  , they also converge to the 

point ξz,  

i. e.  as n → ∞, Sξx2n , Tξx2n+1 , Aξx2n+1 Bξx2n+2 → ξz.   
 

SinceS X ⊂ A X , there exists a point u ∈ X such that Au = z.  

By putting  x = ξu and y = 2n − 1 with β = 1  
we have, 

FSξu,Tξx2n−1 
 kt  
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≥  Δ  
FA ξu ,S ξu  t 

Δ(FA ξu ,B ξx 2n−1 
 t1 +FS ξu ,B ξx 2n−1 

 t2 )
, Δ( FBξx2n−1 ,Tξx2n−1 

 t ,   

   Δ(FAξu,Bξx2n−1 
 t ,

Δ(FB ξx 2n−1 ,S ξu  βt )

Δ(FS ξu ,B ξx 2n−1 
 t )

,  Δ FAξu,Tξx2n−1 
 t ))    

Proceeding limit as n → ∞, we have  

   FSξu,ξz kt   

       ≥ Δ  
Fz ,Su  t 

Δ(Fξz ,ξz  t1 +FS ξu ,ξz  t2 )
, Δ( Fξz,ξz t  , Δ(Fξz,ξz t , 

Δ(Fξz ,S ξu  t )

Δ(FS ξu ,ξz  t )
,  Δ Fξz,ξz t ))   

≥  Δ 
Fξz,Sξu t 

Δ(Fξz,Sξu t )
, Δ( Fξz,ξz t , Δ(Fξz,ξz t ,

Δ(Fξz,Sξu t )

Δ(FSξu,ξz t )
, Δ Fξz,ξz t ))   

≥  Δ  Fξz,Sξu t , Δ( 1, Δ(1,1, Δ 1))   

Consequently  

FSξu,ξz t ≥ FSξu,ξz k−1t ≥ ⋯……… ≥  FSξu,ξz k−jt  

which tends to 1 and j tends to ∞ (j ∈ N) 

Therefore Sξu = ξz and thus Aξu = Sξu = ξz. 
SinceT(X) ⊂ B(X), there exists a point ξv ∈ X such that Bξv = ξz.  

Then by putting ξx = ξu and ξy = ξv with β = 1 in we have 

FSξu,Tξv kt  

≥ Δ  
FA ξu ,S ξu  t 

Δ(FA ξu ,B ξv  t1 +FS ξu ,B ξv  t2 )
, Δ( FBξv,Tξv t ,        

   Δ(FAξu,Bξv t ,
Δ(FB ξv ,S ξu  βt )

Δ(FS ξu ,B ξv  t )
,  Δ FAξu,Tξv t ))   

≥  Δ  
FA ξu ,S ξu  t 

Δ(FA ξu ,S ξu  t )
, Δ( FBξv,Tξv t , Δ(FAξu,Bξv t , 

Δ(FB ξv ,S ξu  βt )

Δ(FS ξu ,B ξv  t )
,  Δ FAξu,Tξv t ))    

Using above we have we have  

      FSξu,Tξv kt ≥  Δ  
Fξz ,ξz  t 

Δ(Fξz ,ξz  t )
, Δ( Fξz,Tξv t , Δ(Fξz,ξz t ,  

Δ(Fξz ,ξz  t )

Δ(Fξz ,ξz  t )
,  Δ Fξz,Tξv t ))   

Fξz,Tξv kt ≥ Δ  Fξz,Tξv t   

As above we have Tξv = ξz. 
Therefore Aξu = Sξu = Tξv = Bξv = ξz. 
 Since pair of maps S and A are weakly compatible, then Su =  Au   implies  S(A)ξu =  (A)Sξu , 

i.e. Sξz = Aξz. 

Now to show that z is a fixed point of P so by putting ξx =  ξz and ξy =  ξx2n  with  β =  1  

FSξz,Tξx2n  
 kt   

 ≥ Δ  
FA ξz ,S ξz  t 

Δ(FA ξz ,B ξx 2n  
 t1 +FS ξz ,B ξx 2n  

 t2 )
, Δ( FBξx2n  ,Tξx2n  

 t ,  

Δ(FAξz,Bξx2n  
 t ,

Δ(FB ξx 2n  ,S ξz  t )

Δ(FS ξz ,B ξx 2n  
 t )

,  Δ FAξz,Tξx2n  
 t ))    

Using above, we have  

FSξz,ξz kt   

     ≥ Δ  
FS ξz ,S ξz  t 

Δ(FS ξz ,ξz  t1 +FS ξz ,ξz  t2 )
, Δ( Fξz,ξz t ,   Δ(FSξz,ξz t ,

Δ(Fξz ,S ξz  t )

Δ(FS ξz ,ξz  t )
,  Δ FSξz,ξz t ))   

                       ≥ Δ  
FS ξz ,S ξz  t 

Δ(FS ξz ,S ξz  t )
, Δ( Fξz,ξz t , Δ(FSξz,ξz t ,  

Δ(Fξz ,S ξz  t )

Δ(FS ξz ,ξz  t )
,  Δ FSξz,ξz t ))   

Thus we have Sξz =  ξz.  Hence Sξz =  ξz =  Aξz . 

Similarly, pair of maps T and B is weakly compatible, then Tξu =  Bξu. 
Now we show that z is a fixed point of T so by putting ξx =  ξx2n  and ξy =  ξz with β =  1  

FSξx2n ,Tξz kt ≥  Δ  
FA ξx 2n ,S ξx 2n

 t 

Δ(FA ξx 2n ,B ξz  t1 +FS ξx 2n ,B ξz  t2 )
, Δ( FBξz,Tξz t ,  

Δ(FAξx2n ,Bξz t ,
Δ(FB ξz ,S ξx 2n

 βt )

Δ(FS ξx 2n ,B ξz  t )
,  Δ FAξx2n ,Tξz t ))   

  ≥  Δ  
FAξx2n ,Sξx2n

 t 

Δ(FAξx2n ,Sξx2n
 t )

, Δ( FBξz,Tξz t , Δ(FAξx2n ,Bξz t ,  

Δ(FBξz,Sξx2n
 βt )

Δ(FSξx2n,Bξz
 t )

,  Δ FAξx2n,Tξz t ))    

 Proceeding limit as n → ∞, we have  
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            FSξx2n ,Tξz kt ≥  Δ  
Fξz,ξz t 

Δ(Fξz,ξz
 t )

, Δ( FTξz,Tξz t , Δ(Fξz,Tξz t ,  
Δ(FTξz,ξz

 βt )

Δ(Fξz,Tξz
 t )

,  Δ Fξz,Tξz t ))    

Thus we haveTξz =  ξz. Hence  Tξz =  ξz =  Bξz . 
By combining the above results, we have  

Sξz  =  Aξz =  Tξz =  Bξz =  ξz. 

That is z is a common fixed point of S, T, A and B. 

For uniqueness, let ξw (ξw ≠ ξz) be another common fixed point of S, T, A and B and β =  1, then we 

write 

        FSξz,Tξw kt         

   ≥ Δ  
FAξz,Sξz t 

Δ(FAξz,Bξw
 t1 +FSξz,Bξw t2 )

, Δ( FBξw,Tξw t , Δ(FAξz,Bξw t ,
Δ(FBξw,Sξz

 t )

Δ(FSξz,Bξw
 t )

,  Δ FAξz,Tξw t ))     

        FSξz,Tξw kt   

  ≥  Δ  
FAξz,Sξz t 

Δ(FAξz,Sξz
 t )

, Δ( FBξw,Tξw t , Δ(FAξz,Bξw t  ,
Δ(FBξw,Sξz

 t )

Δ(FSξz,Bξw
 t )

,  Δ FAξz,Tξw t ))     

It follows that  

       Fξz,ξw kt   ≥  Δ  
Fξz,ξz t 

Δ(Fξz,ξz
 t )

, Δ( Fξw,ξw t , Δ(Fξz,ξw t  ,
Δ(Fξw,ξz

 βt )

Δ(Fξz,ξw
 t )

,  Δ Fξz,ξw t ))   

                 ≥  Δ  1, Δ ( 1, Δ(Fz,w t , 1, Δ Fz,w t ))   

         ≥ Fξz,ξw t    

Thus we have  ξz =  ξw. This completes the proof of the theorem. 

 

COROLLARY 3.1: Let (X, F, Ω,∆) be a complete random menger space where ∆ is continuous and ∆ (t, t)  ≥
 t for all t ∈ [0,1]. Let T and S be mappings from X into itself such that  

3.1.1.  ST =  TS weakly commuting  

3.1.2. There exists a number k ∈ (0,1) such that  

FSx,Ty kt   ≥  Δ  
Fx,Sx t 

Fx,y t1 +FSx,y t2 
, Δ( Fy,Ty t , Δ(Fx,y t  ,

Δ(Fy,Sx
 βt )

Δ(FSx,y t )
, Δ Fx,Ty  2 − β t ))  

for all x, y ∈ X, β ∈  0,2   and t >  0;  t1  +  t2  =  t  
Then S and T have a unique common fixed point in X. 

Proof: Put A =  B =  I in the proof of theorem 

  

COROLLARY 3.2:  Let (X, F, Ω,∆) be a complete Menger space where ∆ is continuous and ∆ (t, t)  ≥
 t for all t ∈ [0,1]. Let A, B, T and S be mappings from X into itself such that  

3.2.1. S X ⊂ B(X)  

3.2.2. The pair (S, B) is weakly compatible  

3.2.3. There exists a number k ∈ (0,1) such that  

FSx,Sy kt   

≥  Δ  
FBx,Sx t 

FBx,By t1 +FSx,By t2 
, Δ( FBy,Sy t  , Δ(FBx,By t ,

Δ(FBy,Sx
 βt )

Δ(FSx,By
 t )

, Δ  FBx,Sy   2 − β t) )    

for all x, y ∈ X, β ∈  0,2  and t > 0; t1 + t2 = t. 
Then S and B have a unique common fixed point in X. 

Proof: Put T = S and A =  B  in the proof of above  theorem  

 

Theorem 4.1 Let A, B, P and Q are self maps on a complete random probabilistic metric space (𝑋,𝐹,Ω) 
satisfying: 
4.1.  𝑎 𝑃(𝑋)  ⊂  𝐵(𝑋),𝑄(𝑋)  ⊂  𝐴(𝑋);  

4.1 𝑏  𝐹𝑃𝜉𝑥 ,𝑄𝜉𝑦 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑥 ,𝐵𝜉𝑦  𝑡 ,
𝐹𝑃𝜉𝑥 ,𝐴𝜉𝑥  𝑡 +𝐹𝑄𝜉𝑥 ,𝐵𝜉𝑥  𝑘𝑡  

2
  ;  

for all 𝜉x, 𝜉y ∈ X, t > 0, k ∈ (0, 1) 
4.1 𝑐 If one of 𝑃(𝑋),𝐵(𝑋),𝑄(𝑋),𝐴(𝑋) is complete subset of X then 
(𝑖) P and A have a coincidence point and 
(𝑖𝑖) Q and B have a coincidence point and 
if the pair (P,A) and (Q,B) are weakly compatible, then A,B, P and Q have a unique common fixed point in 
X. 
Proof: Since 𝑃(𝑋)  ⊂  𝐵(𝑋) and 𝑄(𝑋)  ⊂  𝐴(𝑋) so we can define sequences 
(𝜉𝑥𝑛) 𝑎𝑛𝑑 (𝜉𝑦

𝑛
) in X such that for all n = 0, 1, 2, 3, ... 

𝜉𝑦2𝑛+1  =  𝑃𝜉𝑥2𝑛  =  𝐵𝜉𝑥2𝑛+1, 𝜉𝑦2𝑛+2  =  𝑄𝜉𝑥2𝑛+1  =  𝐴𝜉𝑥2𝑛+2 
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Now we have, 

 𝐹𝑃𝜉𝑥2𝑛 ,𝑄𝜉𝑥2𝑛+1
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑥2𝑛 ,𝐵𝜉𝑥2𝑛+1

 𝑡 ,
𝐹𝑃𝜉 𝑥2𝑛 ,𝐴𝜉𝑥 2𝑛

 𝑡 + 𝐹𝑄𝜉 𝑥2𝑛 ,𝐵𝜉 𝑥2𝑛
 𝑘𝑡  

2
   

 𝐹𝜉𝑦2𝑛+1,𝜉𝑦2𝑛+2
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑦2𝑛 ,𝜉𝑦2𝑛+1

 𝑡 ,
𝐹𝜉𝑦 2𝑛+1,𝜉𝑦2𝑛

 𝑡 + 𝐹𝜉𝑦 2𝑛+1,𝜉𝑦 2𝑛
 𝑘𝑡  

2
   

 𝐹𝜉𝑦2𝑛+1,𝜉𝑦2𝑛+2
(𝑘𝑡)  ≥  𝐹𝜉𝑦2𝑛 ,𝜉𝑦2𝑛+1

(𝑡)  

Similarly, 
 𝐹𝜉𝑦2𝑛+2,𝜉𝑦2𝑛+3

(𝑘𝑡)  ≥  𝐹𝜉𝑦2𝑛+1,𝜉𝑦2𝑛+2
(𝑡).  

In general for any n and t,  
we have 

 𝐹𝜉𝑦𝑛 ,𝜉𝑦𝑛+1
(𝑘𝑡)  ≥  𝐹𝜉𝑦𝑛−1,𝜉𝑦𝑛 (𝑡). 

 Hence 𝜉𝑦𝑛  is a Cauchy sequence in X. By compleness, 𝜉𝑦𝑛  →  𝜉𝑧 ∈  𝑋. Thus the  subsequence 
 𝜉𝑦2𝑛  ,  𝜉𝑦2𝑛+1  𝑎𝑛𝑑  𝜉𝑦2𝑛+2  also converses to 𝜉𝑧. Therefore   𝐵𝜉𝑥2𝑛+1 , 
  𝑃𝜉𝑥2𝑛  ,  𝑄𝜉𝑥2𝑛+1  and  𝐴𝜉𝑥2𝑛  also converses to 𝜉𝑧. Now suppose A(X) is complete. Note that the 
subsequence 𝜉𝑦

2𝑛+2
   contained in A(X) and has a limit in A(X) say 𝜉z. Let  𝜉𝑤 ∈   𝐴 −1 (𝜉𝑧). Then A𝜉w = 

𝜉z. 
now consider 

 𝐹𝑃𝜉𝑤 ,𝑄𝜉𝑥2𝑛+1
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑤 ,𝐵𝜉𝑥2𝑛+1

 𝑡 ,
𝐹𝑃𝜉𝑤 ,𝐴𝜉𝑤  𝑡 + 𝐹𝑄𝜉𝑤 ,𝐵𝜉𝑤  𝑘𝑡  

2
   

 𝐹𝑃𝜉𝑤 ,𝜉𝑦2𝑛+2
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑤 ,𝜉𝑦2𝑛+1

 𝑡 ,
𝐹𝑃𝜉𝑤 ,𝐴𝜉𝑤  𝑡 + 𝐹𝑄𝜉𝑤 ,𝐵𝜉𝑤  𝑘𝑡  

2
   

taking limit n→∞, we have 

 𝐹𝑃𝜉𝑤 ,𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑧 ,𝜉𝑧  𝑡 ,
𝐹𝑃𝜉𝑤 ,𝜉𝑧  𝑡 + 𝐹𝑄𝜉𝑤 ,𝐵𝜉𝑤  𝑘𝑡  

2
   

 𝐹𝑃𝜉𝑤 ,𝜉𝑧  𝑘𝑡 ≥  𝐹𝜉𝑧 ,𝜉𝑧  𝑡 =  1   

  𝐹𝑃𝜉𝑤,𝜉𝑧(𝑘𝑡)  =  1 ⇒  𝑃𝜉𝑤 =  𝜉𝑧.  

Since 𝐴𝜉𝑤 = 𝜉𝑧 so 𝜉𝑤 is a coincidence point of P and A.  
Since 𝑃(𝑋)  ⊂  𝐵(𝑋) ans 𝑃𝜉𝑤 =  𝜉𝑧 implies 𝑡ℎ𝑎𝑡 𝜉𝑧 ∈  𝐵(𝑋). 𝐿𝑒𝑡 𝜉𝑣 ∈   𝐵 −1𝜉𝑧, 
then B𝜉v = 𝜉z. 
now consider 

 𝐹𝑃𝜉𝑥2𝑛 ,𝑄𝜉𝑣 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑥2𝑛 ,𝐵𝜉𝑣  𝑡 ,
𝐹𝑃𝜉 𝑥2𝑛 ,𝐴𝜉𝑥 2𝑛

 𝑡 + 𝐹𝑄𝜉 𝑥2𝑛 ,𝐵𝜉 𝑥2𝑛
 𝑘𝑡  

2
   

 𝐹𝜉𝑦2𝑛+1,𝑄𝜉𝑣 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑦2𝑛 ,𝐵𝜉𝑣  𝑡 ,
𝐹𝜉𝑦 2𝑛+1,𝜉𝑦2𝑛

 𝑡 + 𝐹𝜉𝑦 2𝑛+1,𝜉𝑦 2𝑛
 𝑘𝑡  

2
   

Taking limit n→∞, we have 

 𝐹𝜉𝑧 ,𝑄𝜉𝑣 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑧 ,𝜉𝑧  𝑡 ,
𝐹𝜉𝑧 ,𝜉𝑧  𝑡 + 𝐹𝜉𝑧 ,𝜉𝑧  𝑘𝑡  

2
   

 𝐹𝜉𝑧 ,𝑄𝜉𝑣  𝑘𝑡 ≥  𝐹𝜉𝑧 ,𝜉𝑧  𝑡 =  1  

  𝐹𝜉𝑧,𝑄𝜉𝑣(𝑘𝑡)  =  1 ⇒  𝑄𝜉𝑣 =  𝜉𝑧  

Since B𝜉v = 𝜉z so v is a coincidence point of Q and B. 
Since the pair (P,A) is weakly compatible therefore P and A commute at their coincidence point that is 
𝑃𝐴𝜉𝑤 =  𝐴𝑃𝜉𝑤 𝑜𝑟 𝑃𝜉𝑧 =  𝐴𝜉𝑧 and the pair (Q,B) 
is weakly compatible therefore Q and B commute at their coincidence point that is 
𝑄𝐵𝜉𝑣 =  𝐵𝑄𝜉𝑣 𝑜𝑟 𝑄𝜉𝑧 =  𝐵𝜉𝑧.  
Now we will prove that 𝑃𝑧 =  𝑧. By (b), we have 

 𝐹𝑃𝜉𝑧 ,𝑄𝜉𝑥2𝑛+1
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑧 ,𝐵𝜉𝑥2𝑛+1

 𝑡 ,
𝐹𝑃𝜉𝑧 ,𝐴𝜉𝑧  𝑡 + 𝐹𝑄𝜉𝑧 ,𝐵𝜉𝑧  𝑘𝑡  

2
   

 𝐹𝑃𝜉𝑧 ,𝜉𝑦2𝑛+2
(𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑧 ,𝜉𝑦2𝑛+1

 𝑡 ,
𝐹𝑃𝜉𝑧 ,𝐴𝜉𝑧  𝑡 + 𝐹𝑄𝜉𝑧 ,𝐵𝜉𝑧  𝑘𝑡  

2
   

Taking limit 𝑛 → ∞, we have 

 𝐹𝑃𝜉𝑧 ,𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑧 ,𝜉𝑧  𝑡 ,
𝐹𝑃𝜉𝑧 ,𝐴𝜉𝑧  𝑡 + 𝐹𝑄𝜉𝑧 ,𝐵𝜉𝑧  𝑘𝑡  

2
    

 𝐹𝑃𝜉𝑧 ,𝜉𝑧  𝑘𝑡 ≥  𝑚𝑎𝑥 𝐹𝐴𝜉𝑧 ,𝜉𝑧  𝑡 , 1   

since 𝐴𝜉𝑧 =  𝑃𝜉𝑧 and 𝑄𝜉𝑧 =  𝐵𝜉𝑧 
 𝐹𝑃𝜉𝑧 ,𝜉𝑧 (𝑘𝑡)  =  1 𝑡ℎ𝑒𝑛 𝑃𝜉𝑧 =  𝜉𝑧.  

Similarly we will prove that 𝑄𝜉𝑧 =  𝜉𝑧. By (b), we have 

 𝐹𝑃𝜉𝑥2𝑛 ,𝑄𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑥2𝑛 ,𝐵𝜉𝑧  𝑡 ,
𝐹𝑃𝜉𝑥 2𝑛 ,𝐴𝜉𝑥 2𝑛

 𝑡 + 𝐹𝑄𝜉𝑥 2𝑛 ,𝐵𝜉𝑥 2𝑛
 𝑘𝑡  

2
   

 𝐹𝜉𝑦2𝑛+1,𝑄𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑦2𝑛 ,𝐵𝜉𝑧  𝑡 ,
𝐹𝜉𝑦 2𝑛+1,𝜉𝑦 2𝑛

 𝑡 + 𝐹𝜉𝑦 2𝑛+1,𝜉𝑦 2𝑛
 𝑘𝑡  

2
   

Taking limit 𝑛 → ∞, we have 
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 𝐹𝜉𝑧 ,𝑄𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑧 ,𝐵𝜉𝑧  𝑡 ,
𝐹𝜉𝑧 ,𝜉𝑧  𝑡 + 𝐹𝜉𝑧 ,𝜉𝑧  𝑘𝑡  

2
   

 𝐹𝜉𝑧 ,𝑄𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥{𝐹𝜉𝑧 ,𝐵𝜉𝑧 (𝑡), 1}  

 𝐹𝜉𝑧 ,𝑄𝜉𝑧 (𝑘𝑡)  =  1 𝑡ℎ𝑒𝑛 𝑄𝜉𝑧 =  𝜉𝑧.  

Hence z is a common fixed point of A,B, P and Q. 
Uniqueness Let w is an another common fixed point of A,B, P and Q. 
then we have 

 𝐹𝑃𝜉𝑤 ,𝑄𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝐴𝜉𝑤 ,𝐵𝜉𝑤  𝑡 ,
𝐹𝑃𝜉𝑤 ,𝐴𝜉𝑤  𝑡 + 𝐹𝑄𝜉𝑤 ,𝐵𝜉𝑤  𝑘𝑡  

2
   

 𝐹𝜉𝑤 ,𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥  𝐹𝜉𝑤 ,𝜉𝑧  𝑡 ,
𝐹 𝜉𝑤 ,𝜉𝑤   𝑡 + 𝐹 𝜉𝑤 ,𝜉𝑤   𝑘𝑡  

2
   

 𝐹𝜉𝑤 ,𝜉𝑧 (𝑘𝑡)  ≥  𝑚𝑎𝑥{𝐹𝜉𝑤 ,𝜉𝑧 (𝑡), 1}  

𝐹𝜉𝑤 ,𝜉𝑧 (𝑘𝑡)  =  1 ⇒  𝜉𝑤 =  𝜉𝑧  

Hence 𝜉z is unique common fixed point of A,B, P and Q. 
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