IOSR Journal of Engineering (IOSRJEN)
ISSN: 2250-3021 Volume 2, Issue 6 (June 2012), PP 1462-1472
WWW.i0srjen.org

Some Fixed Point Theorems By Using Altering Distance Functions

Manish Sharma* and A. S. Saluja**

*Truba Institute of Engineering and Information Technology Bhopal (M.P.), India
**J. H. Govt. P.G. College, Betul (M.P.), India

Abstract: - In this article, we prove some fixed point theorems in metric space by using altering distance
function. Our result are generalization of many previously known results.

Key words: - Metric space, fixed point, Common fixed point, Altering Distance function.
AMS Mathematical Classification:- 47H10, 54H25

1. Introduction and Preliminary
In 1984 , M.S. Khan , M. Swalech and S.Sessa [10] expanded the research of the metric fixed point
theory to a new category by introducing a control function which they called an altering distance function.

Definition 1.1
([10]) . A function y 1R, — R, is called an altering distance function if the following properties
are satisfied:
) y)=0=1t=0
(v,) w is monotonically non-decreasing.

(w;) w iscontinuous.
By i we denote the set of the all altering distance functions.

Theorem1.2
([101). Let (M, d) be a complete metric space, let ¥ € ¥ andlet S: M — M be a mapping
which satisfies the following inequality
w[d(Sx, Sy)] < ay[d(x,y)]
Forall X,y € M and for some O<a<1.Then S hasa unique fixed point Z, € M and moreover for each
xeM limS"x=z,

n—o0

Lemma 1.3.
Let (M, d) be a metric space. Let {X,}be a sequence in M such that

limyfd(x,,x,,,)]=0
nN—o0
If{X,} isnot a Cauchy sequence in M , then there exist an &, > 0 and sequences of integers positive {m(k)}
and{n(k)} with

m(k) > n(k) >k
Such that
d Xy Xny) = &0 . A (Xngoy-1Xag) < €o
And
0] '!m d (Xm<'<>—1’ Xn(k>+1) =&
(ii) lmd(xm(k)’ Xag) = Eo

(iii) I']md(xm(k)—l’ Xn(k)) =&
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Remark 1.4.
Form Lemma 1.3 is easy to get

Il(m d (Xm(k)+1’ Xn(k)+1) =&

Since Banach’s fixed point theorem in 1922, because of its simplicity and useful ness, it has become a
very popular tool in solving the existence problems in many branches of nonlinear analysis. For some more
results of the generalization of this principle.

Beside this, in 1977, Jaggi [7] introduced a new contraction mapping and find a fixed point through
rational expression for self mapping, which are following

d(x,Tx),d(y,Ty)
< _— T 7
d(Tx,Ty) < «a 2oy

Forallx,y € X,x #y and « € [0,1). Then T has a fixed point in X.
The above expression is not valid if x = y. This condition is removed by Das and Gupta [5] and proved a fixed
point theorem for self mapping on taking following expression,

d(Tx,Ty) < a —d(x'mj(l:y‘;(y I 4 gd(x,y)

Forallx,y € X, a,B €[0,1), 0< a+ B <1 ThenT has a fixed point in X.
In this paper we prove some fixed point and common fixed point theorems for rational expression. Our
results is generalization of various known results.

2 Fixed point theorems
Theorem 2.1.

Let (M,d) be a complete metric space, let 7 €W andlet S: M — M be a mapping which
satisfies the following condition:

wld(Sx, Sy)]<ap[d(x, y)]+ bw{

d(y,Sy) {L+d(x,Sx)} rop d(x, Sx).d(y, Sy) 2.0)
1+d(x,y) d(x,y) '

Forall X,yeM, x=#y,a>0b>0,c>0,a+b+c<l

Then S has a unique fixed pointZ, € M , and moreover for each X M limS"x=z,

n—oo

Proof:
Let X M be an arbitrary point and let {Xn} be a sequence defind as follows:

X,,, = SX, =S""X for each n>0.
Now

yd (%, X, )] =9 [d (5,4, SX,)]

< al//[d (anla Xn )] + bl// |: d (Xn ' an ){1+ d (Xn—l’ an—l)}:| + Cl// |: d (Xn—l' an—l)'d (Xn ' an) :|

1+d(xn—1’ Xn) d(Xn—l’ Xn)

d (Xn ' Xn+1){1+ d (Xn—ll Xn )} d (Xn—l’ Xn)'d (Xn’ Xn+1)
<apld (x4, %)+ bv{ 1+ d(x %) }rcw{ 4 %) }
< al//[d (Xn—l’ Xn )] +blr// [d (Xm Xn+1) ] +Cl//[d (Xn’ Xn+1)]

A=b—c)yld(x,, X, )] < ayld(x, 4, x,)]
Therefore,

l//[d (Xn J Xn+1)] S l/j[d (anl’ %n )]

a
1-b-c

R E (

a
1-b-c

j 1A%, %))
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l—b—cj wld (X, X)] v, (2.2)

A%, 5] < (

Since €(0,1) , form (2.2) we obtain

limy[d(x,,%,,)] = 0
From the fact that ¥ € ¥ , we have
limd(x,,x,,) = 0 (2.3)

Now , we will show that {X,}is a Cauchy sequence in M . Suppose that {X,} is not a Cauchy
sequence, which means that there is a constant &, > 0 such that for each positive integer K , there are positive
integers m(k) and n(k) with m(k) > n(k) >k such that

d (Xm(k) ) Xn(k)) >g, d (Xm(k)—lxn(k))< &y
Form Lemma 1.3 and Remark 1.4 we obtain
lm d (Xngey» Xy = o (2.4)
I'(Lrgd(xm(k)ﬂ' Xatys1) = &o (2.5)
For X=X, and Y = X, from (2.1) we have,
wld (Xm(k)+17 Xn(k)+1)] =y[d (Sxm(k)7 SXn(k))]
d (Xn(k) , SXn(k)){1+ d (Xm(k) 1 SXm(k) )} te d (Xm(k) , SXm(k))'d (Xn(k) 1 SXn(k))
1+d(xm(k)’xn(k)) v d(xm(k)’ Xn(k))

<ay[d (X, Xo0)]+ le:

<ap[d (X Xago )]+ b‘//|:

using (2.3), (2.4) and (2.5) we obtain
w(e) :k limy d (X1 Xagesa)]
<a Em wId (X Xag0)]

<ay(¢)
Since a € (0,1) , we get a contraction . Then{X_} is a Cauchy sequence in the complete metric space
M , thus there exists z, € M such that

d (Xn(k) ' Xn(k)+1){1+ d (Xm(k) ' Xm(k)+1)} d (Xm(k) ' Xm(k)+1)'d (Xn(k) ' Xn(k)+1)
+Cy
1+d (X X)) d (X Xy )

limx, =z,

nN—o0

Setting X=X, and y=1Z; in (2.1) we have
wld (X, S20)] = w[d (S, 52,)]

Sa,y[d(xn,ZO)]W{ol(zo,~'~izo){1+ol(xn,SXH)}}+Cw[<a|(xn,3xn>.o|(zo,szo)}

1+d(x,.2,) d(%,.2,)

Therefore,
,Iﬂl wld(X,,1,52,)] < by[d(z,,Sz,)]
i.e.,

wld(zy,5z,)] < byld(z,,Sz,)]
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Since b €(0,1) then w[d(z, , Sz,)] =0 which implies d(z, , Sz,) =0 . Thus z,=Sz,
Now we are going to establish the uniqueness of the fixed point . Let Y, , Z, be two fixed points of S
such thaty, # z,. Putting X=Yy,andy = Z; in (2.1) we get
wld (Y, 2,)] = wld(Sy,, Sz,)]

g e e e

wld (Yo, z)1 < ayld (Y, z,)]
Which implies that y/[d(Y,,Z2,)]=0,s0 d(Y,,2,)=0.Thusy, = z,

Remarks:
1. InTheorem 2.1, if b = ¢ =0 and w(t) =t then we get the result of Banach [1]

2.InTheorem 2.1, if ¢ =0 and w(t) =t then we get the result of Das and Gupta [5]
3. InTheorem 2.1, if a = b =0 and w(t) =t then we get the result of Jaggi [7]

Corollary 1.
Let (M,d) be a complete metric space, let S : M — M be a mapping which satisfies the
following condition:
d(Sx,Sy) <ad(x,y)+b d(y, Sy)[1+d(x,Sx)] ‘e d(x, Sx).d(y, Sy)

1+d(x,y) d(x,y)
Forall X,yeM,x=y,a>0,b>0,c>0,a+b+c<1

Then S has a unique fixed point Z, € M , and moreover for each Xe M limS"x=z,

n—oo
Proof :
It is enough if we take /(t)=1t in theorem 2.1

Corollary 2.
Let (M,d) be a complete metric space, let S: M — M be a mapping which satisfies the

following condition:
d(y,Sy)[1+d(x,Sx)] d(x,Sx).d(y,Sy)

e <al et eb] 00 fQdtec] 00 e

Foreach X,ye M,x=Yy,a>0,b>0,c>0,a+b+c<l

J-d(Sx,Sy)

Where &: R™ — R" is a leshesgue- integrable mapping which is summable on each compact subset of R |,
non-negative and such that for each €> 0, .[: E(t)dt >0

Then S has a unique fixed point Z, € M , and moreover for each X e M limS"x=z,

n—oo
Proof :
t
If we take ()= jo £(s)ds intheorem 2.1 then we get our result

Theorem 2.2.
Let (M, d) be a complete metric space, let 7 €'V andlet S:M — M be a mapping which
satisfies the following condition:

w[d(Sx, Sy)l < ayld(x y)] +ﬂl/{

d(x, Sx).d(y, Sy) N d(x,Sy).d(y, Sx)
1+d(x,y) 1+d(x,y)
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Sy d(x,Sx).d(x,Sy) | _—- d(y, Sx).d(y,Sy) (2.6)
1+d(x,y) 1+d(x,y)
Forall x,yeM,a>0,>0,>0,0>0,n>0,a+ f+20<1
Then S has a unique fixed point Z, € M, and moreover for each X e M limS"x=z,

n—oo

Proof :
Let X M be an arbitrary point and let {Xn} be a sequence defind as follows:

X,,, =Sx,=S""x foreach n>0.
Now

wld (X, X,.1)] =w[d (Sx, ;. 5x,)]

< apd(x . x )]+ By {d(xn_l,SXM)d(x SXH)}W[d(xn_yan)d(x SXH)}

1+d(xn 11 n) 1+d(xn 17 n)
d (Xn—l’ an—l)'d (X -1 an) d (Xn’ an—l)'d (X an)
+5‘”{ 1+d(x, 1. %,) }’7‘”{ 1+d(x, 1. %,) }
<ayld(x,, x)]+ By {d(xlj d“()xd(xﬂ’xnﬂ)} {d(xnljgg)d(xn)’ “)}
+5{/{d(x ESLIC )} { %, n>d(xn,xn+1>}
1+d(xn -1 n 1+d(xn 1 n
Sal//[d(xn oy n)]+,B |:d(xl—_:|'__1dn(3(d(xn’xn+l):| |:d(X il-;_(:r;zxd(x —1’) n+l)}
carldler )l By {d(x_y(n)d(xn),xml)}&/{ (%, _121&)d(x31, )}

<0u//[d(X 1 n)]"‘ﬂ‘//[d (anxn+1)]+§l//[d (Xn 1’Xn+1)]
<ayld(X, 1, %)+ Byld (X, X, )] +pld (X, 1 X;) +d (X, X, ,1)]

<ayld(X, 1, X)]+ Bywld (X, %, )1+ Sy d (X1, %,)]+ 6wld (%, X,,)]
(1= =8 ld (%, X, )] < (@ +6)wld (X, 1, %,)]

Therefore,

O B LICAE)
Similarly,

CICS) ERLAa (ORI
And

l//[d (Xn 1 Xn+1)] S (1f¥;_55j l//[d (Xn—Z’ Xn—l)]

Continuing this process, we get in general
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a+o

wld (X, X, )] < (1—,8——5

J w[d (%, %)] (2.7)

Since _ato €(0,1) , from (2.7) we obtain
1-p-6

limyfd(x,,%,.,)] =0
From the fact that w € ¥ , we have
limd(x,,x,,,) =0 (2.8)

n—o

Now , we will show that {X }is a Cauchy sequence in M . Suppose that {X,} is not a Cauchy sequence,
which means that there is a constant &, > 0 such that for each positive integer K , there are positive integers
m(K) and n(k) with m(k) > n(k) >k such that

d (Xm(k) ) Xn(k)) >¢, d (Xm(k)—l1 Xn(k))< &9
Form Lemma 1.3 and Remark 1.4 we obtain
!]ij[‘od (Xngiy» Xni0) = €0 (2.9)
rl]iLQd (Xm(k)+l’ Xn(k)+1) =& (2.10)
For X=X, and Y = X, from (2.6) we have,
wld (Xm(k)+1’ Xn(k)+1)] =y[d (Sxm(k)7 SXn(k))]

d Xy X )-d (X s SXoiey) d Xy SXo00)-Ad Xy s SXoneier)
Sal//[d(xm(k)lxn(k))]+ﬂl//|: (k) ) ) ) + (k) (k) &) (k)

1+d(xm(k)’ Xn(k)) 1+d(xm(k)’ Xn(k))

+y { d (X Xy )-d Kiniey s SXaiy) :l - { d (Xa gy s SXingiy )-d Koy » SXn(k)):|
1+d(xm(k)’xn(k)) 1+d(xm(k)’ Xn(k))

d (X, X A%y Xk d X s Xackr:0)-9d Ky s Xineier
T W{ (g Xing:1)-9 ey X 1)}71/{ (g Xo:)-9 Gy X o}

1+d(xm(k)’ Xn(k)) 1+d(xm(k)’ Xn(k))

+&/{d (o Xngere1)d Koy Xt 1) } oy { d (X7 Xgee)-d ooy xn(k)ﬂ)}

1+d(xm(k)’xn(k)) 1+d(xm(k)’xn(k))

Using (2.8), (2.9) and (2.10) we obtain,
w(e) = lﬁg wld (Xm(k)+1’ Xn(k)+1)]

d (Xm(k) ' Xn(k)+1)'d (Xn(k) ' Xm(k)+1) :I

Sa!]ml//[d(xm(k)’Xn(k))]+y!1ilpowlz 1+d Xk Xagey)
m(k) ' “n(k)
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LA Xy s Xy ) + A XKooy i) 38 Koy s Xy ) + A Kingiy s Xingey ) 3
1+d (Xm(k)’ Xn(k))

<a !]m‘//[d (Xm(k)’xn(k))]+y!]ilpoW|:

E.&
Say(e)+yry (Ej

Since & be an arbitrary

<ay(e)+yy(e)

(&) < (a+y)y(e)

Since «,y €(0,1) and a+y <1 we get a contraction. Then{X_} is a Cauchy sequence in the complete
metric space M , thus there exists Z, € M such that

limx, =z,
N—o0

Setting X=X, and y=2Z; in (2.6) we have
wld (.1, S2,)]=y[d (Sx,, Sz,)]

<ayld(x,,2,)]+ ﬂ‘,,[d(xn,SXn)-d(zo. Szo)}+ [d(xn,Szo).d(zo,an)}

1+d(x,,z,) 1+d(x,,z,)
d(x,,Sx,).d(x,,Sz,) d(z,,5x,).d(z,, Sz,)
+&/{ 1+d(x,,z,) }LW{ 1+d(x,,z,) }

Therefore,

!]m wld(X,,1,S2,)]1 <0

w[d(z,,52,)] <0
Since y is continuous non- decreasing which implies d(z,,Sz,)<0 Which is contraction.
l.e. z, = Sz,
Thus Z, is fixed point of S .
Now we are going to establish the uniqueness of the fixed point . Let Y, , Z, be two fixed points of S such

that Y, # Z,. Putting X=Y,andy = Z; in (2.6) we get

wld (Yo, 2)] = wld(Sy,, Sz,)]

< a[d (o )]+ ﬂw{d(yo.Syo).d(zo,Szo)}r {d(yo,Szo).d(zo,SyO)}

1+d(yO,ZO) 1+d(y0,20)
v 5| 90%0:5Y6)4 (0,52 |, d(z,, SY,).d(2,,Sz,)
YT 1 d(y,z,) T 1 d(e 2)
saw[d(yo,zo)]ww{d(yﬂf("y)'dz(z)‘"y‘”}

<ayld(Yy, 2)]+ rv[d(Y,, 20)]

wld (Yo, 2p)]1 < (@ +7)wld (Yo, 2,)]
Which implies that w[d (Y,,Z,)]=0,s0 d(Y,,2,)=0. Thusy, = z,

Corollary 3:
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Let (M,d) be a complete metric space, let S: M — M be a mapping which satisfies the following
condition:

d(Sx, Sy) < ad (x, y) + p 15040 5) | d(x Sy)d(y, $¥)

1+d(x,y) 1+d(x,y)
d(x, Sx).d(x, Sy) d(y, Sx).d(y, Sy)
+0 +
1+d(x,y) 1+d(x,Y)

Forall x,yeM,a>0,>0,>0,0>0,n>0,a+ f+20<1

Then S has a unique fixed point Z, € M , and moreover for each X e M limS"x=z,

n—oo

Proof :
It is enough if we take y/(t)=1t intheorem 2.6

Corollary 4:
Let (M,d) be a complete metric space, and let S: M — M be a mapping which satisfies the

following condition:
d(x,Sx).d (y,Sy) d(x,Sy).d(y,Sx)

Id(Sx,Sy) é;(t)dt+ﬂjw§(t)dt+yj(w5(t)dt

£ndt<af A0

0 0

d(x,5x).d (x,Sy) d(y,Sx).d(y,Sy)

+6[ H0 Et)dt+ [ Hen E(tdt
[0 o]
Forall x,yeM,a>0,>0,>0,0>0,n>0,a+ f+20<1
Where £:R™ — R" is a lesbesgue- integrable mapping which is summable on each compact subset of R*

,non-negative and such that for each €> 0, J:f(t) dt>0

Then S has a unique fixed point Z, € M , and moreover for each X e M limS"x=z,

n—oo

Proof :

t
If we take (t)= jo £(s)ds an in Theorem 2.6 then we get our result

Theorem 2.3.
Let (M,d) be a complete metric space, let 7 €W andlet S: M — M be a mapping which
satisfies the following condition:

l/,[d(SX,Sy)]SW{d (x,5%)+d (y,Sy)}ﬂ {d (x,Sy) +d?(y, Sx)

} (2.11)
d(x,Sx)+d(y,Sy) d(x,Sy)+d(y, Sx)

For all X,yeM,a>O,ﬁ>0,a+[)’<%

Then S has a unique fixed point Z, € M , and moreover for each X e M limS"x=z,

n—oo

Proof :
Let X M be an arbitrary point and let {X,} be a sequence defind as follows:

X, = SX =S""X for each n>0.
Now

yd (%, X, )] =9 [d (5%, 41, SX,)]
Sal//|:d2(xn—l’sxn—l)+d2(xn’an):|+ﬂ |:d2(xn—l’an)+d2(xn’sxn—l):|

d (Xn—l1 an—l) + d (Xn ! an) d (Xn—l’ an) + d (Xn ' an—l)
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dz(xn 1! n)+d (Xn’xn+l) dZ(Xn -1 n+1)+d (Xn’ n)
S“W{ 0%, 10 %,) + (X, %,.) }ﬁ"{ 0¥, 1%y + 005, %,) }

{d(X -1 n)+d(xn’xn+l)} 2d(X -1 n)d(xn’xm—l) dz(xn—l'xm—l)
S“'”{ A%, 1:%,) +d (%, %,.) } g ’”{d(xwxnﬂ)}
{d(X -1 n)+d(xn’xn+l)} dz(xn—l'xn+l)
S“'”{ 40, 1:%,) + %, X,..) }ﬂ‘”{d(x X )}
Scn//[d(xn -11 n)+d(xn’xn+l)]+ﬁl//[d(xn 11 n+1)]
(A—a=Byld (X, %I < (@ + B)wld(X, 1, X,)]

Therefore,
CICRESY) EELATCRN IO,
Py
Similarly,
CICHRS) ERLas R UL
And
w1d (%, %] < ( a+p jw[d(xnz,xnl)]
“a-p

Continuing this process, we get in general

VA (x,,%,.,)] s(lo‘i] ViAol (212)
—a-p
Since (%J €(0,1), from (2.12) we have

limy[d(x,,x,,)]=0
From the fact that ¥ € ¥ , we have
limd(x,,x,,,) =0 (2.13)

n—o0

Now we will show that {X, }is a Cauchy sequence in M . Suppose that {X,} is not a Cauchy sequence,
which means that there is a constant &, > 0 such that for each positive integer k , there are positive integers
m(Kk) and n(k) with m(k) >n(k) >k such that

d (Xm(k) ' Xn(k)) g d (Xm(k)—lxn(k))< &y
Form Lemma 1.3 and Remark 1.4 we obtain
Il(md(xm(k)’ Xaty) = &0 (2.14)

I!m d (Xm(k)+l’ Xn(k)+1) =& (2.15)

For X=X, and X=X, from (2.11) we have,
w(d (Xm(k)+17 Xn(k)+1)] =yl[d (Sxm(k)7 SXn(k))]
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d’ (Xm(k) ; SXm(k)) +d? (Xn(k) , SXn(k)) iy d’ (Xm(k) ; SXn(k)) +d? (Xn(k)’ SXm(k))
i d Xy SXingey) +d Xy Xy d Xy SXay) + A (X0 SXingiy)

42 2 2 2

d (Xm(k)’xm(k)+1)+d (Xn(k)7xn(k)+l) d (Xm(k)’xn(k)+l)+d (Xn(k)’Xm(k)ﬂ)
d d Y d

i (Xm(k) , Xm(k)+1) + (Xn(k) ) Xn(k)+l) (Xm(k) ) Xn(k)+l) + (Xn(k) , Xm(k)+1)

Using (2.13), (2.14) and (2.15) we obtain
y(e) = I!m wld (X0 Xagya)]
<p Il(m wld (Xm(k)’ Xn(k)+1) +d (Xn(k)’ Xm(k)+l)]
From lemma 1.3 we have

w(e) < By(e)
Since € (0,1) , we get a contraction . Then {Xn} is a Cauchy sequence in the complete metric space M ,

thus there exists Z, € M such that lim x, = z,

n—o

Setting X=X, and y=1Z; in (2.11) we have
'//[d (Xn+l’ SZ0 )] = l//[d (an ' SZ0 )]

<y d?(x,,Sx,)+d?(z,,Sz,) ‘5 d?(x,,Sz,) +d*(z,,5%,)
=Y T d(x  Sx )+ d(z,, 52,) d(x ,52,)+d(z,,5%.)

Therefore,
rl]m wld(X,,1,S2,)] < (a+ Bwld(z,,52,)]

limy[d(z,,52,)] < (a+Byld(z,, 52,)]
Since a,B(0,1) and (a + ) < % then w[d(z,, Sz,)] = 0which implies that d(z, , Sz,) =0 .

Thus z,=S7,
Now we are going to establish the uniqueness of the fixed point. Let Y, , Z, be two fixed points of S
such that Y, # Z,. Putting X=Y,and Yy =z, in (2.11) we get
wld(Yy, 2o)1<w[d(Sy,, Sz,)]
SW{olZ(yo,Syo)+o|2(zo,Szo)}ﬁ {dZ(yo,Szode(zO,Syo)}
d (Yo, SY,) +d(z,,52,) d (Y, S2,) +d (25, Syo)
Sﬂw[d%yo,zowd%zo,yo)}
d(Yo. o) +d(Z,, ¥o)
< Byld(Y,, 2,) +d(z,, ¥p)]
wld (Y, 2,)1< 2B8yd (Y, 2,)]
Which implies that w[d (Y,, Z,)]=0,s0 d(Y,,2,)=0. Thus y, = Z,

Corollary 5: Let (M, d) be a complete metric space, let S: M — M be a mapping which satisfies the
following condition:

d*(x,8x)+d°(y,Sy) , ,d*(x,Sy)+d’(y,S)

d(Sx,Sy) <«
d(x,Sx)+d(y,Sy) d(x,Sy)+d(y,Sx)
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For all X,yeM,a>O,ﬁ>0,a+[)’<%

Then S has a unique fixed point Z; € M , and moreover for each X e M limS"x=z,

nN—o0
Proof :
It is enough if we take y/(t)=1t intheorem 2.11
Corollary 6 .
Let (M,d) be a complete metric space, let S: M — M be a mapping which satisfies the

following condition:
d?(x,5x)+d?(y,Sy) d?(x,Sy)+d?(y,5x)

d(Sx,Sy) —L s —r 72
J‘ E(t)dt < aJ‘O 90,900y E(t)dt +ﬂ.[o d0+a(y59 E(t)dt

0
1
For all X,yeM,a>O,,6’>0,a+ﬁ<§
Where £:R™ — R" is a lesbesgue- integrable mapping which is summable on each compact subset of R |,
non-negative and such that for each >0, I: E(t)dt>0

Then S has a unique fixed point Z, € M, and moreover for each X e M limS"x=z,

n—o0
Proof :
t
If we take ()= jo £(s)ds anintheorem 2.11 then we get our result
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