IOSR Journal of Engineering (IOSRJEN)
ISSN: 2250-3021 Volume 2, Issue 8 (August 2012), PP 141-151
WWW.i0srjen.org

Analysis of diffusion and extraction in hollow cylinders for some
boundary conditions

Ching Chiang Hwang', Ing-Bang Huang®
!Department of Biotechnology, Mingdao University, Taiwan
2" Department of Materials Science and Engineering, National Formosa University, Huwei, Yulin, 63201,
Taiwan (corresponding author)

Abstract: - Analysis of diffusion and extraction in hollow cylinders with different outer / inner radius ratio has
been investigated. The first five roots, a, of the two valuable equations, Ji(aa)Ys(ba)-Jdo(ba)Y1(ac)=0 and
Jo(aa)Y1(ba)-d1(ba)Yo(ac)=0 , were derived and tabulated. Under the condition where diffusion coefficient is
constant, the concentration profiles curves of diffusion and extraction for some cases have been demonstrated
and discussed.
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I. INTRODUCTION

Because of a sensitive electrochemical method developed by Devanathan and Stachurski [1] and some
mathematical solutions of the pertinent diffusion equation given by McBreen et al. [2], Kiuchi and McLellan
[3], and Yen and Shih [4], measurements of the diffusion coefficient and the permeation rate of hydrogen
through a metal membrane have been widely investigated. When critical hydrogen concentration induced
cracking in a metal pipe (hollow cylinder) has become an important factor [5-6]. Therefore, the need to
understand the concentration profile in a hollow cylinder might be urgent. Several decades ago, Ash et al. [7]
provided a means of measuring the diffusion coefficient D for a material in the form of a hollow cylinder shell
by the time lag method. Carslaw and Jaeger [8-9] also gave some solutions to the problem of heat conduction
through a hollow cylinder shell with some initial and boundary conditions. Crank [10] applied the above
mathematics to diffusion for hollow cylinder shells for some cases. However, a more general mathematical
solution including steady, set up transient, and decay transient states of the concentration distribution and
permeation rate in a hollow cylinder was investigated in our earlier study [11].

The objective of this study was to derive the mathematical solutions of diffusion and extraction in
hollow cylinders with different outer / inner radius ratio K. In this paper, the concentration profiles for set up
transient and decay transient states were given, respectively.

Il. MATHEMATICAL ANALYSIS
2.1. Diffusion equation
Consider a long circular cylinder in which diffusion is everywhere radial. Concentration is then a
function of radius r and time t only, and the diffusion equation becomes
oC 10 oC
ES _a_(rD a_j
ror r
1

2.2. Set up transient state
Carslaw and Jaeger [8] have given the solution to the problem of diffusion into a hollow cylinder in
which the concentration is initially zero and the boundary conditions on the two surfaces are

oC
ki — —ksC =kz, r=a
Lor 2 3

k1'£+k'2C =Kz, r=>b
or 2)
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Carslaw and Jaeger [8] give the solution by the use of Laplace transformation. The final result is
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Here o, are the roots of the following equation:

[kjadq(ac)+kydg(aa)] kl'aYl(ba)— k|2Y0 (bex)|-

[kjaY;(aa)+ kYo (aa)kgad (bar)—kadg(ba)|=0
(6)

Consider the hollow cylinder with zero concentration initially and the boundary conditions on the two
surfaces are

tEla<r<b, C=0
=0, r=a l=0Ch

=0, r=8C=0C4 @
7

In order to satisfy the Eq. (7), the constant of the Eq. (2) can be derived as
=0, Ip=1, i5=-Cy. =0, o=1, x=Cy

Substituting these constants into Eqgs. (4)-(6), one obtains

F(an)z‘]g(aan)_‘]g(ban) ®)
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Uo(ray)=Jo(ran Vo(aan)-Yo(ran JIo(acy) ©)
Jo(aa)Yg(ba)-Yo(aa)dg(bar)=0 (10)

where o, are the positive roots of Eq. (10), as given in Table 1[8, 10]. Substituting
=0k =1.=-—Cy =0, K=1, x=0C

Egs. (8)- (10) into Eg. (3), one obtains

C=C0—7ZCO ; JO(ban)JO(ran) e)q)(_DanZt)
n-1Jo(aan)+Jg(bay) (11)
The normalized concentration of this case can be expressed as
C © Jolkaa (aa r*)
7:1_7[2 0( H)JO n eXp[—(aan)ZT]
Co n=1Jo(aczy )+ Jo(kacy ) (12)

where

Uo(aan r*)= Jo(aOln r*){0 (aan)-Jo(aan o (aan r*)
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2.3. Decay transient stat

2.3.1. Fast decay : Case A
Carslaw and Jaeger [9] had given the solution to the problem of diffusion into a hollow cylinder with

initial concentration and the two surfaces and kept at zero concentration. The general solution is

2 242
© Jgo(a
C= % - “n 0_( ?“) x exp (— Danzt)Jo(ran N2rf (1o (ray, )dr
n=1J§(aa,)- 3§ (bay) 13)

where
Uo(ran)=Jo(ran olban )-Yo(ren )Jo(ban) (14)

Here o, are the positive roots of Eg. (10), as given in Table 1[8, 10]. Consider, Eq. (12), the
concentration of the steady state, as the initial condition i.e. C=C, . The boundary conditions are

i2lacrab =0

1 =0, r=a,C=0

=0, r=5C=0
(15)

Substituting Eqgs.(14) and (15) into the integral

b
Jrf (NUo(ran)dr
a

in Eq. (13), one obtains

e Uglra, ) =2rCoUglra,)d =C g5 rU g (ra, )dr
(16)
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Since

L. S _ ..
iErUg(re, dr =— L |:?‘ dUglracs) " _ 24Ty (mee, ) — Jglbe, )t

o, a1 e
17
Eqg. (16) becomes
87 (ol i =2C00(e 20 )= To (b )]
mory Jolaoy, )
(18)
Substituting Eq. (18) into Eq. (13), one obtains
o0
C = ﬂCO 5 JO(aanpO(ran) exp (_ Danzt)
n=1Jo(aan )+ Jo(bery) (19)
Or the normalized concentration of this case is
C © Jolax (aa r*)
~ -y 0( n)JO n'A exp—(aan)zz-
CO n=1 Jo(aan)+ Jo(kaan) (20)
where
* * *
UO (aOCn rA): ‘JO (aOCn I’A){O (kaOCn ) — YO (aO(n I’A)]O (kaan ) 1)
* r b Dt
rA = — K = T= _2
a a a
Table 1
Roots of Jylace, 1y(be, |- Jglbe, Fylac,).
b aoy ad, ad, ad, ao,
a
12 157014 314126 471217 628302 785385
1.5 62702 12.5598 18.8451 251294 314133
20 3.1230 6.2734 04182 12,5614 157040
235 20732 41773 62734 8.3717 104672
30 15483 31201 47038 6.2767 78487
is 12330 2.5002 37608 5.0196 62776
40 1.0244 2.0809 31322 4.1816 52301

2.3.2. Slow decay: Case B
Ozisik [12] had given the solution to the problem of diffusion into a hollow cylinder by the method of
separation of variables with initial concentration F(r) , the two surfaces r = a with zero flux and kept at zero
concentration. The general solution is
00 1 _ 2 b
C=y ———e PR (anr)[rRy(apnr)F(r)dr

n=1N(ep) a (22)
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Where
Ro(anr) = Jg(anr)Yo(anb) —Jg(anb)Yo (anr) (23)
1 _”_ZX O‘nz‘]lz(ana)
N(an) 2 32(ana)-J8(anb) ”
And
Jl(aa)Yo(ba)—Jo(ba)Yl(aa):O (25)
Here aj, are the positive roots of Eq. (25) which were determined as given in Table 2.
Table 2

Roots of J(aa, Fylbe, |—J,(ba, ¥ (ac, ).

b acy aca, ad; ac, ac,
a

12 8.14628 23.661 393308 550214 Y0197
15 34029 952064 15.766 220327 283067
20 1.79401 480206 790896 11.0351 14168
25 1.24267 322655 528885 736836 945462
30 0959569 243717 397818 553497 709771
35 0.78554 196238 319134 443458 5.68343
40 0666971 1.645 266644 370083 474048

In this case, consider, Eq.(12) , the concentration of the steady state, as the initial condition i.e. C=C, .
The boundary conditions are
i2la<r<b C=0Cg

ac

1 =0, r=g —=0
ar
i =0, r=6C=0
(26)
Substituting Eq. (23) and (26) into the integral

b
[rRy(re,)F(r)dr
a in Eq. (22), one obtains

b b

JRo(ran)F(r)dr =Co Jr{Jg(anr)Yo(@nb) - Jo(enb) Yo (anr) Jdr

a a =

o2 al (o) ~o(enby(enall on

n

Substituting Eq. (27) into Eq. (22), one obtains

C- ; Co « {2-amxp[J1(and)Yo(anb) - Jo(anb)Yl(ana)]}‘]lz (en@)Ro (anr)
n=1 2 3f (@) - 3§ (anb)

xexp(—Danzt) (28)
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The normalized concentration of this case is
C _ g x {2-mnalli(@na)Yokand)~Jo(kand)¥a (@n@)IN (@n@)Ro(@nars)

Co n-12 32 (ana)— 32 (karpa)
xexp(—anzazr) (29)
where
Ro (aan ' )= Jo (aan g ){0 (kaay, )—Jg(kac, Yo (aan rB) 30)
T b Dt
Ip =— - T =—7
B a a a?

2.3.3. Slow decay: Case C

Ozisik [12] had given the solution to the problem of diffusion into a hollow cylinder by the method of
separation of variables with initial concentration F(r) , the two surfaces kept at zero concentration and r=a
with zero flux. The general solution is

00 1 _ 2 b
C=> e~ Dan tRO(anr)ero(anr)F(r)dr
n=1N(ap) a (31)
where
Ro(anr)= Jl(anb)Yo(anr)—Jo(anr)Yl(anb) (32)
1 :LZ aang(ana)
N(azn) 2 3§ (ana)—If (anb) (33)
Jo(aa)Yl(ba)—Jl(ba)Yo(aa):O (34)

Here a,, are the positive roots of Eq. (34) which were determined as given in Table 3.
Table 3

Roots of Jylac, |1 (be, |—Jy(be, Fylace, ).

b acy ack acek, ack, e
[rs

12 7.56667 234688 302141 549381 70.6549
2. 88080 034479 156601 21.957 282478

—
'
al

20 136078 4.6439 7.814106 109671 141151
25 0.866058 308354 5.20107 730341 9 40534
30 0625508 230404 3 89542 547516 702005
35 0485007 1.83725 311249 437731 5.63834
4.0 0393456 152661 2.59082 364558 4.69706

In this case, consider the concentration of the steady state ( C=Co), as the initial condition. The boundary
conditions are

i2la<r<b C=0Cy

i=0, r=al=0
i, r=&:£=D
ar

(35)
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Substituting Egs. (32) and (35) into the integral
b

[rRy(re,)F(r)dr

a

in Eq. (31), one obtains
b b

[rRo(ran)F(r)dr =Cq [r{J1(anb)Yg (@nr) — Ig(anr)Y1(anb) Jdr
a a -

Co{a[Jl(ana)Yl(anb) - Jl(anb)Yl(ana)]}

%n (36)

Substituting Eq. (36) into Eq. (31), one obtains

C= OZO ”2C0 XanaJ(%(ana)[Jl(ana)Yl(anb)_Jl(anb)Yl(ana)]}RO(anr)

n=1 2 3§ (an@) = I (enb)
2

xexp(-Dapt) 37)
The normalized concentration of this case is
c_wea, anad & (ana)[I1(ana)Y (kana) - Iy (kana)Yy (@ a)JRo (anarc )
Co na 2 3§ (an@) -7 (kapa)
xexp(—anzazr) (38)
RO (aan I'c )= Jl(kaan )YO (aan I'c )— ‘JO (aan I'c )(1('(8.0{,1 ) (39)

T b Dt

r =— = — T=—Fr

€3 a a’

I1l. RESULTS AND DISCUSSION

3.1. Set up transient state

The concentration distribution of C/Co predicted by Eq. (12) are plotted against r” for K = 1.2, 1.5, 2,
2.5, 3,3.5and 4, at, 0.4 and 1 as shown in Figs. 1(a)-(c), respectively. These curves are obtained by using the
first five roots,a, ’s, of the Eq. (10) which are listed in Table 1.The concentration profile increases with
increasing C and decreasing K. Generally, the concentration profiles of this case are symmetrical. All curves
reveal similar concave shapes. For K = 1.2 and 1.5, there is no difference between Figs. 1(a) and (b) since steady
state has already been reached at C =0.2. Also, these curves indicate that the greater the value of K, the more

C is needed to reach a steady state.

Fig.1(a)
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Fig. 1. Set up transient state concentration distribution through cylinder wall at (a) C=0.2 (b) T=0.4 (c) T=1.
Numbers on curves are values of K.

3.2. Decay transient state
3.2.1. Fast decay: Case A

The concentration distribution of C/Cq, calculated by Eq. (20) are plotted againstr,” at various
and K, as shown in Figs. 2(a)-(c), respectively. These curves are also plotted by using the first five roots, oy, ’s,
of the Eq. (10) which are listed in Table 1. The concentration profile decreases with increasing < and
decreasing K. The concentration profiles are symmetrical. Especially for K=1.2, it is almost as symmetrical as
the sheet case [13], as shown in Fig. 2(a). All curves reveal similar convex shapes.

P
L

Fig.2(a)
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Fig.2(b)

Fig.2(c)
Fig. 2. Decay transient state concentration distribution through cylinder wall for (a) K= 1.2(b) K=2
(c) K = 4. Numbers on curves are values of for case A.

3.2.2. Slow decay: Case B

The concentration distribution of C/Co calculated by Eq. (29) are plotted against rg~ at various C and
K, as shown in Figs. 3(a)-(c), respectively. These curves are also plotted by using the first five roots, o, ’s, of the
Eq. (25) which are listed in Table 2. The concentration profile decreases with increasing < and decreasing K.
All curves reveal similar convex shapes.

0.&

0.4

Fig.3(a)
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Fig.3(b)

o.8

a.e

o.a

0.z

Fig.3(c)
Fig. 3. Decay transient state concentration distribution through cylinder wall for (a) K= 1.2(b) K=2
(c) K = 4. Numbers on curves are values of for case B.

3.2.3. Slow decay: Case C

The concentration distribution of C/Cq calculated by Eq. (38) are plotted against r. at various ¢ and
K, as shown in Figs. 4(a)-(c), respectively. These curves are also plotted by using the first five roots, o, ’s, of the
Eq. (34) which are listed in Table 3. The concentration profile decreases with increasing T and decreasing K.
All curves reveal similar convex shapes. Comparing the decreasing rate of concentration profile for cases A, B
and C, case A is the fastest, case C is the slowest for K=2. However, for K=1.2, the decreasing rate of
concentration profile for cases B and C is the same.

Fig.4 (a)
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Fig. 4. Decay transient state concentration distribution through cylinder wall for () K = 1.2(b) K=2
(c) K = 4. Numbers on curves are values of for case C.

IV. CONCLUSION
The mathematical solutions of diffusion in hollow cylinder with different K for the set up transient and

decay transient states are given in Egs. (12), (20), (29), and (38), respectively. Through the mathematical
analysis and figure plotting, a few conclusions are drawn:

1. In the set up transient state and decay transient state for case A, the concentration profiles are reverse
and symmetrical.

2. In the decay transient state for cases B and C, the normalized concentration profiles are reverse and
reveal the similar convex shapes.
3. In decay transient states for cases A, B and C, comparing the decreasing rate of the concentration
profile, case A is the fastest, for the same K.
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