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Abstract: - Diffusion-induced stresses in hollow cylinders were investigated. Both diffusion processes of
constant surface concentration source from outer into inner surfaces (case A) and reverse case (case B) were
studied. We derived the mathematical model of transport property and calculated the radial stress, tangential
stress, axial stress and the maximum shear stress for zero axial force. For case A, the radial stress is tensile
stress for all times. The maximum tensile stress of radial stress is located at the region near inner surface. The
tangential stress and axial stress are tensile stresses in the region near the inner surface and compressive
stresses near the outer surface for all times. The maximum compressive stress of tangential stress and axial
stress are located at the region near outer surface. The maximum shear stress is tensile stress in the region near
the inner surface and compressive stress near the outer surface. On the contrary, for case B, The radial stress,
tangential stress, axial stress and the maximum shear stress are opposite.
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I. INTRODUCTION

Diffusion-induced stresses are built up by composition during mass transfer. According to Prussin [1]
and Li [2], the stresses arising from a concentration distribution are similar to the thermal stresses induced by a
temperature distribution in an elastic medium. One of the most important effects of diffusion-induced stresses is
dislocation generation. This effect improves the mechanical properties of steel [3], but degrades the electrical
properties of semi-conductor device [4]. Li, Lee and coworkers [5-9] have made extensive studies on diffusion-
induced stresses in various systems including thin slab, long bars and solid cylinder, solid sphere and
composites. Recently, Lee et al. [10-11] studied the diffusion-induced stresses in a hollow cylinder for constant
surface concentration, constant average concentration and instantaneous surface concentration for one special
case. However, a more general mathematical solution of diffusion-induced stresses in hollow cylinders with
different outer/inner radius ratio including diffusion from outer into inner surfaces and reverse case has not been
found to our knowledge. The objective of this study was to derive the more general mathematical solutions of
diffusion-induced stresses in hollow cylinders with different outer / inner radius ratio k. In this paper, both the
concentration profiles and stress distribution profiles were presented, respectively.

Il. MATHEMATICAL ANALYSIS

2.1. Concentration distribution

Consider an isotropic medium of hollow cylinder with inner radius a and outer radius b. Assume that
the diffusion coefficient D is constant. According to Fick’s law, the solute concentration C satisfies the diffusion
equation in the cylindrical coordinate,
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where r is the radial variable and t is the time in the cylindrical coordinate, respectively. Both diffusion
processes of constant surface concentration source from outer into inner surfaces and reverse case were studied.

2.1. Set up transient state
2.1.1. Case A

Consider the hollow cylinder with zero concentration initially and the boundary conditions on the two
surfaces are
t<0,a<r<b,C=0
t>0, r=a,C=0 %)
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t>0, r=b,C=CO

Similar to the solution of the temperature distribution solved by Carslaw and Jaegar [12], the solution
of this case has been derived and discussed in our previous paper [13] and are rewritten as
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Where are the positive roots of function as given in Table 1 [12].
Table 1
Roots of J,(aa, IV, (be, )—J, (ba, IVy(ac, )
adc ac, adc, adc, adc.
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12 157014 | 314126 471217 | 62.8302 | 78.5385

1.5 6.2702 12,5598 | 18.8451
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31.4133

20 3.1230 62734 | 94182 | 125614 | 157040

25 20732 41775 | 6.2754 | 83717 | 104672

3.0 1.5485 3.1291 | 47038 | 6.2767 | T7.8487

35 1.2339 25002 | 3.7608 | 5.019 | 62776

4.0 1.0244 20809 | 3.1322 | 41816 | 52301

The normalized concentration of this case can be expressed as
Cch Ink 2 2
Co Ik nat J§(acy)-Jg(kaay)

exp[— (aa, )Zr]

(4)
Where
Uo(aan r*): Jo(aan r*){o (ac,)-Yp (aanr*)lo(aan)
R I b o %[
a a a
2.1.2.Case B

Consider the hollow cylinder with zero concentration initially and the boundary conditions on the two
surfaces are

t>0, r=aC=C_Cj
t>0, r=bC=0

®)
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By the development of the method of Carslaw and Jaegar [12], the solution of the reverse case has been
derived and discussed earlier [13] and are rewritten as

r
—CplIn| —
C = 0 [bj_'_ﬂco OZO Jg(banpo(ran) e

a 2
In(bj n=13§(acr)— 3§ (barp) xp( P t)
a (6)
And the normalized concentration of this case is
** 2 **

C__Inr - Joz(kaan)JO(I;aanr )exp[— (act, )Zt]

Co In'k n=1 J§(acy,)—-J¢§ (kaa,) @
Where
Uo(kaan r**): Jo(kaanr**){o(aan )-Yo (kaanr**)lo(aan)

% T b Dt

ro=— k== 7=—>
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2.2 stress distribution

The derivation of stress distribution arising from the solute diffusion is similar to the thermal stresses
arising from the heat transfer if the thermal expansion coefficient and temperature are replaced by one-third of
the partial molar volume and concentration, respectively [14]. The radial stress , tangential stress and axial stress
can be expressed as

vi 2 .2
orp = VE 5 r2 aZJQCrdr—ngrdr
31-v)re{b“-a

)
VE (r?+a® , . 2
oy = 5| 5 laCrdr +[3Crdr —Cr
31-v)re\b“-a ©)
VE 2
= Crdr-C
Oz 3(1—V)[b2—3.2 fa ] (10)

2.2.1.Case A
In this case, the following two integrals are used for calculation of stresses

2
I U (rem )dr =——{Yo(aan)dy(ram) — Jo@an Yy (ram)} - ——5
an T (11)

2{Jo(acp) —Jg(bapn)}
Prug(ra,)dr =
rolran) w23 (bary)

(12)

Substituting Egs. (11)-(12) into Egs. (8)-(10), one obtains

*2 * *2
o K27 -1  Inr P G I 2Jg(aan)
VEC, 2r*2(k2—1) 2Ink (k2 -1 n=1(aanr*)2[J0(aan)+Jo(kaan)]
31—v)

% Mo (aan)do(kaan) Mo (aan)di(@anr’) — Jo(acy)Yi(aanr )]
n=1 aant [I& (acy) - I (kaay)]
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§ 2Jg(aan)Jg(kaay)
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(13)

Coo K2r™ +1) 1+Inr —(r 4+ = 2Jg(aan) B
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on k2 142inr” —4 = Jo(aan)
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Where

Uo (aan r*): Jo (aan r*)(o (ac, )Y (aan r*)lo(aan )

}xexp[—(aay )]

(15)

2.2.2.Case B
In order to compute the stress distribution, the following two integrations are required.

r - ' 2
a rUO(rO‘n )dr =—-{Jo(aan)Yo(ran) —Yo (aan)‘]o(ran)}——z
an Vo2 (16)
Substituting Egs. (12)- (16) into Egs. (8)- (10), one obtains
Crr 1—-r"" L r . (kr™)2 -1 = 2Jg(kaay)
VECy o2 «2_1 2k k2 -1 noa(kaanr )2[3o(aap) + Jo(kacp)]

7§ (kaa)[Jo (aan)¥a (kaar ™) Yo (@ay)dy (kaar )]
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2
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Seo _ v _+1 1+l r +{(kr**)2 +1 2Jg(kaap)
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Where
Uo(kaanr**)=JO(ka“nr**){O(aan)_YO(kaanr**)JO(aan)
*k r b Dt
ro=— k== 7=—
b a a

I1l. RESULTS AND DISCUSSION
3.1. Concentration distribution
For case A and B, some values of C/C, predicted by Eqgs. (4) and (7) are plotted against r™ and r~ for
k =1.2, 2, and 4, at various times as shown in Figs. 1 (a)-(c) and Figs. 2 (a)-(c), respectively. These curves are
obtained by using the first five roots, a,’s, of function Uy(ra,)=0 which are listed in Table 1 [12]. According to
Figs. 1-2, the curves increase with increasing time. Basically, the concentration profiles are nonlinear. However,
both are getting to close to linear and steady state when k = 1.2 at T=0.1.

CfCo ne |
increasing

0.4

0.2

Fig. 1-(a)
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Fig. 1. The concentration distribution with various diffusion times for case A. (@) k=12 (b) k=2 (c) k=4.
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Fig. 2-(a)
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Fig. 2. The concentration distribution with various diffusion times for case B. (a) k = 1.2 (b) k =2 (¢) k = 4.Fig.
2-(c)

3.2. Stress distribution

Two diffusion processes of constant surface concentration for diffusion from outer into inner surface
and reverse case are considered. The diffusion-induced stress arising from the above processes are discussed in
the following.

3.2.1. Radial stresses

For case A and B, some values of c,/VEC/3(1-V) predicted by Eqgs. (13) and (17) are plotted against
rrandr~ for k = 1.2, 2 and 4, at various time as shown in Figs. 3 (a)-(c) and Figs. 4 (a)-(c), respectively. As
shown in Figs. 3, the radial stress componento,, is tensile in all and equal to zero at both boundary surfaces for
all times which satisfy the boundary conditions. The tensile stresses at a given time increase with increasing
diffusion time. The maximum tension of radial stress is moving from outer surface to the inner surface. The
curves for case A are convex. The stress distribution for case A was increased with increasing C and k. On the
contrary, for case B, the radial stress component orr is compressive in all and equal to zero at both boundary
surfaces for all times which satisfy the boundary conditions as shown in the Figs. 4. The compressive stresses at
a given time increase with increasing diffusion time. The maximum compression of radial stress is moving from
inner surface to the outer surface. The curves for case B are concave. The stress distribution for case B was
increased with increasing C and k.
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Fig. 3. The radial stress of o, with various diffusion times for case A. (a) k=1.2 (b) k=2 (c) k = 4.

WWW.i0srjen.org 173|Page



Diffusion-induced stresses in hollow cylinders for transient state conditions

=0L005

increasing -

ﬂ',,-/[?ECU /3'.1 - "')]

«—0.1

0.0z +

0O.EE O_ETS o= 0925 035 D375 i

*=*

a.’".'-.-"'r[FEGEI .-"Ira'cl - "3]

Fig.4-(b)

increasing

ﬂ-rrlf[E_fEc—_’rﬂ fﬂﬂ - w)]

o2 [ a5 [ = 0.7 0.8 o.s 1

*%

Fig.4-(c)

Fig. 4. The radial stress oforr with various diffusion times for case B. (a) k= 1.2 (b) k=2 (c) k =4.

WWW.i0srjen.org 174|Page




Diffusion-induced stresses in hollow cylinders for transient state conditions

3.2.2. Tangential stresses

For case A and B, some values ofc,/VEC0/3(1-V) predicted by Egs. (14) and (18) are plotted against
r*and r** for k = 1.2, 2 and 4, at various time as shown in Figs. 5 (a)-(c) and Figs. 6 (a)-(c), respectively. As
shown in Figs. 5, the tangential stress component cg is tensile in the region near the inner surface and
compressive near the outer surface. The tensile stress component of tangential stresses at a given time increases
with increasing diffusion time but the compressive decreases. The maximum compression of tangential stress is
located at the outer surface. When T and k are increased, the curves are transformed from convex into concave
for case A. On the contrary, for case B, the tangential stress component ogy is compressive in the region near the
inner surface and tensile near the outer surface for all times as shown in Figs. 6. The compressive stresses at a
given time decrease with increasing diffusion time but tensile increase. The maximum compression of tangential
stress is located at the inner surface. When T and k are increased, the curves are always convex.
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Fig. 5. The tangential stress of g With various diffusion times for case A. for (a) k=1.2 (b) k=2 (c) k
=4
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Fig. 6. The tangential stress of ogq with various diffusion times for case B. (a) k=1.2 (b) k=2 (c) k = 4.

3.2.3. Axial stresses

For case A and B, some values of “z2/VECo/3-) predicted by Eqs. (15) and (19) are plotted against
r*and r** for k= 1.2, 2 and 4, at various time as shown in Figs. 7 (a)-(c) and Figs. 8 (a)-(c), respectively. As
shown in Figs. 7, the axial stress component o,, is tensile in the region near the inner surface and compressive
near the outer surface. The tensile of axial stresses at a given time increases with increasing diffusion time but
the compressive decreases. The maximum compression of axial stress is located at the outer surface. When T
and k are increased, the curves are transformed from convex into concave for case A. On the contrary, for case
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B, the axial stress component oy is compressive in the region near the inner surface and tensile near the outer
surface surfaces for all times as shown in Figs. 8. The compressive stresses at a given time decrease with
increasing diffusion time but tensile increase. The maximum compression of axial stress is located at the inner
surface. When C and k are increased, the curves are always convex.
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Fig. 7. The axial stress of 0;; with various diffusion times for case A. (a) k=1.2 (b) k=2 (c) k= 4.
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Fig. 8. The axial stress of 0';, with various diffusion times for case B. (a) k=1.2 (b) k=2 (c) k=4.

3.2.4. Maximum shear stresses
Because only the principal stresses exist in the diffusion processes and according to the Mohr’s circle

constructions [15], the maximum shear stress are
':':"'-EE — O :IJ'IIE[:= Ty E:I 2 ':':"'-z: — Oy :IJ'II2 and (':"'_:z — Tgg :IJ'JIE
For zero axial force as following are shown in Figs. 3-6 for case A and B respectively.

Oz 0O =0gg, Oz —Ug=0p and Tyr. Tag

¥

For case A and B, the maximum shear stress can be expressed in the following.
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For case A:

(co0 —orr)/2 _ k? 1 T+ -1 2 2Jg(aan) _
VEC, 2r*2 (k2 _1) 4Ink (k2 —I)n=1 (aanr*)z[Jo(aan) + Jg(kaap)]
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(cop—ow)/2 _ 1 1 +{ 1 OZO 2Jg(kacy)
\EECO) 4Ink w2 K2 _1) (k2 —1) n=1(kaanr )2[Ig(acy) + Jo(kaap)]
31-v
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n=1 kaanr [I¢ ()-8 (kacy)]
oo 28 (kaay) % I§ (kao U (kaarr™)
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)
n=1(kaanr™ )?[I§ (acy) - I§ (kaay)] 2 n=1 J§(aay) - I (kaay)

xexp[~(acy)? 7]

(20)
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(21)

Uo(kaan r**): Jo(kaan r**){o (ac,)-Yp (kaan r**)lo(aan)

**

r =

Dt

a2

T =

According to Egs. (20) and (21) , for cases A and B, the maximum shear stress (cgg-011)/2(=6.) are

plotted against r* and r**for k = 1.2, 2 and 4, at various time as shown in Figs. 9 (a)-(c) and Figs. 10 (a)-(c),
respectively.As shown in Figs. 9, the maximum shear stress is tensile in the region near the inner surface and
compressive near the outer surface. The tensile stresses at a given time increase with increasing diffusion time
but the compressive decrease. The maximum tensile stress is located at the inner surface and has a constant
tensile stress at k = 1.2 for initial time. When T and k are increased, the curves are transformed from convex
into concave for case A. On the contrary, for case B, the maximum stress is compressive in the region near the
inner surface and tensile near the outer surface for all times as shown in Figs. 10. The compressive stresses at a
given time decrease with increasing diffusion time but tensile increase. When T and k are increased, the
curves are always convex.
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Fig. 9. The maximum shear stress of (cge-0,)/2 with various diffusion times for case A. (a) k = 1.2 (b) k=2 (c)

k=4
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Fig. 10. The maximum shear stress of (cge-0r)/2 With various diffusion times for case B. (a) k =1.2 (b) k = 2 (c)
k=4
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IV. CONCLUSION
The diffusion-induced stress in hollow cylinders with different k has been investigated. Two processes
of solute transfer are treated. One is the constant surface concentration source in which the concentration at
outer surface is kept constant at all times and diffuses from outer surface into inner surface. The other is the
reverse case. Analogues to thermal stresses, the diffusion-induced stress developed in hollow cylinders are
derived for zero axial force. Through the mathematical analysis and figures plotted, a few conclusions are
drawn:

1. For case A, the radial stress, oy, iS tensile stress for all times. On the contrary, for case B, the radial stress is
always compressive stress. When T and k are increased, the maximum tensile stress of radial stress is
located at the region near inner surface for case A. However, the maximum compressive stress is always
located at the region near outer surface for case B.

2. For case A, the tangential stress cgy and axial stress o, are tensile stresses in the region near the inner
surface and compressive stresses near the outer surface for all times. On the contrary, for case B, the
tangential stress and axial stress are compressive stresses in the region near the inner surface and tensile
stresses near the outer surface for all times.

3. For case A, the maximum shear stress is tensile stress in the region near the inner surface and compressive
near the outer surface. On the contrary, for case B, the maximum stress is compressive stress in the region
near the inner surface and tensile stress near the outer surface for all times.
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