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Abstract: In this paper we find an upper bound for the number of zeros of a polynomial inside the unit disk,
when the coefficients of the polynomial or their real and imaginary parts are restricted to certain conditions.
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l. INTRODUCTION AND STATEMENT OF RESULTS
Regarding the number of zeros of a polynomial inside the unit disk, the following results were recently
proved by M. H. Gulzar [2] :

n
Theorem A: Let P(z)= Z a; z' be a polynomial of degree n such that for some p >0,
j=0
p+a,>a,;>...2a >a,.

Then the number of zeros of P(z) in ||3|—0| < |Z| < 6,0 <6 <1 does not exceed
1
1 : I0g 2p +|a,| +|an|+|a0| -a, |
log = &
0g S

where M, :2p+|an|+<’:ln -a,.

n
Theorem B: Let P(z)=Z:ajZJ be a polynomial of degree n with complex coefficients .If
j=0

Re a;=a; Imaj =ﬂj, J=01...,n,and for some p>0,

pra, 2o, 2.20 2aq,,

ms|z|$5,0<5<1,

then the number of zeros of P(z) in g ) does not exceed

1 2p+‘an‘+an+‘ao‘—a0+22‘ﬂj‘
1109 al
Iogg

where M, =2p +|a,|+a, -, +|ﬂ0|+2i‘ﬂj‘.
=

n
Theorem C: Let P(z):Z:ajzJ be a polynomial of degree n with complex coefficients .If
j=0

Rea;=a; Ima; = 4;,j=01,.., n,and for some p>0,

P+ Bz foaz 22 f,

m$|z|£5,0<5<1,

then the number of zeros of P(z) in g 5 does not exceed
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N 20 +|Bnl+ Lo + ol — Fo + 2> ||
j=0

log

1 |2, |
I 7 o
°g >

where N —25 4|8+ B, — B ez | + 23 e, |
i=1

Theorem D. Let P (2)= Z a.zi DPeapolynomial of degree n with complex coefficients such that
]
j=0

larga; —ﬂ‘SaSg, j=0.,..n,forsomereal

and

‘p+an‘Z‘anﬂ‘2___2‘%‘2‘a0‘,f0rsome 1% >0.

Then the number of zeros of P(z) in does not  exceed

ﬂs\z\£5,0<5<1,
M,

. (p +|a,|)(cos & + sin @ +1) —|a,|(cos @ — sin & —1) + 2sin anz_ll‘aj‘
=

log

log E
S

2|
where
M, =(p +|a,)(cos o +sin  +1) —|a,|(cos o — sin @) + 2sin ai‘aj ‘
j=1
In this paper, we try to give generalizations of the above results. In fact, we prove the following :
Theorem 1: Let p(z) = >"a,z’ be a polynomial of degree n with Re(a;)=«; and Im(a;) = g;,
j=0
j=0,1,2,......,n. If for some real numbers A, p>0,1<k<n,ez, , #0, o, , , >, , 0<u<]
PHo, Z2a, 2.0 (g 2 2O g 2 20 2 O,
- ag|
then the number of zeros of P(z) in M_ < |Z| <06,0< 0 <1, does not exceed
5
1 2p + ‘an‘ +oa, + (1 —-Do,  + ‘2 —ZI.HO(,H(‘ — (g + ‘ao‘ —+ 2‘0{0‘ —+ ZZ‘ﬂj‘
j=0

log 1
S

|
9 2|

where M, :2p+‘an‘ +a, +(A-Da, +M—1Hanfk‘ — u(a, +‘0{0‘)+‘a0‘ +‘,80‘ +ZZ‘,BJ.
=

a,|

andif a, , > a, 4, then the number of zeros of P(z) in IR < |Z| <9,0< 06 <1, does not exceed
6

n
1 2p + ‘an‘ +a, +Q-Dea,  + ‘1_/1“0%4‘ —u(ey + ‘ao‘) + Z‘ao‘ + ZZ‘,BJ-‘
j=0

log 1
S

where

|
o9 2]

n
Mg =2p +|a,|+a, + Q- Da,  +1— A, | — ulay +|ag]) +|ao| + | Bo| + 2> | 8] Remark
=

1: Taking A =1, =1 Theorem 1 reduces to Theorem B.
Taking A =1in Theorem 1, we get the following result:
Corollary 1: Let p(z) = Zn:ajzi be a polynomial of degree n with Re(a;) =«; and IMm(a;) = 3;,
i=0
j=0,1,2,...... .. If for some real numbers 0 >0, 0< <1,
pro, 2o, 2.2.20, 2 U,
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then the number of zeros of P(z) in @ < |z| < 5,0< S <1, does not exceed
M 7

1

log 1
S

where

2p+‘an‘+an — u(e, +‘a0‘)+2‘a0‘+22‘ﬂj‘
j=0 ]

|
°9 2]

M, =2p+‘an‘+an — (g +‘ao‘)+‘a0‘+‘ﬂo‘+22‘ﬂj‘
-1

Remark 2: If a; arereal ie. B; =0 for all j, Theorem 1 gives the following result which reduces to
Theorem A by taking A =1, u=1:
Theorem 2: Let P(z) = Zn:a'zj be a polynomial of degree n .If for some real numbers A,p >0,
]
j=0
1<k<na,, #0,a,,,>4a,,, O<u<l
p+a,za,,;=z.a, ,,=243,,2a,,,=..23a =148,,

a
then the number of zeros of P(z) in |I\/I_0| < |Z| <6,0< 6 <1, does not exceed
8

1 log 2p+la,|+a, +(2-Da,, +|2—-1a, |- u(a, +|a,]) + 2a,
Iogi |a,|
o)

where Mg =2p +|a,|+a, +(A-Da, , +[1-1|a,.|— (@, +|a|) +|a,|.

a
andif a, , >a, ., then the number of zeros of P(z) in |I\/I_O| < |Z| <0,0< 6 <1, does not exceed
9
1 log 2p+la,|+a, +@—Da, , +1—Ala, |- u(a, +a.) + 2/a,]| ,
log E ||
o

where My =2p+[a,|+a, +(1—-2)a,_, +[1—-A|a, |- (2, +|a,)) +|a,|-
Applying Theorem 1 to the polynomial —-iP(z), we get the following result, which reduces to Theorem C by
taking A =1:
n .
Theorem 3: Let P(z) = Zajz’ be a polynomial of degree n with Re(a;) =«; and Im(a;) = f;,
j=0

j=0,1,2,......,n. If for some real numbers A, 0 >0,1<k<n, g, , #0, 8., 1> B, O<u<l,

p+ﬂn 2ﬂn—l Z"'ﬁn—kﬁl Zﬂﬂn—k Zﬂn—k—l 2. Zﬁl ZﬂO'

a
then the number of zeros of P(z) in I|\/I_0| < |Z| <0,0< 6 <1, does not exceed
10

L 2p +| B+ B+ (A =D B + A=Y B = 1(By +1Bo]) + 2/Bo| + Zi\a,-\

EN

o iIog
95

where My, =2p+ ‘ﬂn‘ + B, +(A =D + M _J'ngn—k‘ —u(fB, + ‘,Bo‘) + ‘ﬁo‘ + ‘ao‘ + 22‘“;‘
=

andif B, > B, .1 then the number of zeros of P(z) in || <|lz/<50<8 <10 does not exceed

11
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N 20+ | Bal + Bu + Q2 B s + L A B | — 1B + | Bol) + 2/ Bo] + 2D |ex, |
j=0

[
1 99

log — 2|
og

where

Muy =20+ |B,|+ By + A= DB + L= A Bosc| = 1By + | Bol) +|Bo| +|ero| + 2 |ex | THEOT
i=1

n .

m 4: Let P(Z):Z:ajzJ be a polynomial of degree n .If for some real numbers A >0,02>0,
i=0

1<k<n,a,, #0,0<u<],

lp+ay=la = .=[a, ] = e, =[an ] == e = ey,

and for some real /3, ‘argaj—ﬂ‘SaS%, j=01,...... N and |an7k71| >|an7k|, i.e. A>1then the

a,|

number of zeros of P(z) in —— < |Z| <0,0< 6 <1, does not exceed
M,
[(p+|a,|(cosa +sina+1)—|a,_|(cosa —sina —Acosa —Asina — A +1)

-1
— ulag|(cosa —sin a +1) + 2ja, | + 2sin o nz:‘aj 1
j=1,j=n—k

|a,|

1

log ES
S

log

where M, =(p +|a,|(cosa +sina +1) —|a,_ [(cosa —sina — Acosa — Asina — A +1)

— dag|(cos e —sina +1) +a,| + 2sin nz_l‘aj‘

j=1, j=n—k
. | - [a]
and if |an7k| > |an—k+1|' i.e. A <1, then the number of zeros of P(z) in M. < |Z| <06,0< 5 <1, does not
13
exceed
[(p +|a,|(cosa +sina +1) +|a,_, |[(cosa + sina — Acosa + Asina +1— A)
n—1
- — pla,|(cosar —sin a +1) + 2|a,| + 2sin aj=1§n‘_akj 1 where
og : )
1 |
log — o
og 5
My, =(p +[a,|[(cosa +sina +1) +|a, ,|(cosa +sina — Acosa + Asina +1— 4)
n-1
— p]ag|(cos a —sina +1) +[a,|+2sina > |a;|
j=1, j=n—k
Remark 4: Taking A =1, # =1, Theorem 4 reduces to Theorem D.
1. LEMMAS
For the proofs of the above results , we need the following results:
n

Lemma 1: . Let P(2)= Z a; z' be a polynomial of degree n with complex coefficients such that

j=0
T
‘argaj —ﬁ‘ <a< > j=0,1,..n, for some real £ then for some t>0,

ta; —a; ,|< [t‘aj ‘ —‘ajfl‘]cosa + |_t‘aj |+ ‘aklusin .

The proof of lemma 1 follows from a lemma due to Govil and Rahman [1].
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Lemma 2.If p(z) is regular ,p(0)# 0 and |p(Z)|SM in |Z|Sl,then the number of zeros of p(z) in

|Z| <0,0< 6 <1, does not exceed 1 log M  (see[4],p171).
1 7 [po)|
log 5
1. PROOFS OF THEOREMS

Proof of Theorem 1: Consider the polynomial
F(z)=@Q-2)P(2)
=(1-2)@,z"+a,,2"" +....48,2+4a,)

n+1 n—k+1

—K
=-a,2"" +(a,—a,,)2" +...... +(a, vy —3,)2Z +(@,  —a,,)2"

+(@, -8, )" .+ (8, —a,)Z+a,

= _(an + Iﬂn )Zn+l + (an - an—l)z to + (an—k+1 — )Z net

(g = Oy )2 (A — Oy )2 T (4 — )2+
n

+i2(ﬂj _ﬂj—l)zj +i4,
i1

fa,,,>a,,, then
Fove (g — )2
+(Aa,, —a, )" ~(A-Da, 2"

(@ = Oy 2)2" T

+(a —pag)z+ (u—Dayz+a,

+ii(ﬂj _ﬂj—l)zj +iﬂo-

For |Z|£1,

|F(Z)| < |cxn| +P+Pp+A, — O et O — O AR, — O g |/1 —]“anfk|

:2,0+|05n|+05n +(A-De, +|/1—]4|an_k|—,u(a0 +|a0|)+2|a0|+22‘ﬂj‘
=0

Hence by Lemma 2, the number of zeros of F(z) in |Z| < 6,0 <6 <1, does not exceed

1 2p +|a, |+, + (A D, + A=A o, | — sy +|a,|) + 2lay| + ZZ‘ﬂj‘
i—o

log 1
S

On the other hand, let

|
9 BN

Q(Z): - a‘nZnJr:L + (an - an—l)Zn Tt + (anfk+1 - an—k)zn_k+l + (anfk - an—kfl)zn_k
+(@, 0y~ )2 . (8, —ay)2
For |Z| <1,

|Q(Z)| < |an| +p+pta, e A O — O A Ot |/1 —]1|an7k|

n
F A O g o +oa, — uax, + (1—;1)‘0:0‘ + ‘,80‘ + ZZ‘,BJ-‘
-1
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—2p +|ay| + ey + (A —1) + |2 — ey | — mlay +|ao]) + |aro| + | o] + 221\@,\: M,
Since Q(0)=0, we have, by Rouche’s theorem, J
1Q(2)] < M|z, for |z| <1.
Thus

F (@) =[a, +Q(2)

> (35| - [Q(2)
>[a,| — Ms|z|
>0
if 7| <|'\6/‘|_0|.
5

This shows that F(z) has no zero in |z| < @ . Consequently it follows that the number of zeros of F(z) and
M

5
a
hence P(z) in ||\/I_0| < |Z| <0,0< 0 <1, does not exceed

5
n
1 2p +|a,|+a, + (A —Da,  +|A2 —Uea, | — u(ax, +|a,|) + 2la,| + 22‘,6’1-‘
i—o

log 1
S

|
o9 ]

If ¢, >a, ., then

F(2) =—(a, +iB,)2" = pr" +(p+a, =y 1)2" + e + (i — A )2
(o, —a, , )" —(1- Ve, 2"
+(a, o — an,k,2)2n7k71 +one.

+(a —pag)z+ (u-Dayz+
+ |Zr1:(ﬂ, _ﬂj—l)zj + iﬂo-

For |Z|£1,

|F(Z)| < |cxn| +p+p+a, —0 et Qg A O — Ot |1— /1||an7k|

:2,0+|05n|+05n +1-VDe, +|1—i||an_k|—,u(a0 +|a0|) + 2|a0|+ ZZ‘ﬂj‘
j=0

Hence by Lemma 2, the number of zeros of F(z) in |Z| <0,0< 0 <1, does not exceed

n
1 2p + ‘an‘ +a,+Q—VDa,  + ‘1— AHanfk‘ — u(oy + ‘ao‘) + Z‘ao‘ —+ ZZ"BJ‘
i=0 :

log 1
S

On the other hand, let
1
Q(Z): - an z " + (an - an—l)z Tt + (an7k+l - an—k)Z

|
°9 a|

nket + (an—k - an—kfl)zn_k

+(@, ., —8, )2 T e (8, —a,)2Z
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=_(an + iﬂn)zn+l _Pzn + (p+an -, 1)2 o + (an—k+1 _ﬂ’a(n—k)zn_k-*—1

+ (@ = )2 == D2, 2" (@ — @ )2 T
+ (o, —pay)z+ (u—Dayz + iZ(ﬂj _ﬂj—l)zj
=

For |Z|£1,

|Q(Z)| < |an| +p+p+a,—a, A A O Ot |1— i||an7k|
n
Oy~ Uy T oy — plag +|ag]) + e+ [ Bo] + 22‘,8]‘
j=1

= 2p + o+ an + @A A) + L= Alan | — s(ay +|ero]) + |ao| + | o] + Zan:‘ﬂj‘: M,
Since Q(0)=0, we have, by Rouche’s theorem, J
1Q(2)| < M2, for |z| <1.
Thus

F(@)]=|a, +Q(2)|

> 29| —[Q(2)
>[a,|~ Mgl
>0
if |z|<m.
MG

a,|

This shows that F(z) has no zero in |z| < M_ Consequently it follows that the number of zeros of F(z) and

6
a
hence P(z) in |I\/I_O| < |Z| <0,0< 6 <1, does not exceed
6

1

log E
o

That proves Theorem 1.

2p+la,|+a, + (A= Da,  +1— A, | — ey +|a,)) + 2|ag| + 22‘,8]‘
=0 :

log

EY

Proof of Theorem 4: Consider the polynomial
F(z)=(1-2)P(2)
=(1-2)@,z"+a,,2"" +....4+8,2+3a,)

n+l n—k+1

—k
=-a,z + (an - an—l)z to + (an—k+1 —a, )Z + (an—k - an—k—l)Z "

+(@,,,—8, )2 T+ (8, —ay)Z+q,

It |3, | >[an|. ie. 2>1, then
F(z)=-a,2"" —pz" +(p+a, —a,,)2" +... +(a, o, —a )z

+ (A8, — )2 = (A-Da, 2"+ (@ — )2
+(a, — @)z + (u-Dayz +a,

so that for |Z| <1, we have by using Lemma 1,
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IF@)| <|a,|+p+|p+a, —ay |+ [y — 3]+, —a, ]

+[A =1, | +|an iy — ania| F oot |ay — 18|+ =LA + |ag|

<la,|+p+(p+a,|-|a, ) cosa+(p+a,|+[a,,)sina+......

+(ay | — 2 cosa + (a,_ .| + |2, sina + (A -Dla,_|

+(Ala, | — a1 cosa + (Afa, | +]a, 1| sina

+ @y |~ |ani2) cOSa + (A, |+ |an o) SiN + ..

+(|a,| - 1ay|) cosa + (|a,| + ula,|)sin @ + (1 w)[a,| +[ay|
<(p+|a,|)(cosa +sina +1) —|a, , |[(cosa —sina — Acosa — Asina — A +1)

— da|(cos & —sin & +1) + 2a,| + 2sin nz_l‘aj‘
j=1, j#n—k

Hence , by Lemma 2, the number of zeros of F(z) in |z| <0,0< 0 <1, does not exceed

[(o +|a,|(cosa +sina +1) —|a,_,|(cosa —sina — Acosa — Asina — A +1)

— ulay|(cosar —sina + 1) + 2|a,| + 2sina E‘aj 1 On the
1 1 |Og ‘ ‘ j=1, j=n—k
log = a,
0g 5

other hand, let

Q(Z)= - anZn+1 + (an - an—l)Zn ton + (an—k+1 - a‘n—k)zn_k+l + (an—k - an—k—l)zn_k
+(@, 8, )2 . (8, —ay)z
For |Z| <1,

Q(2)| < (p+|a,)(cosar +sinar +1) —[a,_, [(cosa —sin . — Acosa — Asina — A +1)

— dag|(cos e —sin & +1) +|a,| + 2sin nz_l‘aj‘
j=1, j=n—-k
=My,
Since Q(0)=0, we have , by Rouche’s Theorem,
Q(2)| <My, for |z <1.

Thus, for |Z| <1,
F(2) =|a, +Q(2)|
2[a| -|Q(2)
2| .

>lag|—Mpld >0 if|z|<M—12

a,|

This shows that F(z) has all its zeros z with |z| <1 in || 2M—.

12
a
Thus, the number of zeros of F(z) and hence P(z) in I|\/I_0| < |Z| <0,0< 06 <1, does not exceed
12
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[(p +]|a,|(cosa +sina +1) —|a,_, |[(cosa —sina — Acosa — Asina — A +1)

1
— pay|(cosa —sina +1) +|a,| + 2sin & nz:‘aj I
j=1, j=n—k
||

1

log £
S

log

If |an7k| > |an7k+l|, ie. A<1,then
s+ @ieg — A8 )2
+(@,, —a,, )" -1-Da, 2" +(@, ., —a, )2+
+(a, —pag)z+(u-Da,z+a,
so that for |Z| <1, we have by Lemma 1,

IF@) <|a,|+p+|p+a, —a |+ — A8 | +|a ., —a, ]

+1—Aa, | +|an it — ania| F oot |ay — 28|+ =LA | + |ag|

<la,|+p+(p+a,|-|a, ) cosa+(p+a,|+[a,|)sina+.....
+ (@, |l — Aan D cosa + (a, |+ Aa, ) sina +[1— Aa,_,|
+ (a, | —|an 1) cosa + (a, | +|a, 4])sina
+ (aya| —|an 2D cosa + (la,_ 1| +|a,  Psine +......
+ (|a,| — #a,]) cosa + (Ja,| + #a,]) sin @ + (L— w)|a,| +|a,|

<(p+a,))(cosa +sina +1) +|a, , |(cosa +sina — Acosa + Asina +1— 1)

— dag|(cos & —sinar +1) + 2a, | + 2sin ni‘aj‘
j=1. j=n—k

Hence , by Lemma 2, the number of zeros of F(z) in |z| <0,0< 6 <1, does not exceed

[(p+|a,|(cosax +sina +1) +|a,_|(cosa +sina — Acosa + Asina +1— )

1 log — p]a,|(cosa —sin a +1) + 2|a,| + 2sin« E‘aj‘]
IOg* j=1.j=n—k
o EY

On the other hand, let
1
Q(Z): - a‘nzn+ + (an - an—l)Zn Tt + (anfk+1 - an—k)Z

+(@, 8, )2 . (8, —ay)z

For |Z| <1, by using Lemma 1,

ket + (an—k - an—kfl) Zn_k

Q(2)| < (p+|a,)(cosar +siner +1) +|a,_ [(cosa +sina — Acosa + Asin o +1— A)

-1
— pla,|(cosa —sina +1) +|a,| + 2sina nz:‘aj‘
j=1, j=n—k

=M.
Since Q(O)SO , we have , by Rouche’s Theorem,
Q)| < My, |z, for |Z| <1
Thus, for |Z| <1,
[F(2)| =]a, +Q(2)|
= |ao| _|Q(Z)|

>ay| — My
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>0
a,|
M13

if |z|<

a,|

This shows that F(z) has all its zeros z with |Z| <1 in |Z| > M_

13
a
Thus, the number of zeros of F(z) and hence P(z) in I|\/I_0| < |Z| <0,0< 6 <1, does not exceed
13

[(o+|a,|(cosa +sina +1) +|a, ,|[(cosa +sina —Acosa + Asina +1— A1)

n-1
1 — tfag|(cosar —sin a +1) +[a |+ 2sina > [a]]
|Og | | j=1, j#n—k
log = %
g 1)

That proves Theorem 4.
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