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Abstract: - The approximate solutions for the Kuramoto —Sivashinsky Equation are obtained by using the
homotopy perturbation method (HPM). The numerical example show that the approximate solution comparing
with the exact solution is accurate and effective and suitable for this kind of problem.
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1 INTRODUCTION

The homotopy perturbation method (HPM) was first proposed by the Chinese mathematician Ji-Huan
He [1-3]. Unlike classical techniques, the homotopy perturbation method leads to an analytical approximate and
exact solutions of the nonlinear equations easily and elegantly without transforming the equation or linearizing
the problem and with high accuracy, minimal calculation and avoidance of physically unrealistic assumptions.
As a numerical tool, the method provide us with numerical solution without discretization of the given equation,
and therefore, it is not effected by computation round-off errors and one is not faced with necessity of large
computer memory and time. This technique has been employed to solve a large variety of linear and nonlinear
problems [4- 10]. In the present study, homotopy perturbation method has been applied to solve the Kuramoto—
Sivashinsky equations. The numerical results are compared with the exact solutions. It is shown that the errors
are very small.

1. INDENTATIONS AND EQUATIONS
11.1 Mathematical Model
The Kuramoto-Sivashinsky equation is a non-linear evolution equation and has many applications in a
variety of physical phenomena such as reaction diffusion systems (Kuramoto and Tsuzuki, 1976)[11], long
waves on the interface between two viscous fluids (Hooper and Grimshaw, 1985)[12], and thin hydrodynamics
films (Sivashinsky, 1983)[13]. The Kuramoto-Sivashinsky equation has been studied numerically by many
authors (Akrivis and Smyrlis, 2004; Manickam et al.,1998; Uddin et al., 2009)[14-16].

Consider the Kuramoto-Sivashinsky equation

ut + uux +a uxx + Y uxxx + ﬁ uxxxx = 0 (1)
Subject to the initial condition
u(x,0) = f(x) a<x<bh. 2)

And boundary conditions
u(al t) = gl(t); u(b! t) = gZ(t) t> 0

d%u (3
ﬁ=h1, at x=aand x=» where hy > 0.

11.2 Basic idea of homotopy perturbation method
To illustrate the basic ideas of this method, we consider the following non-linear differential equation

Aw) — f(r) =0, re€séd 4
with the following boundary conditions
B (u,Z—Z) =0 , reET (5)

where A is a general differential operator, B a boundary operator, f(r) is a known analytical function and 7 is
the boundary of the domain §. The operator A can be decomposed into two operators, L and N, where L is a
linear, and N a nonlinear operator. Eq. (4) can be, therefore, written as follows:
Lw)+ Nw) — f(r)= 0. (6)
Using the homotopy technique, we construct a homotopy v(r,p): & X [0,1] — R, which satisfies:
Hw,p) = (1- p)IL(v) — L(up)] + p[Aw) — f(r)] = 0,
p € [0,1],re §. @)
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Or
H(v,p) = L(v) — L(u) + pL(uy) + p[N(w) — f(r)] = 0, €S)

wherep € [0,1] is an embedding parameter, u, is an initial approximation for the solution of Eq. (4), which
satisfies the boundary conditions. Obviously, from Egs. (7) and (8) we will have:

H(,0) = L(v) — L(up) = O, )

H(w,1) = Alv)— f(r) = 0. (10)
The changing process of p form zero to unity is just that of v(r,p) from u,(r) to u(r). In topology, this is
called homotopy. According to the (HPM), we can first use the embedding parameter p as a small parameter,
and assume that the solution of Egs. (7) and (8) can be written as a power series in p:

v = v, + pv; + pPv, +--- (11)
Setting p = 1, results in the approximate solution of Eq. (1)
u=lirr}v=v0+v1+v2+--- (12)

The combination of the perturbation method and the homotopy method is called the homotopy perturbation
method (HPM), which has eliminated the limitations of the traditional perturbation methods. On the other hand,
this technique can have full advantage of the traditional perturbation techniques.

The series (11) is convergent for most cases. Some criteria is suggested for convergence of the series (11), in
our equation , in[1].

11.3 Derivative of HPM for Kuramoto-Sivashinsky equation
consider Kuramoto-Sivashinsky equation when

ut + uux + a uxx + yuxxx + .8 uxxxx = 0' (13)
with the initial condition of

u(x,0) = f(x) (14)
To solve Eg. (13) by means of HPM, we construct the following homotopy for this equation:
Hw,p) = (1- p)[L(w) — L(up)] + p[A®) — f(N)] = 0, (15)
where L) = Z—’Z ) L(uy) = a"" )
that is
a i a a*
H(w,p)= (1- )[ “°]+pa—f+v5+ +yax3+[s’a—x’j]=0, (16)
Substituting v from Eq. (8) into Eq. (13) and equating the terms with identical powers of p, we have
a a
p’s ——=2=0, vy (x,0) = f(x); 17)
1. 81]1 avo 61;0 0 ‘!70 6 170 6 170 _ _ .
oot ot ta s +B53 =0, v, (x,0) = 0; (18)
p*: av2+ oaavl-l‘vlaﬂ+aa v1+)/a > a4=0' va(x,0) = 0; (19)
p3 ""3+ O‘Zﬁ+vzaaﬂ+vlaa”l+aa”z+ "”2 64—0 v5(x,0) = 0; (20)
Solving these equations yields v, , v, , v, , v5 and so on.
Thus, we can obtain
u=Zvi=v0 +tvi+ v+t v, 21

i=0

1. FIGURES AND TABLES
111.1 Numerical Example
In this section, we apply the technique discussed in the previous section to find numerical solution of the
Kuramoto-Sivashinsky equations and compare our results with exact solutions.

Example: [17]

Uy F Uy F+ Uy F Uy =0, x € [0,327], t €[0,001]; (22)
with the initial condition of
u(x,0) = cos( )(1 + sin 6) (23)
Exact solution of problem is given by
P . X
u(x,t) = cos (ﬁ - t) (1 + sin (E - t)) 24)
p°: %—%=0, vy (%, 0)—cos( )(1+51n16) (25)
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1, 9n 9w v 9%wo | two _ _ 0

Prig T TV Yo j ax* :0' v1(x,0) = 0; (26)
2. Bﬁ vy m 0% 6171_ —n.

Pt ot vt 1ax+ax2+ax‘2*_0' v2(x,0) = 0; 27)
3, 0vs vy 9o v 977y —0

e L B L Ul e ax4 F=0, v3(x,0)=0; (28)

Then , we only find third-order term approximate solution for Eq.(22)

vo(x,t) = cos (5—6) (1 + sin (f—ﬁ)), (29)

v(x,t) =t cos (1x6)

9200 sin (1) — 8192 cos? (5¢) sin (T¢) — 12288 cos? (1¢) + 8447
65536

(30)

v,(x,t) = t? cos (1x6)

165437696 sin () — 517734400 cos? (7 sin(7¢) + 201326592 cos* (1¢) sin (1¢)

8589934592
~579706880 cos ( )4—419430400 cos ( )4-164855297
N 16 16 31)
8589934592
X
3
vy(x,t) =t cos(16)
4859359014912 sn1(16) 30758081134592 cos (16)sn1(16)
( 1688849860263936
38638599536640 cos (16)su1(16) 8796093022208 cosé(f%)shl(f%) —33071821131776 cosz(f%)
+ 1688849860263936
52566188621824 cos (Tg)—-23570780520448 cos (f%)+—4826353967871
+ 1688849860263936 ) (32

Then approximation solution is u(x,t) = uy + u; + u, + uz with third-order approximation.
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Now we compare exact solution with homotopy perturbation method (HPM) solution in Fig.1,Fig.2.
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V. CONCLUSION
The (HPM) applied to Kuramoto-Sivashinsky equation and by comparing with the exact solution Fig.(1)
, Fig.(2) and Table(1) shows that the absolute error is so small and the approximate solution is so closed to the
exact solution.
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