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Abstracts: The aim of this paper is to establish Some Results On Product of generalized hypergeometric
Function and its Generalizations of the well known Preece's identity using method in the line of author Rathie
Arjun K. and Choi Junesang [8].

I INTRODUCTION
Due to Rainville E.D.[10], Generalized hypergeometric function with p numerator and g denominator
parameters is defined as

. . — ) (@1)n oo (ap)n
pFa(a1---8p; br,=-bg ; X ) = 25 o mxm ---------------- (1.1)

where (a), denotes the Pochhammer symbol defined by
(@)p=1land (@), =al@a+1).... (@+n-1) ; (n=123,..), forany complex number a.

From the theory of differential equations, Professor Preece C.T.[5] established the following very interesting
identity involving product of Generalized hypergeometric series:

2
1F1(a; 2a; x) x 1Fy(1-a; 2-2a; xX) = e* 1F; (% ; a+§ ) % —a; xT) ----------------- (12)

Rathie Arjun K.[6], has given a very short proof of (1.2). In another paper Rathie Arjun K.[7] has also obtained
the following two results contiguous to (1.2):

2
Fi(a; 2a+1 ;%) x Fy(1-a; 2225 %) = € {iFo (5 sat5 2 —a ;%)

x 3 ,.3 3, x?
'szs(zyl,g—a,a‘*Eyj) """"""""" (1.3)
and
. . . 0 - 1 . 1 3 -XZ
lFl(alza_lax)xlFl(l_ai2_2aix)_€x{lF2(E 1a_515_a1:)
x 1.3 1 x2
+m1|:2(5,5—a,a+5,—)- """"""""" (1.4)

We recall the following interesting formula due to Srivastava H. M. and Karlsson P.W.[11] (p. 322):
2

Fi(@;2a; %) x1Fi(b; 203 -x) = JFa(3(@+b),;(a+b+1);a+5,b+>,a+b;=). - (L5)

We also recall the following results due to Rathie Arjun K. and Choi Junesang [8] (p. 341)

1F1(@;2a; x) x 1F1(b; 2b; x)
2
=¥ Fy(5(a+h),s@+b+1);a+s,b+oa+bis), (1.6)

1Fi(a; 2a+1;x)x1Fi(b;2b; x)
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X
2(2a+1)

2
xF3(5(a+b+2),2(@a+b+1);a+>,b+s,a+b+1;2)} e 1.7)

X2
=e* {Fa(5(@+b+1),;@+b)jary, bry,a+b;5)

1Fi(@s2a-1;x) x 1Fy(b; 2b; %)
2
=e*{Fs(;(a+b-1),5(a+b);b+3,a-7,a+b-1;5) +

x2
X Fs(;@+b+1),7(a+b);b+s a+z,a+b; 5}, e (1.8)

The following results are due to Rathie Arjun K. and Choi Junesang [8] (p. 343):

2
Fi(@;2a;x) xFi(2-a;4-2a; x) = e* ,F3(1, ; ;a+§,;—a,2;xj) """""" (1.9)

2

Fi(@;2a;X) x Fi3a;6-2a;X) = e Fa(3, 2;a +5,2—-2a,3; ). e (1.10)
The following is an interesting result due to Bailey W. N.[2]:
oFl(-;a;x)onl(-;b;x):ng(%(a+ b),%(a+b—l);a,b,a+b—1;4x). ----------- (1.11)

The well-known Kummer's first and second theorems due to Kummer E. E.[4], are

Fi@;c;x)=e*Fi(c-a;c;-x), e (1.12)
2
e™® 1F1(a;2a;x):oF1(-;a+%;’1C—6). —————————————————— (1.13)
The Rathie Arjun K. and Nagar V. [9] have obtained the following two interesting results contiguous to (1.5):
_ 1, x? 3. x?

e /2 (@i 2a+ 1;X) = oFu(-1a+ 50 7) < ggap oFr(-iatgi), e (1.14)

and

e /2 Fi(a;2a-1:X)=oFs (- a-ti5) + —2— Fi(-ra+i:i) . (1.15)

11 ’ ’ ori ’ 216 2(2(1_1)01 ’ 2167 " .

The aim of this paper is to establish Some Results On Product of Generalized hypergeometric Function and its
Generalizations of the well known Preece's identity (1.2) by a similar method given by Rathie Arjun K.[6] &
Rathie Arjun K. and Choi Junesang [8].

1. MAIN RESULTS

In this section, we shall establish the following results on product of Generalized hypergeometric function and
its Generalizations of the well known Preece's identity (1.2):

1Fi(a; 2a; 2x) x 1F4(a ; 2a; -2x) = e?* 2F3(a+§,a;a+%,a+%,2a;x2) —————— (2.1)

F@;2a+1;2x)xF@;2a+1;2X)

= e [2F3(a+%,a;a+%,a+%,2a;x2)

+L F +E +1 - +i +§ 2a+2 * x?2

(2a+1)2 ? 3(a patl,ary,a+y, L x%)

I .4t 3 A
ZatD) JFa(@t+l, a+2,a+2,a+2,2a+1,x )] (2.2)

1Fi(@;2a-1;2x)x1F(a;2a-1;2x)
=2 [2F3(a—§, a—l;a—%,a—%,Za—Z;xz)
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x? 1 1 1 9
+— +-,a;a+-,a+- :
(Za 1)22F3(a aja+-,a 2,2a,x)

oFs(a a-;a- %, at+ %, 2a-1;x%)] - (2.3)

+
(2a-1)
Proof of (2.1) :-
Using equation (1.12), we get
1Fi(a; 2a; 2x) x 1F4(a; 2a; -2x) = 1Fy(a; 2a; 2X) x e~2*,Fy(a; 2a; 2X)
Using equation (1.13), we have
=e?Fy(-;a + —) x e72X e2XFy(-; a + )
—ez"ng(a+2,a,a+5,a+5,2a,x ) ---- (2.4)
In this way (2.1) is proved.

Proof of (2.2) :-
Using equation (1.13) & equation (1.14), we get

Fi(@;2a+1;2x) x1Fi(a; 2a+1; 2x)

= [Fs(-ia+hil) - = R (ra+d —)]

(2a+1)
X . 1_x2
xe [OFl('aa"'EaT) - oFi(-;a+= _)]

(2a+1)

—p2X _ ﬁ -2
=e [OFl( !a+ !4)XOF1( a-+21 4)
x2 . 3_x2 . 3.x
Qa7 OFI("“‘ W) ohliaryi)
2x x2
" ZarD)° Fi(-; a+ )XOFl( a+2’T)]

Using equation (1.11), we have

1 1 1
—ez"[2F3(a+5,a;a+5,a+5,2a;x2)
x? 3 3 3 2
_— +toatlia+s,a+ o, 2at2;
(2a+1)2 oFs(a atl;a 2,a , 2a+2 ; x*)

oFs(at+l, a+— a+ a+— 2a+1; x%)] ---- (2.5)

(2a+1)
In this way (2.2) is proved.

Proof of (2.3) :-
Using equation (1.13) & equation (1.15), we get

F(@;2a-1;2x)xF(a;2a-1;2%)

_ O UL L1
=eX [OFl(';a'E; 4)"' oF1(-; ,4)]

(Za D
1. x
X€X[0F1(-2a'527)+m oFi(-ra+s —)]

1 x?2 1 x2
:ezx[oFl("a"'x_)onl('ia E'XT)

2 2 1 XZ
* a1z oF1(-;a+ 4)x0|:1( a+ )
2x x2 1 x2
D) ° Fi(-;a- T)XoFl('ia*'E;T)]
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Using equation (1.11), we have

1 1 1
= e [Fsa-5,a-1;a-5,a-5,22;x%)
%2 1 1 1 2
+ + - . + - + - y
(2a—1)2 F(atyazaty,aty, 2a;x%)

Fola a-lia-ta*i2alix?)] e 26)

2x
+ —_—
(2a-1)

In this way (2.3) is proved.
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