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Abstract: - We conduct a study on Topological Manifold and some of its properties Theorems, structures on
topological manifold and its structural characteristics. The main properties in Topological Manifold is
connectedness. This connectedness are studied the path connected, locally connected,locally path connected
with cut point and punctured point and punctured space on Topological Manifold.
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l. INTRODUCTION

We are using basic concepts like, connectedness, subspace of Topological manifold, Topological space
like(sub space) product space, quotient space, Equivalence Space .The Connectivity of Topological Manifold
Plays an important role .In connectivity of Topological manifold William Basener[13] introduced the basic
concepts of all types of connectivity inTopological Manifold. Also the concept of path connectivity is discussed
by Lawrence Conlon [7].

Devender Kumar Kamboj and Vinod Kumar [3] [4] introduced the concept of cut points which plays a
very important role in Topological space. To study cut point, a topological space is assumed to be connected.
The idea of cut points in a topological space comes dates back to 1920’s.After 2010 by Devender Kumar
Kamboj and Vinod Kumar[3][4]uplifted the concepts of cut- points.This cut point concept plays an important
role in my work.

The topological subspace is also important part of the work.

An injective continuous map that is a homeomorphism onto its image in the subspace topology is
called topological embedding. Iff: A — X is such a map we can think of the image set f(A) as a homeomorphic
copy of A embedded in X. The main role of path connectedness in a connected space gives the non- cut point
connected so called strongly connected.

We are imbibing these following basic definitions in our discussion

1). Topological Manifolds

2). 2)Connectedness

3). Path connected spaces

4). Locally connected

5). Locally path connected

6). Of all the spaces which one studies in topology the Euclidean space and their subspace are the most
important also the metric spaces R" serve as a topological model for Euclidean space E" for finite
dimensional vector space.

In the section 2, we defined some basic concepts and proved some theorems.

In section 3, we proved main part of paper, this section we defined cut point, punctured points and

connectedness property of Topological manifold M.

1. SOME BASIC DEFINITIONS

Definition 2.1 [11][13][7]
A Topological space X is a Manifold of dimensions n (an- n- manifold) if
i) X is locally Euclidean and dim of X=n
ii) X is 2" countable
lii) X is Hausdorff

Here Hausdorff means that any two distinct points lie in disjoint open sets but in the same space.
Second countable means that there is a countable family of open subsets is the union of a subfamily. Locally
homeomorphic or local Euclidean means that every point has an open neighborhood homeomorphic with an
open subset of R"
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Example 2.2
Let M be an open subset of R" with the subspace topology then M is an n-manifold

Example 2.3
The simplest examples of manifold not homeomorphic to open subsets of Euclidean space are the circle S* and
2-spheres S? which way be defined to be all points of E or of E® respectively which are at unit distance from a
fixed point O.

Definition 2.4connectedness [12] [13]
A topological space X is said to be connected if the only subset of X that are both open and closed are itself and
the empty set.

Example 2.5
R is connected and any interval in R is connected.

Definition 2.5

A subset A of a topological space Y is called a component of y if A is connected (in the sub-space topology) and
if there is no connected subset of y that properly contains A.

i.e. A topological space is connected if it has only one piece. The connected pieces are called components.

Definition2.6 [12] [8]

A Topological Space X is said to disconnected if there exists two non-empty subset A, B of X satisfying
(HAUB=X

(iAnB=@

(iii) A and B are both open and closed

Definition2.7.Path Connected [8] [12][13]

A Topological Space X is path connected if given any two —points X, y € X ,there exists a map v: [0,1]— X
such that y(0)=x and y(1)=y . The map vy is called path in X from x toy

Particularly a surface is a path connected if given any two points X, y € S there is a map y[0,1]-> S such that
v(0)=xandy (1) =y .The map vy is called a path in S from X toy.

Example 2.8
(i)Fish-net  (ii) Networked transport on the globe
There exists at least one path from one goods to any other goods directly or indirectly

Example 2.9

The standard example of a topological set that is connected but not path connected.

Let S be the set.

Y= Sin (1/x)

The following figure shows a space that is locally connected but not locally path connected

sim|* x)

A space that is path conmected, locally
connected but not locally path connected

Fig:2.1

S={(x, sin',) ER*/x e R} u {(0,t) e R¥ t € [-1, 1]}
X is a point in a topological space X
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Definition 2.10 [13]

A Topological space X is locally connected if every x e X has a connected neighborhood. A Space X is locally
path connected if every xe X has a path connected neighborhood.

Example 2.11

Any open subset O €R " is locally path connected for each xe O. There is an open ball

B, (x) € O and this ball is a path connected neighborhood of x.

The space {O} U['/,€ R/neN] is not locally connected or locally path connected.

AL TRIEY

A space that is path connected, locally
connected but not locally path connected

Fig:2.2

This space is obtained by connecting the tail of the graph of sin (*/,) to the origin .Any neighborhood of the
origin is not path connected and hence the space is not locally path connected.

Theorem 2.12 [7] [John Lee]
Every manifold is locally path connected

Theorem 2.13 [12]
Let X be an open subset of R" .If X is connected then X is path connected

Theorem 2.14
Every connected space need not be locally connected

Proof
Let X be a connected space,

Case |
Suppose, X is an open subset of R", then by Theorem 2.13,
X is path connected .By above example 2.11,every path connected space is locally connected

Case 11

Suppose X is not an open subset of R" then X is not locally connected because there does not exists connected
neighborhood of X.

Therefore, for all y # X, and x, y € X, Ny(X) & Ny(X) are neighborhood of y and x respectively such that N,(X)
N N«(X) = @ which are disjoint neighborhood. Hence forming a disconnected neighborhood. This implies X is
not locally connected.

Theorem 2.15 [13]
Every path connected space is connected converse need not be true.
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Theorem 2.16
Every locally path connected space is locally connected (converse not true)

Proof

Let X be a locally path connected space.

To prove that, X is locally connected

As X is locally path connected then there exists a path y[0 1] such that y (0)=X, y (1)=1. This shows that there
exists a path y from x toy in X.

Let Nx(X) & Ny(X) be two local neighborhood of x and y respectively. As X is path connected space.

Then there exists a path from Ny(X) to Ny(X). Nx(X) and Ny(X) are connected by path this implies X is locally
connected

Example 2.17
Y=sin(1/x)see[13] p-66)

simltfx)

A space that is path connected, locally
connected but not locally path connected

Fig:2.3

Theorem 2.18
The product of two locally connected space is locally connected.

Proof

Let X and Y be two locally connected spaces.

Nx(X) and Ny(X) are two neighborhoods of x and y respectively.

The production of two locally space is X X Y.

This space X x Y has connected local neighborhood. That is each point (X, y)e (X x Y) has a connected
neighborhood.Which contains point (x, y) say that is Oxy. Nx(X) NN, (X) #J

Oxy is connected open subset of R x R which is connected. There exists a local neighborhood of Oxye X x Y.
This shows that,X x Y is locally connected. Hence the product of two locally connected space is locally
connected.

Theorem 2.19
The product of two path connected space is path connected.

Proof

Let X and Y are two path connected spaces. There exists a path y and ¢ in X and Y such that vy isa path between
any two points say Xi, Xz in X o is path between any two points in Y say y;, y». As the product spaces (x,y) € X
x Y forall x; X¢ X, y1 Y€ Y if there exists a continuous map P(x,y)= x or y

i.e. Pi(Xy X X2 X X3....xp) = X; fori

By the definition of product of path.

If y and o are paths in X such that the end point of y is the beginning point of o,then we combine y and ¢ to form
a new path that fallows o and then y
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y 00 {c (2S) if 0<S<%
={y (2S-1) if %<S <1
The path yoo is called the product of y and ¢

0 1, ™ U

The product of the path 6 with the path v

Fig:2.3

This shows that the product of two path connected space is path connected space is the path connected.
i.e. There exists any path from one point to any point in X X Y , P(0) = x;x y;and P(I) = X, x y,for all xie X, yie
Y in between P[0, 1]— X X Y.

1. CUT POINT

The concept of cut point plays a very important role in topological space X. In this paper we study the
same cut point concept in connected topological spaces.
Cut points in some connected topological space have been studied by Honari and Bahrampour[2] and Devender
Kumar Kamboj [4] H. G. Haloli[6].
If x €e X is such that [X] is closed. We say that x is a closed point of X. D. Kumar and V. Kumar[3]
introduced. A connected space having only finitely many closed point is proved have at least two non-cut points
and such non-indiscrete space which has exactly two non-cut points is proved homeomorphic to a finite
subspace of the Khalimsky line.

Definition 3.1
A point x in a topological space is said to cut point if by removal of x, X becomes disconnected as separation

> cut point

Single cut point space

A space with more than one (same) cut point space

Fig: 3.1, 3.2

Definition 3.2 Strong cut point:
A point x of a space X is called a strong cut point if the removal of a cut point from space X, X becomes
separated sets, which are connected.
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That is a point x of a topological space X is said to be a strong cut point if
(i) X-{x}, is disconnected
(i) (i)AN B, =X

1\ ’_,f" | "., | R _,-----—" ,.-'r 1\ K_ Y
N’ N \1\ / | | f \
. - - | | |
' By Removal { | |
':'f 1 :|_\. fr"-l. 1\ ;‘l
j S— - .L‘._ J/I"
B
A
Both are connected

Fig:3.3 i.e. A connected space contains single cut point such point is called strong cut point.

Definition 3 .3. Punctured point:
A point x in topological space or surface X or S is called punctured point if X-{x} or S-{x} is connected.

Any surface (punctured

oint
plane surface (hole) point)

Fig: 3.4 Definition 3.4 Punctured Neighborhood

A punctured neighborhood of a point x is a neighborhood of x minus {x}

. nbd-{x}

Fig: 3.5
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Example 3.5

For instant ,the interval (-1,1)={y:-1<y<1} is a neighborhood of x=0 in the real line ,So the set (-1,0)u (0,1)=(-

1,1)-{0} is a punctured neighborhood of O.

Remarks 3.6

1) The Set of all neighborhood of punctured point are non-cut points of X.

2) The Set of all the neighborhood of xe X are removed or deleted then the space becomes a non- convex
space but X is connected.

neighborhood x
s removed

Fig:3.6

Theorem 3.7
Let X be a non -cut point space,if x is connected then X is path connected.

Proof

Here X is non- cut point space. This implies, X connected. A space connected without any cut point, mean X is
strong connected[see definition 3.8] Thenthere exists a path from any point x of X to another point y eX. This
shows X path is connected.

As X is connected with non- cut points is open in R".

Choose any two points x,y eX which are non cut points of X then there exists a path between them. This implies
X is path connected.

Definition 3.8 Strongly connected space
A connected space X is said to be strongly connected if
i.  There does not exist a cut point
ii. It may be an existing punctured point
iili.  There exists a path between any two points in X
A connected space X is said to be strongly connected if there is a path between any two points in X and
there does not exists finite cut points.

Lemma 3.9
Every strongly connected space is connected, converse need not be true.

Proof

Let X be a strongly connected space.

By definition of strongly connected space, there does not exist a cut point in X

Therefore, let x be punctured point in X, X-{x} is a connected space by definition of punctured point.
As X is strongly connected there exists a path between any two points in X.

A strongly connected space does not exists separation which shows X is connected.

By Theorem 2.15, every path connected space is connected.
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Strongly connected space ——— |  Path connected

connected

Fig:3.7

Converse of Theorem 2.15 need not be true.
i.e. connectedness does not implies path connectivity ,path connected space fail for X. Then X is not strongly
connected

Lemma 3.10
Every strongly connected space is path connected converse is true for only path connected space with non- cut
points.

Proof
Let X be strongly connected space, By Theorem 2.15, X is path connected. As X is path connected there exists a

path between any two points in X.
But,as X is connected if X does not contain cut points then X is path connected.

Strongly connected ::> Path connected

Strongly connected

v

Path connected
If X is not cut point space

Open subset of R"

Connected

Fig 3.8

3.11 Notations

We shall mean a topological space X contains at least two points.

Let X be topological space which is connected, x be a cut point of X, where X is closed.

Then Ct X — denote the set of all cut points of a space X,A/B from a separation of a space X by cut point x . We
say that each one of A and B is separating set of X , A separation A/B of X- {x} is denoted by Ax/Bx if the
dependence of the separation on x is to be specified.
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A* is issued for the set Ax u {x} similarly for a connected subset Y of X — {x} , Ax(Y) is used to denote the
separating subset of X — {x} containing Y.

A connected space with X = ct X is called a cut point space.

Let a,b € X, a point x ectX- {a,b} is said to be a separating point between a and b if for same separation Ax/Bx
of X - {x}

."'_ Ctx

Fig: 3.9

S(a,b) is used to denote the set of all separating points between a and b
S 1a,b 1 Adjoin the pointaand b to S (a,b)
A space X is called a space with end points if there exists a and b in X such that X =s|a, b|

Lemma 3.12 [3]

Let X be a connected space and a, b, x, y, eX

1) Ifte s (x,y)-sla, b and X-{t} =A; (X)SB;(Y)then
a) [faeA; (X)thenb € B¢ (Y)

b) Either {a, b} C A (X) or{a,b}c B;(y)

2) If X,y € S| a, b| then S|x, Y|<SS |a, b

Theorem 3.13[3]
Let X is a connected space with end points then X has exactly two non cut points and every cut point of X is
strong cut point.

Now we redefine the path by using a cut point.
The pathin a connected space, is the set of all cut points in X such that each preceding points is adjoin with
next point which forms a continuous limits points of space.

cutpoints

Curves in R" which is path with continous cutpoint
Fig:3.10
Curves in R? which is path with continuous cut points.

Lemma 3.14

Let X be a topological space which is connected and x, ye X, then

1) If x, y are the non- cut points of X then there exacts a path between x and y

2) If xeX, a set of cut points of X(from x to y) then there exists at least one path which covers cut points
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Proof

Let X be a topological space which is connected by lemma 3.12 shows that there exits exactly two non
-cut points of X. By definition, thereexists a path between x and y. The ct x forms an open sub set of X which is
connected then there is a path connected space. Therefore any two points x and y of X which are non -cut
points. Therefore, X exists a path between them. Any point except cut point are adjoin with at least two
neighborhood points which are open in X.Also in path, this implies each path is connected, which forms a dense
in X.Which implies, X is closed
= X is closed
= X'is connected .
D. Kumar Kumboj and V. Kumar [3] [ Theorem 3.1] introduced, There exists path between two end points in X,
which are non- cut points. That path passing through all cut points in X.

Theorem: 3.15
Let X is a strongly connected space with end points them there exists a path between them.

Proof

As X be a strongly connected space which contains x, y which are end points we have by lemma 3.9 every
strongly connected space is connected and by Definitions of strongly connected space show that there exista
path between x and y in X.

Definition 3.16 weakly connected spaces
A topological space X is said to be weekly connected if X is not strongly connected.
Weekly connected topology is locally defined but strongly connected property is globally.

Theorem 3.17
Let X be a connected space than following are equivalent

i) X has exactly two non -cut points

i) There exists a path between two non- cut points in X

iii) If X is weakly connected than each path contains at least are cut points.
Proof:

Assume that (i) hold

l.e. Assume, X has exactly two non- cut points.Let X be a connected space. Then by Definition of connected
space and path space and Theorem 3.15 and lemma 3.14 in proves (i) = (ii)

Assume that, there exists a path between any two points in X and X is weakly connected then there exists some
cut points in space X but space is connected also path connected than exactly each path is passing through at
least one point

Bu(y)
As(X) :

a,b

weakly connected space with path

Fig:3.11
If x, ye X, X=A,uBy
A path from x and y x € A, ye By a, b are cut point of X the path from X to y passes through either a or b which
are cut points of X
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——> For weakly connected X, contains some cut points than exists path between any two non cut points x
and y of X than each path contains at least one cut points in X

Hence (ii)~> (iii).

Lastly assume that

X is weekly connected and in each path in X contains cut points. To prove that X has at least two-non cut points.
i.e. (iii) > (1)

Obviously, X is connected space. Then there exists a path between any two points in X, because X contains cut
points. We have for any connected space has at least two point which are non -cut points.

Forx,y, e X
v (X y) a path from x to y in X, which are non-cut points.

Lemma 3.18
Let X be a path connected space. A point X € X be a punctured point of space. Then there exists a path from any
two points on X-{x}

Proof

Let X be a path connected space; then there exists a path y:[0 1] — X for any point y, z belongs to X and x € X
be a punctured point of X

==> There exists a path between any two points in X. As X is punctured point. Neighborhood point of X are
connected with X. Each neighborhood point of X are connected. Then there exists path from any two point of
X-{x}

Let X be a path connected space. A point X eX be a punctured point of a space X consider a path y: [0 1]— X for
any point y, z belongs to X and x € X be a punctured point of X. All the neighborhood points of x are connected
with space X-{x} say neighborhood points are X;

xi€ X as x does not belong to X. As X is a path connected space. There exists a path y; from y to x; and 2" path
oi which from x; to z.

By definition composition

covi=  {n(2S) if 0<S<Y
and {o; (2S-1)  if %<S <1

ooy is path from y to z this shows that there exists a path between any two points on X-{x}.

Punctured
point

Fig:3.12

Theorem 3.19
Let X be a strongly connected space.
Let P(X) be a punctured point (or space) in space X, Then
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1) There exists a path between any two points in X
2) The space X becomes non convex Space and connected
Proof

Let X is strongly connected space, P(x) be a punctured point(space).

This implies X is path connected space even punctured point.

By theorem 3.17 and definition 2.7

There exists a path between any two points in X.

As the statement (1) if any point becomes punctured in space X, Then thereexist a path from any two point,even
punctured or non- convex. Which is also continuous.

Let x eX be a punctured point of Xi.e. X-{x} is a space without x i.e.hole at x i.e. X is non-convex also
connected.

V. CONCLUSION
In this paper we modified definitions of cut points, connectedness and punctured points. These concepts, we
modified and removed cut points punctured points to make connectivity stronger and stronger and applied in
fiber bundles
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