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Abstract: - The paper presents the parametric investigation of foundation on layered soil underlain by a rigid base
subjected to vertical vibration are found out using one-dimensional wave propagation in cone,based on the
strength of material approach. The stiffness and damping co-efficient for a rigid massless circular foundation
resting on layered half-space and homogeneous half-space, under vertical vibration are evaluated using various
parameter such as, depth of the layer, material damping ratio, Poisson’s ratio. The static stiffness predicted by the
model for different depth layer is evaluated using three value of Poisson’s ratio. The resonant frequency-
amplitude and frequency-magnification are also studied varying the influencing parameter such as, mass ratio,
Poisson’s ratio.
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l. INTRODUCTION

Foundation may be subjected to either static load (or) combination of static and dynamic loads; the latter
lead to motion in the soil and mutual dynamic interaction of the foundation and the soil. The design of machine
foundation involves a systematic application of the principles of soil engineering, soil dynamic and theory of
vibration. The source of dynamic force are numerous, so to determination of resonant frequency and resonant
amplitude of foundation has been subjected to considerable interest in the recent year, in relation to the design of
machine foundation , as well as the seismic design of important massive structure such as nuclear power plant.
The study of the dynamic response of foundations resting on soil subjected to various mode of vibration is an
important aspect in the design of machine foundations and dynamic soil-structure interaction problem.

The solution of the “dynamic Boussinesq” problem of Lamb(1904) formed the basis for the study of oscillation
of footings resting on a half-space (Reissner(1936) ; Sung(1953) ; Richart(1970) et al. ). Reissner(1936)
developed the first analytical solution for a vertically loaded cylindrical disk on elastic half-space assuming
uniform stress distribution under the footing. Later, extending Reissner’s(1936)solution, many investigators
(Bycroft(1956), Lysmer (1972)and Richard(1970),Wolf(1994) ,Luco and Mita(1987) , Pradhan(2004,2008) to
name a few) studied different modes of vibrations with different contact stress distributions. Gazetas(1983,1991
)presented simple formulas for dynamic impedance co-efficient for both surface and embedded foundations for
various modes of vibration.

The cone model was originally developed by Ehlers (1942) to represent a surface disc under
translational motions and later for rotational motion (Meek and Veletsos, 1974; Veletsos and Nair, 1974). Meek
and Wolf presented a simplified methodology to evaluate the dynamic response of a base mat on the surface of a
homogeneous half-space. The cone model concept was extended to a layered cone to compute the dynamic
response of a footing or a base mat on a soil layer resting on a rigid rock. Meek and wolf (1994) performed
dynamic analysis of embedded footing by idealizing the soil as a translated cone instead of elastic half-space.
Wolf and Meek (1994) have found out the dynamic stiffness coefficients of foundations resting on or embedded
in a horizontally layered soil using cone frustums. Also, Jaya and Prasad (2002) studied the dynamic stiffness of
embedded foundations in layered soil using the same cone frustums. The major drawback of cone frustums
method as reported by Wolf and Meek (1994)is that the damping coefficient can become negative at lower
frequency, which is physically impossible. Pradhan et al(2003,2004)have computed dynamic impedance of
circular foundation resting on layered soil using wave propagation in cones, which overcomes the drawback of
the above cone frustum method.
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. Therefore a number of simplified approximate methods have been developed along with the exact
solutions. Cone model is one of such approximate analytical methods, where in elastic half-space is truncated
into a semi-infinite cone and the principle of one-dimensional wave propagation through this cone (Beam with
varying cross-section) is considered. In this paper studies the parametric investigation of foundation resting on
layer underlain by rigid base under vertical vibration is found out using wave propagation in cone , varying
widely the parameter like mass ratio, Poisson’s ratio, depth of the layer, material damping ratio.

1. MATHMATICAL FORMULATION
To study the dynamic response of foundation resting on the surface of a soil layer underlain by rigid
base, a rigid mass less foundation of radius ro is subjected to vertical vibration shown (Fig .1a).The | depth of the
layer ‘d’ has the shear modulus ‘G’, Poisson’s ratio ‘v’,mass density ‘p’ hysteretic damping ‘¢’.The interaction
force Py and the corresponding displacement U, are assumed to be harmonic . The dynamic impedance of the
massless foundation (disc) is expressed by:

K (a,) =E—°= K [K(ag) + ia,c(a,)] M

0

K (a,) =Dynamic impedance,k(a,) = spring coefficient,C(a,) = damping coefficient,a, = o,/

4Gr,
=dimensionless frequency, C; = 1/G/,O shear wave velocity of the soil, 1 9 —static stiffness coefficient of
-V
disc on homogeneous half space with material properties of the layer.
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Fig 1a Massless foundation soil system under vertical harmonic

The effects of hysteretic material damping is isolated using an alternate expression to Eq. (1) for dynamic
impedance
__ P . .
K (ay) =& = K[K(ay) +ia,c(a,)I(L + 2i¢) @)
0
Using the equations of dynamic equilibrium, the dynamic displacement amplitude of the foundation with mass
m and subjected to a vertical harmonic force Q is expressed as

ol LR
K [k (a,)+iage(a,)-Bal]

©)

Where, |U0| = dynamic displacement amplitude under the foundation resting on the homogeneous soil half-space.
Gr,

|Q| = force amplitude and B = Dy with b, = 5 , the mass ratio.
K Yo s
Dynamic displacement amplitude given in Eq. (3) can be expressed in the non-dimensional form as given below,
uog-roi _ GKrO [K[k(a,) +iac(a,) — BaZ| @)

Magnification factor i.e. the ratio of dynamic displacement to the static displacement is expressed by
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Uy
Q/K

M =

~ k(@) +iayc(a;) - BT ®

l. CONE MODEL FOR VERTICAL TRANSLATION

The theory of wave propagation in a semi-infinite truncated cone is presented based on strength of
material approach. Fig (2 a) shows wave propagation in cones beneath the disk of radius r, resting on a layer
underlain by a rigid base under vertical harmonic excitation, P,. Let the displacement of the (truncated semi-
infinite) cone be denoted as u with the value ug under the disk (fig 2 b), modeling a disk with same load P, on a
homogeneous half space with the material properties of the layer. This displacement u, is used to generate the
displacement of the layer u with its value at surface, u,.Thus, can also be called as the generating function. When
foundation subjected vertical vibration, wave is generated below base of the foundation and propagating down
ward to the soil in the shape of cone. The first wave generated below the base foundation and propagating
downward in a cone with apex 1lis called as incident wave and its cone will be the same as that of the half-space,
as the wave generated beneath the disk does not know if at a specific depth a rigid interface is encountered or not.
Thus, the aspect ratio defined by the ratio of the height of cone from its apex to the radius is made equal for cone
of the half-space and first cone of the layer. Since the incident wave and subsequent reflected waves propagate in
the same medium in layer, the aspect ratio of the corresponding cones will be same. From the geometry, knowing
the height of the first cone, the heights of other cones corresponding to subsequent upward and downward
reflected waves are found as shown in Fig. 2 (a).
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2(b) cone model for half
a) EQUATION OF MOTION 1°" CONE

The translational truncated semi-infinite cone with the apex height Zand radius Iy is shown for axial

distortion in Fig. 3, which is used to model the vertical degree of freedom. The area A at depth ‘Z’equals,
A=((z+12,)/2,)A, With A; = 7zr2,where ‘2’ is measured from surface of disk. With ¢ denoting the appropriate

wave velocity of compression-extension waves (dilatational waves) and p the mass density, pc? is equal to
corresponding elastic modulus (constrained modulus). Also, ‘u’ represents the axial displacement and ‘N’ the
axial force. Radial effects are disregarded. the equilibrium equation of an infinite element strip (Fig.3) taking the
inertial loads into account,

-N+N+N,,dz-pAdzii=0 (6)
Substituting the force-displacement relationship in Equ (6),
N = pc®Au,, @

Apex

Zo

44

z
sea444 2400

‘) A= Ao
17 .=\2 /=2 2

Fig 3 Wave propagation in semi-infinite truncated cone under vertical
harmonic excitation

The equation of motion in time domain of translational cone,

2 u
Uy, +——U,,——=0 (8)
Z,+1 C
Which may be written as one-dimensional wave equation in
1 "
u((zo+ Z)U),H—C—z((zo +2)u)=0 (9) The

displacement amplitude of the incident wave propagating in a cone with apex 1in time domain given below:
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0(z,t)=—2 Uo(t—fj (10)
Z,+1 c

Convert Eq. (13)in frequency domain can be written as:

U(z,0) = . Zi . elw[Jﬁo (0) (11)
0

The displacement of the incident wave at rigid base equal (z=d)

£y

0(d,w) = e‘”’[éjuo (@) (12)

The displacement of the first reflected upward wave propagating in a cone with apex 2(fig 2 a) express as:

Z0
Z,+2d -2

The displacement of the downward wave propagating in a cone with apex 3 (fig 2 a) express as:
. (2d+z
. Z, g{i ]_
U(z,0)=——2¢ U, (@) (14)
Z,+2d+z

Thus, after ji, impingement at rigid base, the displacements of upward and downward waves propagating in cones
with Fig.(2 a)

0(z,0) = - Z]UO (@) (13)

4(0(72]1172}
0z0)=() —2—e * ° G, (a)
Z,+2jd -z (15)
Aiw(zjd+ZJ
j 0 c — 16
u(z,0)=(-) 7 12jd+z U, (@) (16)

The resulting displacement in the layer is obtained by superposing all the down and up waves and is expressed in
the following form

eiw(éjuo (@)

u(z,w)=
Z,+2
' ' )
—io) 2jd-z o 2jd+z
)i % g (257 BN (21 )U
+Z( ) Z, +2jd -z +Zo+2jd+Z o(a))
Uy (w) =T, (a))+2§: (-’ e IIOT ()
0 0 =, 2id 2jd 0 18)
ZO
e —im(mj

U(z,0) =0, +2) E;"e " ° T(w) (19)

=1

With

F

E, =1 0
And for j>1
1)/
] (21)
i
1+ 14 21d
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EF; can be called as echo constant, the inverse of sum of which gives the static stiffness of the layer normalized
by the static stiffness of the homogeneous half-space with material properties of the layer.

b) DYNAMIC IMPEDANCE
Enforcing boundary condition U(Z = Z,) = U, to Eq. (11) yields

uO (t) = f (t) (22)
Also, upward force equal downward force
2
R =-N(z=2))=-pc AU, (23)

Differentiating Eq. (11) with respect to ‘z’ and substituting its value at Z = Z, in Eq. (26), we get

Po(t) = ,0(; AO

The Egs. (27) are valid for compressible soil i.e. v <1/3. For incompressible soil, the concept of introducing
trapped mass is enforced.

Uy (t) + o CA Uy (1) (24)

P, (@) = (K —@*AM +iwC), (25)
Where AM = ,upl’03 with trapped mass coefficient |; the values of which recommended by Wolf are given in

Table 1. The trapped mass AM is introduced in order to match the stiffness coefficient of the cone model with
rigorous solutions in case of incompressible soil i.e (1/3<v <1/2). After simplification Eq. (28) reduces to
the form.

Table 1The parameters of cone model under vertical vibration

Parameter Expressions under

Cone Parameters Vertical Vibration

z 2
Aspect Ratio —% 3 1-v) Cc
o 4 c
Static stiffness coefficient 2 2
K P C (ﬂ. r.O )
Zy
Normalized spring coefficient Z C
K(2,) L
TryC
Normalized damping coefficient Z, C
S
C(ao ) rpb C
Dimensionless frequency @, wr,
CS
Appropriate wave velocity C c=c, for v < 1/3

C=2C forl/3<v<1/2

where, Cp =Cq M
V 1-2v
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2

zZ,C . L,C. |

P, (a,) = K| 1- 2205 a2 1ja, =05 |, (26)
r,C r,C

Using Eg. (22) in Eqg. (27), the interaction force displacement relationship for the layer-rigid base system reduces

to

z .
1-H%o Soa,” iy o
K B Py _K r,C r,C
(ao)—u__ w . [zjdj (27)
0 g Tlol
1+2> E;’e ' °

Note: If d/rg is ‘c0’, then the soil behave like homogeneous soil
In the expression of the dynamic impedance K (ao) given by Eq. (30), the summation of series over j’
is worked out up to a finite term as the displacement amplitude of the waves vanish after a finite nhumber of

impingement. Numerically j is terminated at a value, such that‘E i — E; F‘ <0.01

AV RESULTS AND DISCUSSIONS
A parameter study is conducted widely varying the influencing parameter such as mass ratio, depth of
the top layer d/ro, material damping ratio and Poisson’s ratio. The result are presented in the form of
dimensionless graph, which may prove to be useful in understanding the response of foundation resting on
layered and homogeneous soil subjected vertical vibration.

1. STATIC STIFFNESS

In this case the static stiffness of circular foundation is studied varying the depth of the layer, i.e. d/ry
ratio from 0.5 to 10. The values of Poisson’s ratio (v) considered are 0.0, 0.3 and 0.49. The normalized static
stiffness, K\ /Gry, are presented in Fig. 4. It is observed from this figure that the Poisson’s ratio affects the static
stiffness of foundation resting on a layer over rigid base under vertical. Also more the value of Poisson’s ratio,
more is the static stiffness for said degrees of freedom. The static stiffness of the foundation is found to be more
when the depth of the layer is less (Fig. 4). With the increase in the depth of the layer the stiffness decreases and
it approaches to half-space value at a specific depth depending on the degree of freedom.

25 T T T T T T T T T

v=0.0
----v=03 ]
s v=0.49 | A

[}
o
— T

=
o
T
1

=
o
T

Normalised vertical static stiffness K, /Gr0
[6)]
—————r

0 1 2 3 4 5 6 7 8 9 10
Dimensionless depth d/r,

Fig. 4 Normalized static stiffness of circular foundation resting on a layer
over rigid base with variation of d/r~ for various values of v.
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2. DYNAMIC IMPEDANCE

Results for the dynamic impedance functions of a rigid circular disk on the surface of a soil layer of
finite depth over rigid base are presented in Figs.5 and 6. Fig.5 shows the effect of d/ry ratio on the dynamic
stiffness coefficient, k (ap) and damping coefficient, ¢ (a,) for a single value of hysteretic material damping ratio,
& = 0.05; and Fig. 6 shows the sensitivity of k (ag) and ¢ (ao) to the variation of &, for d/rp = 2.

The variation of stiffness and damping coefficients with frequency shows a strong dependent on d/ry ratio
(Fig. 5). k (ap) and ¢ (ap) are not smooth functions as on a homogeneous half-space, but exhibit undulations
(peaks and valleys) associated with the natural frequencies of the soil layer. In other words, the observed
fluctuations are the outcome of resonance phenomena, i.e. waves emanating from the oscillating foundation
reflect at the soil layer rigid base interface and return back to the source at the surface. As a result, the amplitude
of foundation motion may significantly increase at specific frequencies of vibration, which as shown
subsequently, are close to the natural frequencies of the deposit. With the increase in d/rq ratio the undulations
become less pronounced and it approaches the half-space curve at some specific depth, depending on the mode of
vibration.

The variation of stiffness and damping coefficients with frequency for different hysteretic damping ratios
ranging between 0 and 20% are presented in Fig. 6. Similar types of undulations are observed for both stiffness
and damping coefficients for various & values. In general k (ap) is not affected by the presence of material
damping up to a certain value of a,, the natural frequency of the layer, depending on the mode of vibration
beyond which it decreases with increase in &. Similarly observation of damping coefficients for various modes of
vibration shows that the effect of & is predominant in the lower frequency and it decreases with increase in
frequency and becomes negligible at higher frequency. But the damping coefficient curves with & = 0 (purely
elastic) shows zero damping up to certain frequency, which is found to be very close to the natural frequency of
the layer.

sl ool

Fig. 5 Variation of impedance functions with depth of the layer for a
rigid circular foundation resting on a laver over bedrock

Fig. 6 Variation of impedance functions with variation in material
damping ratio for a rigid circular foundation resting on a layer over
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3. FREQUENCY-AMPLITUDE RESPONSE
The frequency versus amplitude response curves for homogeneous soil are presented in Figs.7 and
8.Fig.7 presents a plot of the response of the foundation for five different mass ratios, by and v = 0.25. An
increase in the amplitude and decrease in resonant frequency is observed with increase in mass ratio.
For six different values of Poisson’s ratio and mass ratio, by=>5, the foundation response is obtained using
cone model and presented in Fig.8 It is observed that the amplitude of vibration decreases and resonant frequency
increases with increase in Poisson’s ratio.

4,

FREQUENCY MAGNIFICATION RESPONSE

Dimensionless frequency a0

different values of Poisson's ratio

Fig.7 frequency-amplitude response curves for
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Fig.8 frequency-amplitude response curves

for different values of mass ratio

The frequency versus magnification response curves for homogeneous soil are presented in Figs.9 and
10.Fig.9 presents a plot of the response of the foundation for five different mass ratios by, and v = 0.25. An
increase in the magnification factor and decrease in resonant frequency is observed with increase in mass ratio.
For six different values of Poisson’s ratio and mass ratio, bo=5, the foundation response is obtained using cone
model and presented in Fig. 10. It is observed that the magnification factor of vibration decreases up to v=0.3,
then again increase for higher value and resonant frequency increase with increase in Poisson’s ratio.

4 |
14 , —— b0=5
TR0 I ——b0=10]
nu=0.10 350 |
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Dimensionless frequency a0

dimensionless frequency a0

Fig.10 frequency-magnification response curves for
different values of mass ratio

Fig.9 frequency-magnification response curves for
different values of Poisson's ratio
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V. CONCLUSION
In contrast to rigorous methods, which address the very complicated wave pattern consisting of body

waves and generalized surface waves working in wave number domain, the proposed method based on wave
propagation in cones considers only one type of body wave depending on the mode of vibration i.e., dilatational
wave for the vertical degree of freedom. The sectional property of the cones increases in the direction of wave
propagation downwards as well as upwards. Based on the parametric studies, the following conclusions can be
drawn.

a.
b.
c.
d.

e.
f.

[1]
(2]
(3]
[4]
[5]
[6]
[7]
8]
[9]
[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]

[20]

More the value of Poisson’s ratio, more is the static stiffness.

With increase in the depth of the layer the static stiffness decreases.

With increase in Poisson’s ratio, the resonant frequency decreases, but dynamic stiffness co-efficient remains
unchanged for homogeneous soil.

The resonant amplitude decreases and resonant frequency increases with increase in Poisson’s ratio.

With increase in mass ratio, the resonant frequency decreases and resonant amplitude increases.

With increase in the mass ratio, magnification factor increases and resonant frequency decrease.

Result of parametric study presented in the form of dimensionless graph provide a clear understanding of the
vertical dynamic response of the foundation resting on soil layer underlain by rigid base.
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