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Abstract: - Starting with a model Hamiltonian for the system with equal spin singlet and triplet pairings based
on quantum field theory and green function formalism, we obtain expressions for superconductivity and
ferromagnetism parameters. The model exhibits a distinct possibility of the coexistence of superconductivity
and ferromagnetism, which are two usually irreconcilable cooperative phenomena, however, recently
ferromagnetism and superconductivity have been shown to coexist simultaneously in the newly discovered
compounds such as UCoGe, Ulr and UGe;, .The work is motivated by the recent experimental evidences below
the superconducting phase temperature in a number of uranium-based superconductors. The theoretical results
are then applied to show the coexistence of superconductivity and ferromagnetism in the intermetallic uranium-
based compound UCoGe, Ulr and UGe,. The limitations of the model are also discussed.
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l. INTRODUCTION
Since the discovery of superconductivity in itinerant ferromagnet UGe2 under pressure in a limited range
(1 <P <15 GPa) below 1 K, a lot of interest has been generated in the study of coexistence of these two
cooperative phenomena of superconductivity and ferromagnetism [1] which have been considered until very
recently hostile and incompatible.

In fact, ErRh4B4 was the first ferromagnetic superconductor in which superconductivity was found to
exist in a small temperature interval with modulated ferromagnetic phase as had been observed in a detailed
study by Sinha et al. [2]. The first observation of a zero resistance in the ferromagnetic state of HoM06S8 was
reported by Lynn et al.[3] and then by Genicon et al.[4]. The theoretical work using a model Hamiltonian
which takes into account the spin interactions between conduction electrons and ferromagnetically ordered
localized electrons, can explain the co-existence of singlet superconductivity and ferromagnetism in
HoMo6S8[17].

The intermetallic compound UCoGe belongs to the fascinating family of superconducting ferromagnets
[5,6]. In superconducting ferromagnets, a superconducting transition takes place at a temperature T, deep in the
ferromagnetic state, i.e. well below the Curie temperature Tc, without expelling magnetic order. The
superconducting ferromagnets discovered hitherto are UGe2 (under pressure) [7], URhGe [8], Ulr (under
pressure) [9], and UCoGe. In these uranium intermetallics magnetism has a strong itinerant character and both
ordering phenomena are carried by the same 5f electrons.

The coexistence of superconductivity and ferromagnetism is at odds with the standard BCS theory for
phonon-mediated s-wave superconductivity, because the ferromagnetic exchange field is expected to inhibit
spin-singlet Cooper pairing [10]. Very recently, the discovery of superconductivity in a single crystal of Y9Co7
[11], UGe2 [12], ZrZn2 [13], URhGe [8], Ulr [9], and UCoGe [14] revived the interest in the coexistence of
superconductivity and ferromagnetism in the same homogenous system.

The coexistence of superconductivity and weak itinerant ferromagnetism in UCoGe was reported in
2007 [5]. Till then UCoGe was thought to be a paramagnet down to a temperature of 1.2 K [15]. However, in a
search for a ferromagnetic quantum critical point induced in the superconducting ferromagnet URhGe (Ts =
0.25 K, TC = 9.5 K) by alloying with Co [16], it was discovered that UCoGe is actually a weak itinerant
ferromagnet below TC = 3 K and, moreover, a superconductor below Ts = 0.8 K.
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Neutron scattering experiments confirm that magnetism in UGe2 and URhGe is carried by uranium f
electrons. Superconductivity and ferromagnetism coexist in URhGe and UCoGe at ambient pressure. Thermal
expansion and specific heat measurement provides solid evidence for bulk ferromagnetism and
superconductivity. Proximity to ferromagnetic instability, defect sensitivity of superconducting transition
temperature, and absence of Pauli limiting suggest triplet superconductivity mediated by critical ferromagnetic
fluctuations although the mechanism of superconductivity coexisting with ferromagnetism is still under debate
[18-21].

The standard way to examine a coexistence phase of ferromagnetism and superconductivity is to
introduce two kinds of fermions. Ferromagnetism could be caused by local f-electrons whereas
superconductivity by itinerant ones. But in these materials such as UCoGe and Ulr, both the roles are played by
the same uranium 5f electrons which are itinerant and strongly correlated. Thus, it would be proper to study
microscopically a model where the coexistence of both ferromagnetism and superconductivity can be described
by only one kind of electrons. Such a model study has recently been initiated by Karchev et al. [22]. However,
this model is confined to singlet superconductivity which is unlikely to occur inside a ferromagnet [23].

In this paper, we start with a model Hamiltonian which incorporates not only terms of the BCS but also
an additional new term representing interaction between conduction and localized electrons, for the uranium-
based superconductors UCoGe, Ulr and UGe, to examine the coexistence of superconductivity and
ferromagnetism

Il. MODEL HAMILTONIAN OF THE SYSTEM

The purpose of this work is to study theoretically the co-existence of ferromagnetism and
superconductivity properties in the compounds UCoGe, Ulr and UGe, in general and to find expression for
transition temperature and order parameter in particular. The system under consideration consists of conduction
and localized electrons, between which exchange interaction exists. Within the framework of the BCS model,
the Hamiltonian of the system can be written as [17]:

H=H,+H,+H; D

where,

Hl = Z €y dl,a d;c,a + Z € EITU EI,U (2)
Lo

K,0

represents, the single particle energies of the conduction and the localized electrons, measured relative to
the chemical potential. dlla(d,c,,,) and EZU (B,,U) are the creation (annihilation) operators for conduction and
localized electrons respectively.

Hy= =) Voedhal,,a_0a,, ®)
K,K’
is the BCS type electron-electron pairing interaction term due to exchange of phonons. And,
Hy = Z wkynatiat Bubor +hc 4)
I,m,k

(h.c= hermitian conjugate)
is the new term describing the interaction between conduction and localized electrons with the coupling constant
u. the Hamiltonian in (1) will be used to determine the equations of motion in terms of the Green function.

1. PAIRING OF SUPERCONDUCTING AND FERROMAGNETIC ORDER
PARAMETERS
The Green’s function is useful because they can be used to describe the effect of retarded interactions and
all quantities of physical interest can be derived from them [27]. To get the equation of motion we use the
double-time temperature dependent retarded Green function is given by (Zubarev) [24]:
G.(t—t) =< A(t); B(t) »
or G.(t,t) =—if(t—t) <[A@®),B(t) > (5)
Where A and B are Heisenberg operators and 8(t — t") is the Heaviside step function. Now, using Dirac delta
function and Heisenberg operators, we can write as;

i%Gr(t —t) =68t —t) <[A©®),B@)] > +<< [4®),H], B(t)] >>

The Fourier transformation G, (w) is given by
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G (t—t) = f G, (w)expif-iw(t — t")]dw (6)
Taking the Fourier transform of (8), we get:

w6, (w) =< [A®),B(t)] >, +< [A®), H], B(t)] >, (7
From (10), it follows that

W K Gy, a0 >= 1+ [G,4,H], 0t > (8)
where the anti-commutation relation,

{dko'd k'c } = 6kk 600 (9)

has been used. To derive an expression for « d,q,at,; » , we have calculate the commutator [d,,, H] , using
(2), (3), and (4). Using the identities and

[4,BC] = {A, B)C — B{A,C} and [4B, C] = A{B,C} — {4, C}B (10)
~ [@yr, H\]Az [@r, ﬁ1j‘ H, + H;] 11
= [, Hy] + [@rr, Ho] + [Gyr, Hs) (12)

The commutation with the interaction Hamiltonian of localized electron from the above equation of the second
part as follows;

[aKT' Hl] = Ede,T (130')
After some lengthy but straightforward calculations; we arrive at the following results;
KT’HZ kap Kla—plapT (13b)
[ﬁﬂﬂ=2ﬂﬁxﬂwm (13¢)
Ilm

Plugging (13) in to (8), we get
W K gy, @ty >=1+ € K Gy, @ » —Z Ve <al, a_,a,,at, >
p

+ Zu{fm & @l bybyy,atg > (14)

Using Wick’s theorem for factorizatign ( Schwabl) [25], we can reduce (17) into the following form,

(=€) <dgatg»=1-0-p «a',,a > (15)
Where

A= VZ Ka_py,dpy »>= VZ «at,,atp » (16)

P P

Y= uz & by, by »>= uz & bl bty >» (17)
are related to the supercondulf:ting and ferromagnetlic order parameters respectively, and are assumed to be real.
To determine « & e @ > in (15) we use (7) to obtain

0« a_Kl, P o»=«[a’  Hlat > (18)

where (9) has been used,
Proceeding in the same manner, we can reduce (18) into the form:

(@+e) <al,,af_ »=-(0-y) < dq,a}, » (19)
Eliminating < @, d!, > from (18) and (22), we obtain,
- A —
«at at »= @-7 (20)

T T (= e = (A= p)?)
To take into account the temperature dependence of order parameters, we shall rewrite (16) and (17) as:

— 14 YRS

=3 «al, at > 21
K

_u ot

= E K by, bt » (22)
k

Where 8 = =
KT
Doing a lot as [17], we arrived at the following results:
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hwp —
ézf @V @ JTT B Dde (23)
a 0

V(E*+ (B -1)?)

a = N(0)V, Where N(0), is the density of states at the Fermi level.

From (23), it clearly follows that the order parameters A and y, for superconductivity and magnetism are
interdependent.

And
& bt 4 B »>= Bim (24)
TI - = 5 7 A7 ~
T (w? - €f — A
Where
Ay = Z ulm < af,at, >
k

haw
—=A —————tanh €2+ Ap, /2 |de 25
a Im 0 (62 n Alzm .8 l / ( )

From (25), it is again evident that the order parameters A and y are interdependent, as was the case from (23).

It is, therefore, possible that in some temperature interval, ferromagnetism and superconductivity can co-
exist, although one phase has a tendency to suppress the critical temperature and the order parameter of the other
phase.

V. DEPENDENCE OF THE MAGNETIC ORDER PARAMETER ON THE
TRANSITION TEMPERATURE FOR SUPERCONDUCTIVITY AND FERROMAGNETISM

To study how y depends on the superconducting transition temperature T, we consider the case, when
T - 0K, -
We can then replace

tanh(Be? + (A —y)?/2) > 1

§=LMb (B-v)

J@ia "

in (23) and get,

1 | AN ( hwy )
P (1 A) sinh Ay (26)
2
since (Z%) > 1 the above equation become to:

1
A —y = 2hw,expif— ———) 27)
a(1-3)
from the BCS theory, the order parameter A, at T=0 for a given superconductor with transition temperature T¢ s
given by
2A(0) = 3.53k;T, (28)
using this result in (27), we obtain

1

¥
a (1 - 1.75kBTC)
Once we know o, we can solve (29) numerically to draw the phase diagram for y and Te.

To estimate a, we consider the case,

y = 1.75kz T, — 2hw,, exp (29)

T->T.
which implies, A— 0
From (23), we then have
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hwp
—tanh(ﬁ Vet +y?/2)de
f h

— lim 4 tanh(B /€2 + (& — 7)2/2)de

20)y A+ @ -1
1
P L =1 (30)
Putting E? = €2 + y?
we can write

hmb 1

L= f Etanh(ﬁ E/2)de 31D
0

Using the result

*tanh x x * Inx
I = fo —dx = (Inx)(tanh x) |, — fo p—
and the fact that, for low temperature, tanh(zf’k%) -1
we have from (31),
11=1n(hwb) in (o) (32)
2kpT., 48

Where y is the Euler constant having the value y = 1.78 (Hsian) [28]
we can write (32) as,

1 " kB TC ( )
Using L’ Hospital’s rule, it is easy to show that

sech? (ﬁ_JiTﬂ)

fzwb
I, =— 20\ 2 "
== | e
which can be neglected since y? is very small.
Substituting (33) in (30), we then obtain

=1 (1 14 hw”)
=1In . kBTC
This implies,
T = 1.14hw, ( 1) 34
c kB eXp a ) ( )

which can be used to estimate exp (— %) for UCoGe, Ulr & UGe; , using the experimental value T, = 0.7k,

T. ~ 0.18k and T, = 0.8k for these compounds.
To study how y depends on the magnetic transition temperature Tm, we consider (25). Neglecting AZ ,
and proceeding as before, it is easy to show that,

Y= (35)

m

1.14hw, y
T, = <—k3 )exp (ﬁ) (36)

From (28), we can estimate as A(0) =~ 1.706x10723], A(0) =~ 0.439x10723] and A(0) = 1.949x10~23] for
UCoGe, Ulr & UGe, respectively, using the known value of T¢. So,
we can use (36) to draw the phase diagram for y and Tm

This gives;

V. COUPLING OF TRIPLET SUPERCONDUCTIVITY AND FERROMAGNETISM

Superconductivity in these systems is supposed to be triplet regardless of the mechanism of pairing
which could be due to some unspecified mechanism possibly due to spin fluctuations near the quantum critical
point as in He3. These allow fermions to condense into cooper pairs with £ = 1,3, ... states rather than into
£=0,2,..,sand states of BCS theory [28]. Following [29], the gap function or parameter can be articulated
as:
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Ako.o_'= _Z VD’D”tlﬁ (k, k,) 1G4 ak'aa_k'ﬁ > (37)

k
The correlation < @', a_,' s > can be intended as [30]:

1 |d(k) + q(k)xd(k)] B 1 |d(k) —q(k)xd(k) B
F(k,B) = tanhi¢-)E.; + tanhi{=)E
wh =2, [ HG] Dt 2B, [T Tl &E
(51)
Where Ej.;, = [EZ + |d(k)?| + q(k)]'/?
For the triplet state, we have to write as:
A(k)A* (k) = |d(k)*|T + ioq(k)
At this point, the triplet states are [{1), | T4 + 11 ) and |T1).
For unitary pairing states, q(k)=0 for all k, F(k,) becomes
_A() B
F(k,B) —E—tanh E E, (38)
k
which leads to s-wave superconductivity expression for T¢ known by
_ 1.14hw, ( 1) 39
c kB eXp a ( )

This will be true for opposite spin states as singlet states are also opposite spin states. For triplet states,
the gap function can be written as [30]:
p q(k)xd (k) B }

, 1 k)xd(k 1
Dpyo' = Z V(k k) {Fm [d(k) + M] tanhi!@E)EkT +— [d(k) - W tanhi!é!E)Ekl

lq (k)2 2Ey,
(54)
This expression can be recast into four equal spin states with q(k)=0 for all k

[tanh (ﬁz—c) (E, — ouB. H)]
1= Z NV
E, —ouB.H
With Ex; = Ex, = Ex. Here, we have introduced energy dependent density of states with ¢ = + for Tor |
spins. By changing summation into integral, we can get:

ON !
kT, = 1.14hw,exp {(—V [N(ef)lef i%EfUMBHD } (40)

we can rewrite this as:

1
kT, = 1.14hw, exp (— pos a') 41)

Where a = VN(6€)|Ef and a' = oVauzH, a = BIZEG) le,-

Here, H can be an applied field or exchange magnetic field.
From this, we can write

kgTer = 1.14hw), exp (—ﬁ) (42a)
kpTe, = 1.14hw), exp (—#) (42b)
From the above two expression we can generalized T,y for up spin fermions will be larger than T, for down
ones. Therefore, in between Ty and T, there is no pairing. It appears that because of the exchange coupled

uranium f electron spins [{1) and | Tl + {1) of the triplet set may be make disappeared or suppressed giving
principally|TT). This may be the limitation of the model.
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Fig. 1: Co-existence of superconductivity and ferromagnetism in UCoGe.
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Fig. 2: Co-existence of superconductivity and ferromagnetism in Ulr.
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Fig. 3: Co-existence of superconductivity and ferromagnetism in UGe,.

VI. RESULTS AND CONCLUSION

In uranium intermetallic compounds magnetism has a strong itinerant character and both ordering
phenomena are carried by 5f electrons .In Fig. 1, 2 and 3 we have presented the theoretical curve of the
magnetic order parameter y as a function of the superconducting temperature Tc. For this purpose, we have used
(29) which has been numerically solved using the relevant parameters for UCoGe, Ulr and UGe,. In the same
figure, we have also plotted the curve of y as a function of the magnetic transition temperature Ty, using (36).
This curve is found to be almost linear up to the experimental value of T,,=3k, Tm=46k and Tm=52k for
Uranium-Based Superconductors of UCoGe, Ulr and UGe, that we study.

From Fig. 1, 2 and 3 we observe that T¢ decreases with increase in y, whereas Tm increases with
increase in y. The superconducting and ferromagnetic phases, therefore, resist each other. However, the present
work shows that there is a small region of temperature, where both the phases may be in existence together and
indicated by (SC+FM) in the Figures. Thus a simple model based on a Hamiltonian which takes into account the
spin interactions between conduction electrons and ferromagnetically ordered localized electrons, can explain
the co-existence of singlet superconductivity and ferromagnetism in UCoGe, Ulr and UGe,. In the triplet case, it
appears the state | TT) will have preponderance and other states like | {1) and | Tl +11) will be suppressed with
small magnetic field applied or resulting from exchange interaction. T,; is found to be larger than T,,.Thus, only
spin up electrons will pair and compress first. Our study unequivocally shows that superconductivity and
itinerant ferromagnetism truly coexist in these systems and both ordering phenomena are carried by the same 5f
electrons.
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