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Abstract: - Wavelet collocation method for numerical solution nth order Volterra integro diferential equations
(VIDE) by expanding the unknown functions, as series in terms of chebyshev wavelets second kind with
unknown coefficients. The aim of this paper is to state and prove the uniform convergence theorem and
accuracy estimation for series above. Finally, some illustrative examples are given to demonstrate the validity
and applicability of the proposed method.
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l. INTRODUCTION

Basic wavelet theory is a natural topic. By name, wavelets date back only to the 1980s. on the
boundary between mathematics and engineering, wavelet theory shows students that mathematics research is
still thriving, with important applications in areas such as image compression and the numerical solution of
differential equations [1], integral equation [2],and integro differential equations [3,8]. The author believes that
the essentials of wavelet theory are sufficiently elementary to be taught successfully to advanced
undergraduates [4].

Orthgonal functions and polynomials series have received considerable attention in dealing with
various problems wavelets permit the accurate representation of a functions and operators. Special attention has
been given to application of the Legendre wavelets [5], Harr wavelets [6] and Sine-Cosine wavelets [7].

The solution of integro-differential equations have a major role in the fields of science and ingineering
when aphysical system is modeled under the differential sense, it finally gives a differential equation, an
integral equation or an integro-differential equations mostly appear in the last equation [8].

In this paper the operational matrix of integration for Hermite wavelets is derived and used it for
obtaining approximate solution of the following nth order VIDE.

uP()=g()+f; kx, Hu® (t)dt 1)
where n > s k(x,t) and g(x) are known functions, and u(x) is an unknown function.

11.SOME PROPERTIES OF SECOND CHEBYSHEV WAVELETS
Wavelets constitute a family of functions constructed from dilation and traslation of a single function
(t) called the mother wavelet.When the dilation parameter a and the translation parameter b vary continuously
we have the following family of continuous wavelets as [9].

o
0,,® = a7 0(),a,b €R, a0,
The second chebyshev wavelets @, ,, (t) = @(k,n, m, t) involve four arguments,

n=1,..,21  kisassumed any positive integer, m is the degree of the second chebyshev polynomials and t
is the normalized time. They are defined on the interval [0,1)as

koo -1

a)zn,m ® = {22 Un (Zkt —-2n+ 1),;—71 <t< anj )
0 otherwise

where U, ) = \Eum @® m=01,..,M-1 €)

here U,, (t) are the second chebyshev polynomialsof degree m with respect to the weight function w(t) =
V1 — t? on the interval [-1,1] and satisfy the following recursive formula
Upg(©) = LU, (1) = 2¢,
Upi1 (@) =2tU, (t) — U, (t), m=1,2,..

The set of chebyshev wavelets are an orthonirmal set with respect to the weight function
w,(t) =w, 2kt —2n+1) .

International organization of Scientific Research l1|Page



wavelet collocation method for solving integro-differential equation.

IHLLFUNCTION APPROXIMAT
A function f(t) defined over [0, 1) may be expanded as

f(t) = ﬁ:l Zﬁ:o Cnm wrz‘zm (t) (4)
where Com = (f (), &y (1))
In which (.,.) denoted the inner product in szn [0,1). If the infinite series equation (2.34) is truncated,

then it can be written
f(©) = T2 EMZh Com @ (©) = CT P (2) )
C = [Ci0,Cu1y o, Cor—19» C200 oo Ca— 1),... ety o, Cotyy ] W (1) =
(ko (£), @Ry (), e, g1 (), B () s Gty (O, e ot (O, e Peyy_, (O]
Convergence Analysis

for Chebyshev wavelets of Second kind.
A function f(t) defined over [0,1] may be expanded as:

f(&) = X1 Xrimo fum @i () (6)

where

fom = (F©), & () )
In eq.(5).(.,.) denotes the inner product with weight function w,, (t).
If the infinite series in eq. (4) is trancated then eq.(4) can be written as:

FO=f oy (©) = T25 T o o

_FTwﬁm
where F and «?2,, are 2¥M x 1 matrices given by
T
F = [ﬂo,fil, ""ﬂM’féO’ ""féM—l’ ...,fzko, . fzk 1py— 1] (8)

@ (O)=[ ko (©), @1 (©), ..., Rpy_1 (©), By (£, ., By 1(t),a)§k 1(6), .. 2" 1y 1(1')]

Theorem(1): (Convergence Analysis theorm)

Assume that a function f(t) € L% .[0,1],w* = V1 — tZ with |f"(t)| < L, can be expanded as infinite series
of second kind chebyshev wavelets, then the series converges uniformly to f(t).

Proof: since f,,,, = (f(t), @, (t))
then

1
- jo £ () ko (W (D)t

=fnf§;’1 g fOU, (2"t —2n+ Dw(2*t — 2n + 1)dt ©)
2k-1 T

If we make use of the substitution 2t — 2n + 1 = cos 8 in (5), yields

V2 (™ scos@+2n—1
fn = | 1=
22’0

) sin @ sin(m + 1)6 d6

(10)
By using the integration by parts,
Then eq.(10) becomes

P 1 Hf(cos@+2n—1) (sint sin(m+2)0)]n
= . -
" NeR N 2k m m+2 o
1 T rcos@ +2n—1\ | sinmf sin(m + 2)6
"'#f f'(—k)smé’ - de
\/727\/5 0 2 m m+2
1 T ,(cosO+2n—1\ .
fom = % f f( o )smBsmdeG
mvV2 22’0

1 T rcosf+2n—1\ | i
- % f f’( T )sm@sm(m + 2)6d6
(m+2)vV2 22”0
1)
After performing integration by parts again yields,
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_ 1 f” ., (cos 6 +2n— 1) cos(m —2)0 —cosmf cosm8O — cos(m + 2)6 6
Jum = Of 2k m—1 m+1

1 fﬂ o (cos 0+2n— 1) [cos(m)@ —cos(m + 2)6
3 5k T
(m+2)22 221’0 2 m+1
cos(m + 2)6 — cos(m + 4)0
- do

m+3

(12)

Consider:
2

2k m—1 B m+1

fnf" (cos 0 +2n— 1) [cos(m —2)8 —cosmf cosmb — cos(m + 2)9] "
0

2

fnf" (cosQ +2n— 1) [cos(m —2)0 —cosm@ cosmb — cos(m + 2)6
0

2k m—1 B m+1 ]da
L (c0sB +2n —1\|? i
f(—zk ) dexf
0

(m—1)cos(m+ 2)0 — 2mcosm@ + (m + 1) cos(m — 2)0
m—-1D(m+1)
T (m —1)? cos?’(m + 2)6 + 4m? cos?> mO + (m + 1)? cos?*(m — 1)
< anf > de
0 (m - 1)*(m + 1)?

2

do

m
<f
0

B nl?
T (m—=1%(m+1)?

T s s
[E (m— 1)2 + E4m2 + E(m + 1)2]
w22

= TS [3m? + 1]

Thus, we get
™ rcosB + 2n— 1\ |cos(m —2)8 —cosmO cosmb — cos(m + 2)0
f" ( k ) _ da
0 2 m—1 m+1
wL(3m? + 1)1/2

m-1D(m+1)

(13)

Similarly,
2

J” . (cos 6 +2n— 1) cos(m)f — cos(m + 2)6 cos(m + 2)6 — cos(m + 4)6
0 f 2k m+1 m+3

T rcosf@+2n—1
J, (=)
N (m+ 1) cos(m+4)0 — (m+ 1) cos(m +2)0 + (m+ 3) cos(m + 2)6 + (m + 3) Cos(m)9’2
(m+1)(m+3)
T cosf + 2n — 1\ |2
sfo f ( )| d6
mcos(m+3)0 — (2m —2)cos(m+1) 6 + (m + 26) cos(m — 1)6

m(m + 2)

Zk
<2 f” (m + 1)? cos®?(m + 4)8 + (2m + 4)? cos?(m + 2)0 + (m + 3)? cos?(m)0
s
0

B

2

|
(m+ 1)2(m + 3)2
w22
T 2(m+ 1)2(m + 3)2
w22
T m+ DZm +3)?

[6m? + 24m + 26]

[3m? + 12m + 13]

Thus we get
fnf" (cos 0+ 2n— 1> [cos(m)@ —cos(m+2)8 cos(m + 2)0 — cos(m + 4)9” 40
0

2k m+1 m+3
L

S+ Dm+3)

(3m? 4+ 12m + 13)1/2

(14)
Using egs.(13)and(14), one can get

International organization of Scientific Research 3|Page



wavelet collocation method for solving integro-differential equation.

sk ) ( nl(Bm? + 1)z mL(3m? + 12m + 13)1/2)

<2 2 m/2 —
fom | mm—-1(m+1) (M+2)(m+1)(m+3)
I | < 2T (2(m+1)) _ )

" 2%(m+1) (m—1)2 2

Finally since n < 2% — 1,then

T
2(m—1)>2

1 5
n2L(n+1) 2
fom | < V2(m-1)2

Accuracy Estimation of a2, (x):
If the function f(x) is expanded interms of fourth kind chebyshev wavelets,
@ =T o fan e ) (15) _
It is not possible to perform computation an infinite number of terms, therfore we must truncate the series
in (15). In place of (5), we take

fir () = T2 TN fr o () (16)
so that
f(.X.') = fM (.X') + Zzzzk—l_m Z:";l=M ﬁlm afzm (X)
or fG) = fu(x) =7(x) 17)
where r(X) is the residual function
r(x) = Z:';:zk—l.m Y= fam wgzm (x) (18)

we must select coefficients in egs.(17) and (18) such that the norm of the residual function ||r(x)|| is less than
some convergence criterion €,that is

1
1 2
(j (f(x)—fM)ZWn(x)dx) <€
0
for all M greater than some value M,,.
Theorem (2)

Let f(x) be a continuaus function defined on [0,1), and |f”(x)| < L, then we have the following accuracy
estimation

7l <o " 1 1
Ce < 35 Ln—2k=141 Zm=M (r 1195 (=D (19)
where
1
1 2 2
ten = (Jy r@)" w, () dx)’
Proof:-
1
Since Cim = (fol(r(x))zwn(x) dx)2

CEn = [ () wy (W
=f01 Z:=2k71+1 Z$=M f;lzﬂl (a)ZWn (x))dx :Z::Zkfl.;.l Z%=M fnzm fol(a)‘rzlm (x))ZWn (x) dx

or
0 © 1
Clgm = Lip=pk-141 Zm=M fO fan (a)z)zwn(x)dx

N2
Con =20 sty Zmemt [2 (25> 2ty 2k x — 2n + 1)2/1 — (2kx — 2n + 1)%dx
251
Lett = 2kx —2n + 1,
© " 1 —
Cl?m = Lip=pk-141 Zm=M fz f—l UY%I (t) 1—t2dx
we have,
1 T
f UZ(t)yJ1—t2dx = >

-1
then

2 _ T
Ckm - :=2k—1+1 Z;=M fzg

272 =5
2 s © m~L“(m+1)
Ckm < anzk—1+1 m=M 8(m—1)4
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wavelet collocation method for VIDE with mth order:
In this section the introduced wavelets collocation will be applied to solve VIDE with mth order,
u™(x) = g,(0) + [] Ki; G, Ou (Ode, n > s (20)
With the following conditions 17 (0) = a; i=12,..,1 s=012,...,.n—1
Afunction u* (x) which is defined on the interval x € [0,1] can be expanded into the second chebyshev
wavelet series

ul'(x) =X, o (t) (21)
Where c; are the wavelet coefficients.
Integrate eq.(21) m times,yields
u(@ =Eo¢ fy - Jy e @©de + X7 1"., ) (22)
Using the following formula

f f o, (t)dt = f (x —t)" o (D)dt
0 0 l)l
therefore eq.(22) becomes

u(x) =Zic

(x —t)"~
n—1)!

(nil)! fy = ot e ©de + L 5 an (23)
Let K,(x,t) = and L} = [ K,(x,Dh,()dt  i=0,1,...M
This leads to

u(x) =Xyt + X725 1" n—j

In similar way, we can get

) = T 6l + 5 S (24)
J-
Substituting eqs (22) and (24) in (20), yield
M ca(t) —gl(x)+f K;; (x,t) [Zl o CLi TS+ X0 j! a,_ s_j]dt (25)
or Yo () — A;(x) = g;(x) + ) 1%31 (x) (26)
where A;(x) = [, K, (x, )LF = (t)dt i=0,1,2,...M
B (x) = [, K, (x, )t/ dt j=0,1,2,...,n-s-1 (27)

Next the interval x € [0,1] is devided into [ Ax = % and introduce the collocation points
X, = k;l ,k=1,2,...,1  eq(21) is satisfied only at the collocation points we get asystem of linear equations
Zi 1C[@(X) A(X)]—gl(X)+Z ~1 2 ’B(X) (28)
The matrix form of this system
is C F=G+ Y15 1“S’B(x) where F=o (x), G=g(x)

1.Design of the matrix A:-
When chebyshev wavelets second kind are integrated m times, the following integral must be
evaluated.

= [ K, (. oy (D)dt ,i=0, 1,2, .., M

1 % 0 0 2 0 0]
2 0 1 0 00 00
4 4
(x—=t)" 1 _1 1-1 !
o) =2t g 0 0 00 00 Hlex<d
. . 1
: : 2(M-1)
M2
— 0 0 . 0 i0 0 . 0

Therefore ihe matrix A;(x) can be constructed as follows
Since 4,(x) = [] K, (x, )LI*(Ddt  i=0,1,2,...M
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m—

f K, G, DL Ot =0 |
Ai(x)=| xon |
U K, (e, OL*(©)dt i >0 J

0

(AVA WAVELETS METHOD FOR VIDE WITH NTH ORDER
For solving VIDE with mth order the matrix L7 (x) in section above will be followed to get

M ala(x — A] = gx) + X 2B (x,) L € [a,b]

j!
But 4,(x,) = [;" K, (x, DL} *()dt ~ where i=0,...,M
B;(x.)= fo"L K, (x,t)t"5dt
where L7?~5(t) asin eq(17),(18)
thatis A;(x,) = A, , Fi(x)) = o (x,) — A;(x,) = F,
Numerical Results:
In this section VIDE is considered and solved by the introduced method. parameters k and M are

considered to be 1 and 3 respectively.

Example 1: Consider the following VIDE:

U"(x) = e — [, e260U (t)dt

Initial conditions U(0) = 0,U’(0) = 0.

The exact solution U(x) = xe* — e* + 1. Table 1 shows the numerical results for this example with k=2,
M=3 with error =10 and k=2, M=4, with error =10 are compared with exact solution graphically in fig.

Table 1:some numerical results for example 1

X Exact solution Approximat solution Approximat solution
k=2,M=3 k=2,M=4
0 0.00000000 0.00000001 0.00000001
0.2 0.02287779 0.02280000 0.02287000
0.4 0.10940518 0.10945544 0.10940544
0.6 0.27115248 0.25826756 0.27826756
0.8 0.55489181 0.54330957 0.55330957
1 1.00000000 0.99999995 0.99999998
1
0.9 =
0.8 - =
0.7 - -
0.6 - =
0.5 *
0.4 =
0.3 =
0.2f = g 4
0.1 =
oO 0.1 0.2 0‘3 0‘4 015 0‘6 0‘7 0‘8 0‘9 1

Fig 1: Approximate solution for example 1

Example 2: Consider the following VIDE :
UG (x) = —2sinx +2cosx — x + fox(x — U (t)dt
Initial conditions U(0) = 1,U’(0) = 0,U"(0) = —1,U3(0) = 0.
The exact solution U(x) = cosx. Table 2 shows the numerical results for this example with k=2, M=3 with
error=10" and k=2, M=4, with error =10 are compared with exact solution graphically in fig, 2.
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Table 2:some numerical results for example 2

X Exact solution Approximat solution Approximat solution
k=2,M=3 k=2,M=4
0 1.00000000 0.99812235 0.99999875
0.2 | 0.98006658 0.98024711 0.98005541
0.4 | 0.92106099 0.92158990 0.92104326
0.6 | 0.82533561 0.82479820 0.82535367
0.8 | 0.69670671 0.69689632 0.69678976
1 0.54030231 0.54032879 0.54035879

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6

0.55

05 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig 2: Approximate solution for example

V. CONCLUSION
This work proposes a powerful technique for solving VIDE second kind using wavelet in collocation

method comparison of the approximate solutions and the exact solutions shows that the proposed method is
more faster algorithms than ordinary ones. The convergence and accuracy estimation of this method was
examined for several numerical examples.
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