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l. INTRODUCTION

Fixed point theory is one of the most dynamic research subjects in nonlinear sciences. Regarding the
feasibility of application of it to the various disciplines, a number of authors have contributed to this theory with
a number of publications. The most impressing result in this direction was given by Banach, called the Banach
contraction mapping principle: Every contraction in a complete metric space has a unique fixed point. In fact,
Banach demonstrated how to find the desired fixed point by offering a smart and plain technique. This
elementary technique leads to increasing of the possibility of solving various problems in different research
fields. This celebrated result has been generalized in many abstract spaces for distinct operators.

Random fixed point theory is playing an important role in mathematics and applied sciences. At present it
received considerable attentation due to enormous applications in many important areas such as nonlinear
analysis, probability theory and for thestudy of Random equations arising in various applied areas.

In recent years, the study of random fixed point has attracted much attention some of the recent
literature in random fixed point may be noted in [1, 5, 6, 8]. The aimof this paper is to prove some random
fixed point theorem.Before presenting our results we need some preliminaries that include relevant definition.

1. PRELIMINARIES
Throughout this paper, (©2,X)denotes a measurable space, X be a metric space andC is non-empty subset of X.
Definition 2.1: A function f:Q—C is said to be measurable if f (BNC)e Zfor every Borelsubset B of X.
Definition 2.2: A function f:QxC —C is said to be random operator, iff (.,X):Q—C is measurable for every X
eC.
Definition 2.3: A random operator f:QxC —C is said to be continuous if for fixedt € Q,f(t,.):CxC is continuous.
Definition 2.4: A measurable function g:QQ—C is said to be random fixed pointof the random operator f:QxC
—C, iff(t, g(t) )=g(t), vt € Q.

1. Main Results

Theorem (3.1): Let (X, d) be a complete metric space and E be a continuous self-mappings such that
d(g (&) EL5. g(6)d (h (&) E{.h()})d (g (¢) E{S.n(£)})

T
\
+d(g() h(&))d(h(£) EL5, g} )d (n(£) ELE. (D) |
[d(g(£), ()N + d(9(2), ELEN(EN A (h(), EL2,h()}) }

]

[
|
§(ELE Q) EXENED <)
|
|

Bld (g (&), E{E,g(&)})+ d(h (&), E{E.h(&)})]
+y[d(g (&), E{€.h(&})+ d(h(&), E{&, g (£)})]
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4y (E) ELE. 0 (DA (h(£), ELE (£
d(g(£)h(&)) (3.1.1)
+8d(g (&) ()
Forallg(&))and n(s) e x Withg(s) = h(s), where a,8,7,7,6 : R* - [021) are such that
a+2p +2y+05+n <1,then E hasaunique fixed point in X.

Proof:Let {g,}be a sequence, define d as follows

g {&y=E{& 9, _1(n,n=1234..
If g {¢3=19,,,{cy forsome n then the result follows immediately.
Solet g, (¢)=g,,, (&) forall nthen

d(g,(£) 9,,1(8))=d(E{&, 9,41 (E)} ELE,9,(EN)

d(g, (&) ELE, g, (£ (g, (&), E{E, g, (&) (g, (&), E{&. 0, (£)})

:
|
+d(g,.,(£)9,(&))d (g, (&), E{&, 9, (&E)d(g, (&), E{&. g, (E)) |
[d(g,,(8) g, () +d(g, (&) EL€E, 0, (E)d (g, (£), ELE, 9, (£)}) }
]

'
\
\
L
+ Bl (9,4 (&) EL€€. 9, ,(E)})+d(g,(£) ELE, 0, ()})]
+r[d(9,1(6) BLE 9, (€01)+d (g, () ELE, 9,4 (E)})]

d(g, (&), E{E, g, ,(&})d (g, (&) E{Z. 9,(£))
d(g,.,(£). 9,(&))

+8.d(g,.,(£).9,(£))

+n

lr d(g,_1(£) 9, (£))d(9, () 9,,1(E))d (g, (£) 9,,,(£)) 1|
| +d(9,.,(6) 9,(E))d(g, () g, (E))d(g,(£). 9,,,(8) |
10004 0, 408,406 9,00, 9,,1()) |
+Bld(9,.1(£). 9,(&))+d(g,(£) 9,.,())]

+7[d (g, 1 (€) 9,..(8))+d(g, (&) g,(&))]
. d(g, 1 (£), 9,(E))d (g, (£) g,,,(£))
d(g,.4(£) 9,(£))

+5.d(g,.,(£). 9,())

<a

Fd(g,1(£) 9,(E))d(g,() g,,.())d(g, (&) 9,,1(8))]

< a |

L d(9,4(8) 9,.1())d(9,(£) 9,,4(£)) ]
+ Bld (g, (£) g,(£)+d(g,(£) g,,,(&))]

+r[d(g, 1 () 9, (&) +d (g, (E) 9,.1(8))]
+7.d(9, (&), 9,,,(&))
(

+8.d(g,.,(£). 9,())
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<ald(g, 4 (&) g, (E))]+ Bld (g, () g,(£))+d(g,(£) 9,,,(5))]
+7[d (9,108 9, (E))+d(g,(E) gpa(E))]+7.d(g, (&) 9,,,(&))

+8.d(g, () 9,(8))
=(@+B+y+8)d(g, (&) 9, (E))+(B+r+m)d(g,(£) 9,,,(£))

= A-B-y-m)d(9,(£), 9,4(E))< (@ + B +y+58)d(g,,(£).9,(£))
(e + B +y+9)
A-p-r-n)

= d(g, (&) 9,,.(8))< d(g,_, (&) g,(£))

o).
L BT (g0 8), 0,(8))
A-p-r-n)

Thus by triangle inequality, we have for m > n

d(0,(&) 9, (£))<d(9,(E) 00,1 (E))+d(0,,1(E) Gpyp (€))F e +d(g,_,(£) g, (&)

+1 n+2

=(s"+s"+s +....+sm71)d(go(.§),gl(§))
Where S=M<l SiNCE o +2B8 +2y+8+75 <1
-B-r-1n)
Therefore

n

d(g, (&) g,(&))s= k d(ge(£) 9,(8)) > 0,as m,n - « . Hence the sequence {gn}is a Cauchy sequence, X
1

being complete, there exist some p « x such that

E(.u() = E["m gn(é)J= lim .E{5.9,(5)} = lim g,.,(5)=u(s)

Therefore u (&) is a fixed point of E.

Uniqueness:Let if possible there exist another fixed point v (&) of E in X, such that u (&) = v(&) then from
(3.1.1) we have
d(u(e)v(g))=d(E{S.u(&)} E{S.v(£)})

d(u(&) E€6.u()})d (v(&) ELS V() (u(£) E{E,v(¢)})

1
|
+d(u(E)v(ENd(vV(E) ELE, u(ER)d (v(E), E{E.v(ER) |
[d (u(&) V()2 + d(u(E) ELEv(E})d (v(E), EXE v(£)}) }

J

'
|
SaI
|
I
+ Ald(u(€) E{6.u(&)}) + d(v(£) E{E. V()]

+y[d(u(€), E{E.v(E}) + d(v(&), E{E,u(E)})]
. d(u(é), B, u(&)})d (v(&), E{E,v(£)})
d(u(e), v(&))

+5.d(u(&) v(£))

< 7[d (&) v(&€)) + d(v(E) u(&))]+ 5.d(u(£) v(E))
< (27 + 8)d(u(&) v(£))

d(u(€)v(e)) < (27 +8)d(u(&),v(£))
Sincea+2ﬁ+2y+5+77—<1: 2y +58 <1

= d(u(&), v(£))<d(u(e) vg))

This is contradiction, SO u (&) = v(e) -
This completes the proof of the theorem (3.1.1). We now prove another theorem.
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Theorem (3.2): Let Ebe a self-mapping of a complete metric space (X, d), if for some positive integer p, E * is
continuous, then E has unique fixed point in X.

Proof:Let {g,} be sequence which converges to some. u e x . Therefore its subsequence{ } also converges
to u also

P =’ im g, ©)=lim €"(e.g, (9)=im g, (£)=u@)

Therefore u(¢) is a fixed point of P, we now show that e (¢, u () = u(e) -

Let m be the smallest positive integer suchthat e " (£,u(&)) =u(¢) and E® 2z u(g)1<q<m-1,lfm>1then
by (3.1.1) we get,

d(u(€), EL,u(€)) = d(E™&,u(@h EL.u(En)
= d(EE" e @, ELEuER)

+d(E"ME U@ uE))d(u(e), EMLE U Ja (u(€), ELE,u(EN})
[a(E™ e u@m u@))] +d(E™ e u(@n EL.u(En (v () ELC,u(E))

o

‘Fd( LEU(EN EMLE,u(EN)d (), ELE, u(en)d (E™ e u(en, E{f,u(é)})T|
| |
| |
| |
| |
|

L
+ A (E T U@ EMLE U@ )+ d(u(€), ELEu(EN})]

+rla(E™ e um B u@n)+ dlu) Em g uEn )]

(BT D BTN R () B0 @)
I d(E" e U} u(©) ]

vofa(E" e u@n u©)

|F d(E™ e, U@k u(@))d (u(€), ELe,u(E)})d (B u (€ ELE,u(E)}) W‘
| a(ET 0 u))d ) b)) (6 EEEu () |
e e w@) +a(E" M u @ ECEuEN ), ELE () |
] J

<a

s BlAE™ M W@ u@)+ d(u(E) ELe,u(@n)]
+rfo(E™ e u@n B U@l )+ duE) u)]

+77|fd(Em’1{§,U(é‘)}x u(@))d (), E{‘f'”(‘f)}ﬂ‘
(E" e v u) ]

+old(em

<aloe
+ pla(e

+y[d(E

-1

-1

-1

HEUEN u(©)))

L u@)
LEU(EN u(@))+ du(E) ELE.uEn)]
LEU(E} du(E))+ d(u(E) EL£, )]

+nld (&) E{&. u(&n)]

+ofa(em

e uEn u@))
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(@t By +a)dE"THEUEN U@)+ (B 4y +m)d(u(E) ELE,u(EN})

A= f -7 -mdU(E)ELEUER)< (@ + B +y+8)d([E™HE U u(©))

5 o
= d(u(e) Bz u(en) < EELETEO) geme w(en, u(e))
QL-B-r-n)
= d(u(e) ELEuEn) < s.d(E L uE u(e))where s & Ao
Q-B-r-mn)
Further,

d(E" e u (@ u@))=d(E" g u@n M uEn)
<sd(E"E (e EM e u(E))

<s"td(u(e) E{Eu(ENR)
Therefore

d(u(e), B, u(&l) < s"d(u(e), E{c,u(e)n)

< d(u(£) E{.u(&))
Which is contradiction, therefore u(¢) is fixed point of E.That iSu(¢) = e{e,u(e)} -This completes the proof.

Theorem (3.3): Let E be a self-mapping of a complete metric space X such that for some positive integer m,
E " Satisfies
d(EMg, g (e EMEE (D)

dlg(e) E™e g(@n)d(h(e), Emge n(@n)d(g(€), Emge nen)

1
+d(g() h(@)d(h(E), E™E, g )d (h(e), EmE n(n) }
[d(g (&), h(E)] +dlg), Emge, h@n)d(h(e), E™e.nEy) |

|

|

r
|
|

< af
|
|
L

+plalg) g a@n)+ dlh) Em e neEn)]

+rlalo) em e neEn)+ dlh) Emge o)

. n(d(g(cf), E"{s, 9N (h(e), Em{é,h@)}ﬂ
L d(g (&) h(&)) | (3.3.1)

+8[d(g(£). h(&))]

Forall g(sy)and neg) e x Withg(e) = h(e), where «,5,7,7,6 : R* - [01) are such that
a +2p +2y+ 68+ <1,if for some positive integer m,E™ is continuous, then E has a unique fixed point in X.

Proof: E " has unique fixed point u (&) in X follows from theorem (3.2).

E{Z,u(&)} = E(E™ (£, u(&) = E"E{&,u(&)} , Which implies that e¢z,u(e)y is fixed point of E™ but has
unique fixed pointu (&), SO E{e,u(e)} = u(&) -

Since any fixed point of E is also a fixed point of E ™ . It follows that u (&) is unique fixed point of E. This

completes the proof of (3.3).We now prove another theorem.

Theorem 3.4: Let E & F be a pair of self-mappings of a complete metric space X, satisfying the following
conditions:

d(E{¢,g(&)} F{&,h (&)
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d(g (&), E{&.g(&)})d (h(&) F{&.h(&ER})d (g (&), FL{&.h(&)})

+d (g (&), h(&))d(h(&), E{E,g(&)})d (h(&), F{&,h(£)})
[d(g (&), h(EN® +d(g (&) FL{&,h(ER)d(h (&) FL&E, ()

r
|
Sal
|
|

S |

+ Ald(g(£), E{€,g(£)}) + d(h (&), F{&.h(&)}))]
+7[d (g (&), FL&.h (&) + d(h(&) E{E, g (£)})]

. d(g (&), E{E, g(&)})d (h(&), F{&, h(&)})
d(g (&) h(£)) (3.4.1)

+05.d(g (&), h(&))

Forallg(s)), n(e)ye x Withg(e) = n(e) ,where o, 8,7,7,6 :R™ > [01) aresuchthat & + 28 + 2y +5 +7n <1
Jif E & F are continuous on X , then E& F have a unique fixed point in X.
Proof:Let {g,} be a continuous sequence defined as

E{¢.0,,(&)} n is even

9,(&) =
n Fleg. (&) n is odd andg, {¢3} = g, ,{¢} foralln.

NOW d(g,, () 950,1(£)) = d(ELE, 9,5, (&)} FLE,9,,(E)})

d(9,, 1 (&) ELE, 0,y 1 (EN)A(0,, () FLE,0,,(E)3)d(9,,1(E) F{&,0,,(E)})

:
|
(9204(£) 920(£)) (950 (&) ELE1 9504 (ED})A (950 (€) FLE 920 () !
(9202 (60 20 () + 0 (901 (6) FLE 050 (1) (0, () FLE 05, (£}) I

J

+

:
o
Sa} [d
L

+ Bld (9,01 () ELE. 9,0 1 (E})+d(g,,(E) FL{&.9,,(E)})]

+7[d(g,, 1 (&) ELE 9,y (E)F)+d(g,,(E) E{E.9,, 1 (E)})]
. d(9,,1 (&) E{E, 95, 1 (E)})A(9,, (&) F{&,0,,(£)})
d (9,41 () 9y, (&)

+8.d(g,,.1(£). 9,,(8))

d(50-1(E) 9pn (€))A (0,50 () 9001 (€))d (50 1(E). Upp, (£))

'
I +d (9,5, () 0,,(6))d(0,, (), 9,,(£))d(9,,(£) 9,,,1(£))
(0020406 020 O + (020 106 050100 (050(6). 050,4(8))
I

+ Bld (9,0 1(£) 950 (£))+d(9,,(£) 95,,1(£))]

+7[d (9,501 (8) 9001 (E))+d(9,,(E) 95, ()]

<a

1
|
|
j

; d(0,0_1 () 9,5, (£))d (9,5, (), 90,1 (&)
d(0,0.1(£), 9,,(£))

+6.d(9,,4(£),9,,(&))

<al(9,01() 9,,(8))]
+ Al (9,0 1(8) 9,5, (8))+d(9,, () Gp0.1(E))]
+7[d (9,0 1(E) 9,0 (E))+ d(9,,(£) 9,0,,(8))]
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+7.0(9,, (), 9,0,1(8))+6.d(9,,4 (), 9,,(£))
=(a@+B+y+8)d(9r0 1(E) 950 (E))+ (B +7 +7)d(0,,(E) U,0,1(8))
(lfﬂf}’*ﬂ)d(gzn(ﬁf)i 92n+1(§))s (Ot +ﬂ+7+5)d(92n71(§)1 an (GE))

(a+p+y+95)

d(g,,.1(8) 9,,(£))
@-p-y-n) ’

d(g,(€) Gppyn(€))<

(a+p+y+59)
=—<
-B8-r-n)

= d(9,,(8) Gpna(£))<5.d(0,,4(€) 9,,()) where s 1

Similarly
(950 (E) 92001 (6))<8%.d (95,2 (E) 9,5,.,(8))

<s7"d(g0(8) 9,(8))
Hence d(g,,,1(£). 9,,.,(£)) < s* (g, (£). 9, ()
Hence the sequence { g, } is a Cauchy sequence in X and X being complete, therefore there exist u(¢) in X
such that lim g, (¢) = u(¢) the subsequence g, — u(¢)

n—x

Now, if EF is continuous on X then

EF (£,u(£) = EF {lim g, (&)} = lim g, (£)=u(&)
Thus EF {&,u(£)} = u(e) i.e.u(e) isfixed point of EF.
Now we show that F {&,u &)y = u(e) - IFFL{e,u(e)} = u(e) , then
d(u(g) FL&,u(€)}) = d(EF {&,u(&h FL&,u(€)})
[d(FL{E,u(&)} EF {&,u(&)})d (u(g), FLE u(@))d (FL{&,u(€) FL{& u(&n)]
. ai + d(FLE U} u(§))d (u(€), EF {& u(E})d (u (), FL&,u($)) }
l [d(FE&.uh u(@) + d(FL&.u(€) FLEu(E})d(u(g) FL&,u(€)3) }
L |
+ Bld(FLE. u (&)} BF {£,u(E)}) + d(u(&), F{& . u (&)

+7[d(FL&. u(&)} FLEu(&)})+d(u(é) EF {&,u(&))]

. d(F{&, u(&)) EF {&,u(&)})d (u(&), F{&, u(&)})
d(F{&,u(é)} u(é))

+8[d(FLE, u(&)l u(d))]

d(F{&,u(E} u(&))d (u(€), F{& u(E))d (FL&,u(&)} FL{& u(&)})

1
\
+ d(FLE,u(EN} u(@))d(u(€) u(l)d(u(e) F{&.u(&)) \
[d(FLe,u(@l u(@)]’ + d(F{&,u(e} FL&,u(ER)d (@), F{cf,u(:)})}
]

'
\
Sa}
\
L
+ BlA(FLE u(E u(€))+d(u(&) F{& u(&n)]
+y[d(FL& u(@)y FLE u(E)})+ d(u(&) u(&))]
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. d(FL&, u(é)} u(é))d (u(g), F{E, u(&)})
d(F{&, u(&)} u(&))

+8[d(FL{&, u(&} u(é))]

B alrd(F{é‘,U(é)}, u(¢))d (u(g). F{& u(&)})d (F{& u(&), F{gﬂu(f)}ﬂl
[d (FLe v @) ]

+2[d (FL&,u (&l u(&)]+ 7[0]+ nd (F{& u(&)} u(&))+ s[d(FL{&,u(&) u(&))]

=28 +n+5)d(F{&,u(&)} u(g))

d(FLEu(E} u(€))< 2a + 7+ 8)d(FLE,u(&)} u(é))

< d(F{&,u(&)} u(&))
Since a+28+2y+65+n <1 impliesthat (28 +7 +6)<1
Hence F{s,u(&) = ue) -

Further d(E{¢,u(&)} u(£)) < d(E{&,u(&)} u(g))implies that E€<,u(£)} = u () .
So u is common fixed point of E & F
Uniqueness:

Let v (&) is another common fixed point of E & F we have

d(u(€)v(g)) = d(E€€,u(&)) FLE,V(ED)

[d(u(€), B, u(ER)d (v(g), FLEV(ER)D (u() FL&v(EN)]

< a} +d (U(E)v(E))d (v(£) E{E, u(€})d (v(E), F{E. V(D) }
BV + a0 FLEVENI () FLEVER) |
I J

+ Bld(u(€) ELE,u(&)})+d(v(E) FLE v(En)]

+r[d(u(g), FLE V(&) +d(v(£), LS, u(&n)]

. d(u(g) E{&, u(€)})d(v() FL&, V()
d(u() vg))
+8[d(u(g) v(e))]

[ (u(€), u(e))d (v(), v(e))d (u(€) v(e)) + d(u(€), v(&))d (v(£), u(é})d (v(&), v(&)) |

< af |

| [d (u (&), v +d(u(E)v(E))d (v(e) v(E)) |

+ Al (u(E) u(g))+d(v(e) v(&))]

+7[d(u(€) v(e))+ d(v(g) u(@))l
d(u(g), uE)dv(g) vig))
d(u(e) v(e))

+8[d(u(E), v)
< (27 +8)d(u(€)v(&))

d(u(e)v(&)) < (2y +8)d(u(&) v(&))

< d(u(£)v(s))
Because (2 + ) <1 . This impliesu () = v(¢) .This completes the proof of (3.4)
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