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A Note on Riemann Zeta Function
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Abstract: The Riemann Zeta Function is an essential special function in analytical number theory; its connection
to the distribution of prime numbers was the motivation to expand its domain from real numbers to complex
numbers®**. The importance of the Riemann Zeta Function is not only due to its crucial applications but
furthermore due to the Riemann Hypothesis that remains unsolved till now. In this article basic properties are
discussed and some important functional relationships are investigated.
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I INTRODUCTION
The Riemann Zeta Function is defined by {(s) = 2221% where s = x + iy, this notation for complex number
s is due to Riemann and now it is a standard notation in this context [1], [2]. The series above is absolutely

convergent for R(s) = x > 1, since
Z Z Z i
[ns| |nx||nly| nxlelylogn | - nx
n

con=[>4< Z

n=1 -
by Cauchy-Integral Theorem:
N 1 1 1—x |
Zn— f—x = t I3, for x = Re(s) > 1.
n=1 1

1. EULER PRODUCT REPRESENTATION
In this section we derive and prove the connection between prime numbers and the Riemann Zeta Function. Let
P denote the set of all prime numbers, then the following holds true.

Theorem 2.1
|c(s)|—z [lims o

pEP
Proof let p € P, i.e. p isa prime number
Method I:
=TI G [T St e Y
—p-s h.S = ,ski: skq * sky """ sky "
pEPl p i1 o Pi i1 oo P o L e Y A e Y L

_ ( 1 1 )
L L “\prF pok ™ ok

by Fundamental Theorem of Arithmetic

n= Hmklpzkz e Py N
this implies

1

1—-p—s ns
pEP n=1

Method Il we multiply {(s) = Yw_1— = by this implies

1
()5 = Z ns 25 (Zn)s
if we subtract from ((s) thls yields
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1 w1 w— 1
{(S) - C(S)g = ZF - Zl (zn)s

ns
=1
n#2k 1
we multiply the above expression by = and get

()5 Y

n#2k i
then we subtract again to derive

¢ (1 - l) (1 _3i) - ; %_ (331)5
n;otozk

1 1 1 1y 1

@(i-3)(1-5) = 2w
n=1

by repeating the above steps with all prime numbers to conclude that

((1-3) (-3 (-5) = Y=

n#2
n#3
n#5

therefore

I -ha-d)- [

)\l -3 per

Corollary 2.1: “Infinitude of Prime Numbers” ifwe let s = 1 in assertion (1) the following holds true
{(1) =o0.

1-
pEP

Next, we prove that the Prime Zeta Function Zp@; is a divergent function.

Theorem 2.2
PREEINC
pEP

Proof. Since {(s) = ]'[pep - - then

logq(s) =logllper—= - Zpep log —, we know that:

logli = —log(1 —x) :—(—Z_>:§:ﬁ

replace x in the expressmn above by p~° to provide

=3 SIS zp—wzzp“

pEP n= pPEP n= pEP pePn
pEP n=2 pEP

Now, the last term in the previous expression, satisfies the following

1 1 1 1 1 1
Z F = Z |psn| = Z |pxn+iyn = Z |pxn||piyn = Z xnleiynlogp | = ZW

peP peP pEP pEP
f1 1
> Z Z Z Z e = [ g =
sn xn tn n— 1
pEP k=2 |— 1
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therefore

5o

n=2

Z Z sn —Z Zpin

n=2 peP n=2 pEP
by using the assertion (4) and Iettlng s = 1 (3) becomes

logg(s) = Z Z >

n=2 pEP
the left hand S|de goes to infinity and the last right hand side is bounded by 1, that implies:

Zl
— > ©
p

pEP
m}
1. THE PRIME COUNTING FUNCTION m(x)
Theorem 3.1
] _ sm(x) d .
0g{(s) = PO (5)
2
Proof. From (1) we can write:
log¢(s) = ) [w(w) = m(n — D] log 7=
n=2 o
1
:Z;n(n)logl —Zn(n—l)logl_
00 o0 1
Z;n(n) log1 Z m(n) 10gm
= > nmllog(1 — (n + 1)) ~ log(1 - n™)]
n=2
now,
d log(1 1 Ce1y s
dx 0g(1 —x )—1_x_s(sx )_x(xs—l)
this implies
S
Sy = | —
log(1 — x7%) fx(s_l)dx+c
n+1 o n+l ( ) 0 Sﬂ(x)
ST(X
log¢(s) = ﬂ()f _1) =ZJ -1 ‘jmd"
n=2n
]
V. SPECIAL VALUES OF ZETA
Theorem 4.1 “Basel Problem”
2
((2)=—
Proof. By the means of Taylor expansion of the sin function:
s s> §7
sins —s—— §—$+
let s » ns
sin s L (ms)?  (ms)*  (ms)® N
s 3! St T
Sin 1@s _ T 2 T 4 T 6
= —ys +HS ?S T

usmg the fact that:

sin s L s? L s? L s?
s 12 22 32)
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sin ©s 1 1 1 1 1 1 4 1 p
w17 (12+2_2+3_2+_ ) (1222+1232+2232+"')S (m*“‘)s e
by equating coefficients the desired result follows o

Theorem 4.2 “Zeta of 2n”
nscotms =1 — 2 Z {(2n)s?"
n=1

Proof. we start by

o0

sin 7s s2
(=
s ( k2>

k=1
taking the logarithm of both sides, we have

sin ms 1 = ) 52
e =log] [(1-7
k=1
logsinmts = logms + Z 10g<1 — ﬁ)
k=1

we derive with respect to s

ogsinms = |1 +§:1 1=

75 logsinms = —Jlogms 2. og 2
COSTIS 1 N Z 1 ( 25)

Tsinms s (1 _ 2) k?

B
k=1

x|
)

[\S}

-1 2s?
nscotms =1+ T\ TR
k=

1(1—
= 1
7S cotms = 1+2522m

1 e}
tms = —
freotms s+kz< —k s+k>
o0 o0 S
nscotms =1+ zz ) ( )

x|
)

k=1n=
© °° 2 n+1
S
nscotms =1—2 Zz k_>
Igc=1 réo=0
nscotns=1—222 2"—1—22(2 >
i k=1n=1
that is:
mscotms =1—2 Z {(2n)s*
which completes the proof i
Theorem 4.3 “ the connection to Bernoulli’s numbers”
-1 n+1 21 2n
cany = O GO By
2.(2n)!

Proof.

COS TS eims 4 g~ims 2i
TS COt TS = TS — =TS . —

sinms 2 elrs — g~ims

eins +e—ins eZiﬂS + 1

=71Si ——— =nSi ——
eins _ p—ins est -1
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e — 142 2
=Sl ———— = i7ns <1 +.7)

est -1 est -1
this yield
. 2ims
ms cotms = ims + T 1 (6)
we know that:
s b, s b
e—1 Ln® T 1. L @
n=0 n= 1n|5 n=0
that is equivalent to
o Z B o Z
dlved bys
1=Zﬁ—ns".zls"_l ﬁn s" Z
P! n! n! (n+ 1)'
0 n
1
1=Z ﬁm Z "+1)ﬁmsn
m! (n m+1) (n+1)'
n=0m=0

D ("N =0, fo=1andp; =
m=0
by the means of (6) and (7), we have

s cot s = ims + Z ﬁ—’:(Zins)"

n=0

= ins + & + & (st) -2 z P <— E) Qims)™

=1-2 Z (.[ngn)' (— —) (2ims)*™

Bon (Zﬂ)znizn n
=1- 22 (22)' 5 52

Z (=1)"'(2m)*" Bon 2
2.(2n)!
the expression above together with theorem 3.1 implies:

n+1 2n
camy = CO @D By

2.(2n)!
O
Examples:
_41'[ 1 n? o= 16n* —1 w* Jec6 _327r6 1_7T6
(@D =5516"5®W="33730 90 ™SO =570 915
V. SPECIAL FUNCTIONS

Theorem 5.1” Gamma Function” [3], [4]

s—1

-1

T(s)¢(s) = f e’j du

0
Proof. I'(s) = fooo ts"le7tdt, let t = nu — dt = ndu
I'(s) =fn5u5_le_"”du

0
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0

I'(s) 1 = J-us_le_””du
nS

DO [’e] 0 o0 o)
n-s Z f us—le—nu du = f us—l Z(e—u)n
0 0 n=1

[(s)¢(s) =T (S)
n=1 n=1

s—1

-1

I'(s){(s) = J- ;: du

0

Theorem 5.2 “Jacobi Theta Function”

Proof.
)
I(x) = Z e X
nez
+o0
Y=Y [ foremiray
nez k€Z —o
4+ +o0
Z e—nnzx — Z f e_nyzx e—Zm'ky dy — z J e_nyzx—zmky dy
nez kEZ o keZ Zw
1S k k2 ok?
_ 2490 L 2KRT L2
=Z f e nx(y +21Xy+1 vl ;Z—)dy
kezZ _oo
—frx y-H =i —2—]
K dy
keZ _oo
K2
_o2l i~
:Z j e Tk xe rrx(y+1x) dy
k€Z —_»
+o0 2
k2l _ K
=ze mk X J e nx(y+1x) dy
kez e
too 402
yields +o0 -
Iety+l——z—>dy dz| i
—o0 + 1—
X
k
—oo+iz
1
Z e—nnzx — Z e_”kZE j e—nxzzdz
nez kez k
—ootiy
now,
-k -k
R —R+l; R+L; R
—7'1.'.XZ2 j— —7'[9622 —7'UCZ2 —TU(ZZ
e dz = e dz + e dz + e dz
R R —R+i5 R+iz
—0
2 k2l 2 _2l [m
Terreget [erun gt
X
nez keZ —0 kez

finally, we have

2 _2l |1
Ze_nn = Ze " "%
X

nezZ i kez
that is equivalent to:
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90x) = — (1)
(x) = =\
O
VI. THE ZETA FUNCTIONAL EQUATIONS
Theorem 6.1

1-s

72T (5) ((s)=n"72T (2> D)
2 2
Proof. In the definition of Gamma Function, if we let — % :

o0

S s
r (E) = f t2le~tdt, lett =mn’x - dt = mnidx:
0

o0

o0
S S S
21 _7n > 21 _7gn2
= f(nnzx)Z e ™ Xrnldx = fnznsxz e ™ X dx
0

ﬁ_%l“ (i) i = fx%_le_""zxdx
0

2/ ns
wir () zni - f S Z porns gy
23T (%) (s) = Of x%—lnzle wnZx g
recall B
ﬁw(x) - ;e-ﬂnz’f: 14 2; e—’mzf =1+ 20(x)
S 4 _ S S

sz_ PY(x)dx ifo w(x)dx+ojx2 PY(x)dx
by using:

9(x) = \/%19 (%) o 2p(0) +1= %(21/; G) + 1)

1 1 1 1

v =20 () + 353

1 1

f v 15 (Lol Do

1

s_1
2 2

s 3 1d 1

= 22y [ —
x lp(x) x+s(s—1)
1 1

= — sdx = ——du, 1 1

forx u—> x " u lo = |
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the right hand side of the integration becomes:
1 s 3

1\272 du 1
f (ﬂ) ) (_ ?) * s(s—1)
;Ohat is: ;
1\272 dx 1
f (;) ¥ (x_2> * s(s—1)
\1Ne derive:
X 54 (s 1
fxz Y(x)dx = J-x 2 21p(x)dx+s(s_ )
now, " '
© o 1
fx%_lzp(x)dx = fx%_llp(x)dx +fx%_1¢(x)dx
0 1 0
= fx%_ll,b(x)dx +fx_%_%l,b(x)dx+s(s_ )
1 1
s, _s1
=f(x2 +x22)1p(x)dx+s(s_1)
therefore; since ' B

s s ‘ s 2 S_
20 (5)(s) = | 227t ) e xdx = "Y(x)d
T 2 (2) S Ofxz 16’ X sz X X

n= 0

we have:
72T (2)46s) = f(xi +x7) ""ix) dx — 5(11_ 5
this implies: '
72T (g) () =n 2T (1%5) ‘(1 —s)
Theorem 6.2 ’

{(s) = 25151 sin?l“(l —s){(1—y5)
Proof: by using:

a

)i =T (?) {(1—s)

together with the following facts:

ﬂlr(s) =F(S)F<S+1>

25— 2 2
F(S+1)F(1_S)— b
2 2 ) o™
COoSs 2
2s—1 1
I'(2s) = I'(s F(s +—)
(25) = —=TO" (s +3
lets — % in the expression above, we have:
2571 s s+1
HORS= r(z)r< . )
that is:
Vr s s+1
71O =rG)r () ®
we also know that:
Irs)r(1—-s)=

sinzs
. +1 .
if welets — ST we derive:
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or

we multiply both side of
_1 1-s
nZF() (s) == ( ; )5(1—5)
by F( ) implies:

0 - P (-

using (8) and (9):

s 1-s 1
™27 F(S)((S) =n 2 —5d(1-s)
COST
that is
. {((1—-s)= (2 E cos—l“(s)((s)
Letting 1-s goes to s
2 n(l—5s) ra 1
$6) = Gy s — 7T =) =9)
that completes the proof |
VIL. CONCLUSION

A. THE TRIVIAL ZEROES
It is obvious from Theorem the result above that the following:
—2,—4,—6,..= =2k, k =1,2,..are Zeroes of Zeta Function.
The above zeroes are simply called Trivial Zeroes.
B. RIEMANN Xi FUNCTION

Recall: .
s ZF( )((s) j(x%+x12;s>wix)dx—s(1l_s)
1

Now, multiply both sides by %s(s — 1), we have:

%s(s - 1)71_71" (%) {(s) = %s(s - 1),! (x% + xlz;s) lpix) dx — ;

let
&) = —ﬂs—lh r()c@)
the first initial observation we have

&) =&(1-59)

if we choose s = %+ it the following holds true:

)
(e0) =<3

that shows the symmetry of £ — Function with x = % as the line of symmetry, and leads to the conclusion that if
s = x+ iy is a root of Zeta function then 1-s = 1-x+ iy and 5= x-iy are also zeroes of zeta function [5], [6] and [7]

that is
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