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Abstract: The aim of this pape r is to study a special kind of mixed type of interpolation on the zeros of

L;k)(x) and Lﬂ‘_l)(x) and on the interval [0,00) with boundary (Hermite ) conditions gives a simultaneous
approximation to a differentiable function and its derivative under what conditions . We have investigated
the existence, uniqueness, explicit representation and estimation of interpolatory polynomial .
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I. INTRODUCTION

Pal [6] proved that when the function values are prescribed on one set of n points and derivative values
on other set of n-1 points , then there exist no unique polynomial of degree < 2n-2 , but prescribing function
value at one more point not belonging to former set of n points there exists a unique polynomial of degree < 2n-
1. . Pal [6] considered an interscaled set of nodes which were the zeros of some polynomial P(x) and its
derivative P'(x) . The weighted lacunary interpolation was studied and modified by mathematicians such as
Szili L., Mathur P. and Datta S. ,Mathur K.K. and Srivastava R. , Srivatava R and Mathur K.K.etc [9][4][5] [10].
Lénard M. [3] investigated the Pal — type interpolation problem on the nodes of Laguerre abscissas.The aim of
this paper is to study Pal — type interpolational polynomial with w, ., (x) = x"LSf)(x).We have determined the
existence, uniqueness and explicit representation of fundamental polynomials of such special kind of mixed
type of interpolation on interval [0,00) . For this we have considered the problem in which {&;}/-, and
{& ¥, the two sets of interscaled nodal points.

(11) 08 <& <& < <§po1 <6 <§ <o
on the interval [0,00) . We seek to determine a polynomial R, (x) of minimal possible degree 4n+k satisfying
the interpolatory conditions :

1.2) R, (&) =g, R,(§) =g;, (PR (&) = g;*
R, =di", =g, fori=1()n
(1.3) RO (&) =g, j=01,..,k

oskok

where g; , g/, g;", g;""and gé” are arbitrary real numbers. Here Laguerre polynomials L&lk)(x) and Lg"l)(x)
have zeroes {{}1-; and {&}'.; respectively and x, =0 . We prove existence, uniqueness , explicit

representation and estimation of fundamental polynomials with respect to the weight function p(x) =
e~ X/2y(k+1)/2.

Il. PRELIMINARIES
In this section we shall give some well-known results which are as follws :
As we know that the Laguerre polynomial is a constant multiple of a confluent hypergeometric function  so
the differential equation is given by
(2.1) xD?LE(x) + (1 + k —x)DLE (x) + nLk (x) = 0
2.2) 1% () = —1® ()

Also using the identities
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23) L960) = 1000 - 150 60
(24) ¥ () = nL® () — (n + LY, (x)

n—

We can easily find a relation

25)  LLFE@] = 0+ LD )

By the following conditions of orthogonality and normalization we define Laguerre polynomial Lglk)(x),
fork > -1

(26) [ e X LY LW ()dx =Tk + 1) ()6 nm=012,....

@7 1P@) = Zn ()L

u!

The fundamental polynomials of Lagrange interpolation are given by

L(k)(x)
’ 1 ()—x) 7
L% D)
2.9 I =——n = 5.
@9 §x) Y @) ex)
Y g L
—_— ]
, 1)
(210) 4 o)) = { W Do) i,j = 1(Dn
kv o
Q) (k)
’ _ 1 Ly (Yj) Ly (y/') FE—
@12) 505 = =) "L (&) - Ly @0j=x5) =1
For the roots of L% (x) we have
1 ..
(2.13) 2% = = [jm +0(1)]
(2.14) @S| =0q), where 77(x) is the weight function
’ 3
(2.15) A (xj)| ~j TRkt 0<x<Qn=123,.....)
Ll (ke ) 0
l<x<
(2.16) L (o)l = {x 7o), aosrs
o(n"), 0<x<cn!
(217) o @)=o(k@)=1,
IHl. NEW RESULT

Theorem 3.1 : For n and k fixed positive integer let {g,}_; , {g; Yy . {97 Y, {97}y and , {g°}5_, are
arbitrary real numbers then there exists a unique polynomial R, (x) of minimal possible degree < 4n+k on the
nodal points (1.1) satisfying the condition (1.2) and (1.3). The polynomial R, (x) can be written in the form

(B1)  Ry(x) =Xl U;(0)g; + X1y V(0 g + T W0 g} + I X;(0)g;™ + o C;(0)gY

where U; (x) , Vi (x ) , W (x) , X; (x) and (; (x) are fundamental polynomials of degree < 4n+k
given by
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K 0P L ) (1+k=5x;) |
(32) l]] (x) = —x;kJrJl)L;k,l)(xj) [1 - (x - xj) {—ij J + C}(x - x]):l

L LS ol 012 [1-2x; (x—x))]

3.3 V(x) =
( ) J( ) x(k+1)L1(1k—1)(xj)L1(1k) (xj)
XjI2 e+ 10 y2 =1
B4 W)=y OOl O
#2011 o2
) [0 0P
35 X (x) = J r
35 %) Y P e
. .
(3.6) G (x) = p; (% [ OPP[LE ™ ()2
-1 k Ll apt o+ P @)
+xLETV ) 1071 g - ,
j=01,. k-1
1 k—1 k
B G = 2 LEP LY (0] 3

1L Do)k (03
where p;(x) and q;(x)are polynomials of degree at most (k-j-1) and ¢{ is an arbitrary constant.
Theorem 3.2 Let the interpolatory function f: R — R be continuously differentiable such that,

C(m) = {f (x): f is continuous in [0, ), f(x) = 0(x™) as x - oo;
where m = 0is an integer , then for every f € C(m) and k = 0

(3.8) Ry(x) = X0y & Uy (x) + X0y BV, (0) + Ty v W () + 2o 057 € (x)

satisfies the relations

B9 p™IR,(x) —fx)|=0 (n_g_%> w (f, 105; ), for 0<x<cn!
(3.10) p(0)IR, () — f(x)| = O (n_g_%) o(f %), for enls<xs<0

where o is the modulus of continuity.

IV. PROOF OF THEOREM
Let Ui (x) , V;(x) , Wj(x), X;(x) and C; (x) are polynomials of degree < 4n+k satisfying conditions
(4.1),(4.2), (4.3), (4.4) and (4.5) respectively.

{ 0 i#j . .,
uj(xi)={1 fr G =0, [pGOU )iy, = 0
(4.1) and
\uGn =0, v =0,
i=11)n and 1=01,..,k
, 0 i#j .
hE)=0, (xl-)={1 e Y@y = 0
(4.2) and
V) =0, v =0,

i=1(1)n and 1=01,..,k
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) " 0 i#j
W) =0, W&)=0, [pW®]_ = {1 for
(4.3) and
[wj(m =0, WO =0,
i=11)n and 1=01,..,k
(X =0, X' (x) =0, [x,@],_, =0,
(4.4) | and
0 i#j .
RI2 ={1 for xP© =0,
i=1(1)n and 1=01,..,k
(GG =0, G =0, [p@G]_, =0,
@s  {and -
I(Ck(yi) =0 P = {1 for Z , i=1n

i=1(1)n and l=01,..,k

To determine X;(x) let
46 X =0 L@
where C; is arbitrary constants . [7(x) is defined in (2.9) . X;"(x) is a polynomial of degree < 4n+k
By using (2.8) we determine
1
(4.7) Cl _ m
Hence we find the fundamental polynomial X; (x)of degree < 4n+k
To find fundamental polynomial W, (x) , let
(4.8) W' (x) = G xF L @PLE TV (0l (x)
where C; is an arbitrary constants, [; (x) is defined in (2.8) .W;"(x) is polynomial of degree < 4n+k satisfying
the conditions (4.3) by which we obtain

exj/z

3
5(k+1) — !
UL Py 1l @2

Hence we find the fundamental polynomial W (x) of degree < 4n+k
To find fundamental polynomial V; (x) let
(410) () = Gx* L COPL LSV 00 + € OIS LY ()
using conditions (4.2) finding the value of all the constants we obtain the fundamental polynomial V; (x) of
degree < 4n+k.
Again let
@11) U =L @PLTV @ + Colx — )] + G oLy T @)L ()]

where Cs , Cs and C; are arbitrary constants .J; (x) is defined in (2.8) .U;"(x) is polynomial of degree <
4n+k satisfying the conditions (4.1) by which we obtain the fundamental polynomial U; (x) of degree < 4n-+k.

To find G (x) , we assume C; (x) for fixed je{0,1,.......,k —1}
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(413)  G"() = pj ¥ [LECOPILY VP + 2LV LY (01 gn ()

where p; (x) and g, (x) are polynomials of degree ( k-j-1) and n respectively . Now it is clear that Cj(l)(O) =
0for(l=0,..,j—1) and since LElk)(xi) =0

and Lglk_l)(yi) =0 weget G(x;)) =0and G(y;) =0 fori=1(1)n. The coefficient of the polynomial
p; (x) are calculated by

(4.14) V(0 = & [ P ILE@PLE VR =3,
(U= ], ...... Jk—1)
Now using the condition [p(x)C,j(x)];:xi =0 of, we get
(4.15) In () = _(xi)j_kLlfl_l(xi)P;(xi)
which implies g, (x) as follows

i LA epr ) +q; 0L ()
(416) gn(x) = - / xk_j]

Using (4.13) and (4.16) we obtain (;(x) of degree < 4n-+k satisfying the conditions (4.5).

V. ESTIMATION OF THE FUNDAMENTAL POLYNOMIALS
Lemmab.1 Letthe fundamental polynomial X;(x), forj =1.2,..,n be given by (3.5),
then we have

k 1
(5.1) Yr_y Y12y, =62 X (x)| = 0 (n_i_?), for 0<x <cn!

k1
(5.2) Y7 @iy~ 2| x (x)| = 0 <n_5_5) , forenl<x<Q
where X;(x) is given in equgtion (3.5) .
Proof : From (3.5) we have
k+1 ), \13
2 —ck [k ) [y 60
(5.3) X eVl y; ~UerDr2 |X CEDHNM NI

By equations (2.13), (2.16) and (2.17) we yield the result.
Lemma5.2 Let the fundamental polynomial W;(x), forj=12,..,n
given by ((3.4), then we have

k 5
(5-4) W] =0 (n_f_f), for 0<x<cn!

k 1
(55) LW @) =o0(n ), for cnl<x<Q
where W (x) is given in equation (3.4)
Proof : From (3.4) we have
exj/z|xk+l|l x) [L(k)(x) 2 | L(k_l)(x)l

2(k+1)

|W]'(x)| = k-1 k

‘|L( op | 19 o)

e j/z|xk+1|l ) [L(k)(x) | L(k 1)(X)|
(k+1)

(5.6) W <3,

‘|L(" Dy | 18 )2

Thus by using (2.13) and (2.17) , equatlons (5.4) and (5.5) follows.
Lemma5.3 Let the fundamental polynomial V;(x), forj=12,..,n
be given by (3.3), then we have

k 3
(5.6) ¥ e/~ D2 |y (x)| = 0 <n_5_5), for 0<x <cn™t

k 1
(5.7) o exj/zxj—(k+1)/2|Vj(x)| =0 (n —§—z>’ for cnl<x<0Q

where V; (x) is givenin (3.3).
Proof : From (3.3) we have,

k1 ()2 |L(k V||t @

)|

L|xk+1|l](x)|L51k—1)(x)||2xj|[L’,‘l(x)]2
e e @
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(5.8) R R 6]
- Zn_l exj/ij—(k+1)/2|xk+1|[lj (x)]zlL;k’l)(x)||L’,‘, (x)|
I e [ )

exj/zx]_ —(k+1)/2|xk+1|lj (x)lL;kil)(x)“ij |[L1;! (x)]z

n
j=1

T e o

=61 T 6,2
where

exl'/zxj —(k+1)/2|xk+1|[lj (x)]2|L,(1"’1)(x)||L’;(x)|

{61 = Xj=1 =
, D e )
., = 3 %122 =0 D2k 1 () 2|15 0o 2y 12 (01
6,2 — j=1

Pl PR e

owing to (2.13) and (2.16), we get the result.

.Lemma5.4 Let the fundamental polynomial U;(x), forj=12,..,n
be given by (3.2), then we have

k1
(5.9) i e"i/%x, =2 |U ()| = 0 (n_7_5>, for 0<x <cnt

k1
(5.10) Y7y e/ 62U (x)] = 0 (n_TE) , for cn"! <x<Q
where U; (x) is givenin (3.2)
Proof : From (3.2) we have

K+ o33 |LE o)
|U] (X)| < |x1§k+1})||L$lk—1)(x/)|

[+ |1 33| o= )| |LE 2 ()] |1+ =5 |
2|xj|x]§k+1)L$lk71)(xj)

[ P [k ol | & (X—"j)2|
2 [P

(6.11) My e/ T2y ()

<Z7} ex]-/Zx/_—(k+1)/Z|xk+1||{lj(x)}3||Ll1g—1(x)|
= Zj=1 |x]gk+1)||L51k—1)(xj)|

172 =G D2k 11 0P| ey LS~ ()] 1+ =5 |
2l [} VLV
ex,-/zxj—(k+1)/2|xk+1 | |{l/- (X)}3||L7k1 (x)| | & ("_"/)Zl
AR Ea

+ i

i

=061 T C62163

where
/2 _ —
(61 = Z'—l o - (H(l/c)ii')x’{:_'{f{(X)P'Lﬁ @)
1T R )]
o @I P D 2 kL g 033 (- )KL ()| |14k =5 |
fo2 = Xj=1

SR
C _om ex,-/zxj—(k+1)/2|xk+1H{lj (x)}3||L§ )| | & (x_xj)2|
6,3 j=1 2 |I](_k+1)||L51k—1)(xj)|

Thus by using (2.13) and (2.17) , we yield the result.
Now we state our main theorem in § 6.

VI. PROOF OF MAIN THEOREM 3.2

Since R, (x) given by equation (6.1) is exact fo,r all polynomial Q,, (x) of degree < 4n+k , we have
(6.1) 200 =Xt @ ()Y () + 2 Qn (39)V () +

2i=1lp(0)Qn ()], W) (x) +X721 Q2 () X; (%)

30 0, ()G (%)
From equation (6.2.1) and (6.4.1) we get
(6.2) p()If(x) =R, ()| < p()If (x) — 0, ()| + p(0)|Q, (x) — R, ()]
International organization of Scientific Research 12|Page
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< POIF) = @+ ) p@IF () = 2 (5)| [Y @]
j=1

£ p@IF () =2 EI@| + Y 108, (e, [ 0|

=1 =1
271 PN () = 0 ()] 1% ()
+Zf=op(x)|fl(xo) - in(x0)| |C}(x)|

Thus (6.2) ,and Lemmas 5.1 ,5.2, 5.3 and 5.4 completes the proof of the theorem.
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