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Abstract: A theoretical investigation of thermal convection of an electrically non-conducting, incompressible
MHD micropolar fluid layer heated from below in the presence of porous medium has been worked out . Using
a linear stability analysis theory and normal mode analysis a dispersion relation is obtained for a flat fluid layer
confined between two free boundaries. The influence of various parameters like medium permeability magnetic
field, coupling parameter, micropolar heat conduction parameter and micropolar coefficient has been analyzed
on the onset of stationary convection and results are depicted graphically. The principle of exchange of stability
(PES) is found valid.
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I. INTRODUCTION

The onset of convective instability of a fluid layer heated from below has been studied by many
researchers. Bénard[3] in 1900 did an experiment of a fluid layer heated from below and observed a thermal
instability. The theoretical analysis of Bénard’s experiment has been given by Rayleigh[4] and this analysis has
also received a considerable importance due to its relevance in various fields such as chemical and industrial
engineering, soil mechanics, geophysics etc. The main objectives of the various studies related to the convective
instability, in particular, is to determine the critical Rayleigh number at which the onset of instability sets in
either as stationary convection or through oscillations.

The Rayleigh-Bénard convection in micropolar fluids heated from below has been extensively studied
by Ahmadi[2], Datta and Sastry[1], Bhattacharyya and Jena[9], L.E. Payne and B. Straughan[5]. The
common results of all these studies are found that the stationary convection is the preferred mode of instability
and the microrotation has a stability effect on the onset of Rayleigh-Bénard convection. Chandrasekhar[8]
gave an excellent review as well as large number of new developments in his celebrated book on hydrodynamic
and hydromagnetic stability. In these methods of stability study a linear theory is usually employed i.e., the
equations governing the disturbances are linearized and then the grow or decay of the disturbances is studied.
The effect of a magnetic field on the onset of convection in a horizontal micropolar fluid layer heated from
below has also been investigated by several researchers. The extension of micropolar flows to include magneto-
hydrodynamics effects is of interest in regard to various engineering applications such as in the design of the
cooling systems for nuclear reactors, MHD electrical power generation, shock tubes, pump, flow meters etc. The
effects of throughflow and magnetic field on the onset of Bénard convection in a horizontal layer of micropolar
fluid confined between two rigid, isothermal and microrotation, free boundaries have been studied by
Narasimha Murty[10]. Z Alloui and P. Vasseur[11] studied onset of Rayleigh-Bénard MHD convection in a
micropolar fluid.

Sharma and Kumar[6, 7] also studied the effect of magnetic field on the micropolar fluids heated
from below in a non-porous and porous medium, they found that in the presence of various coupling parameters,
the magnetic field has a stabilizing effect whereas the medium permeability has destabilizing effect on
stationary convection.

1. MATHEMATICAL FORMULATION:
Consider an infinite, horizontal, electrically non-conducting, incompressible micropolar fluid layer of
thickness d. This layer is heated from below such that the lower boundary is held at constant temperature
T =Ty and the upper boundary is held at fixed temperature T =T, therefore, a uniform temperature gradient
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planes z=0 and z =d . The whole system is acted on by gravity force g(0, 0, —g) .

is maintained. The physical configuration is one of infinite extent in x and y directions bounded by the
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fig. 1
A uniform magnetic field H= (0,0,H,) is applied along z-direction. The magnetic Reynolds number is
assumed to be small, so that the induced magnetic field can be neglected in comparison with the applied
magnetic field.
The governing equations, which describe the system behavior following Boussinesq approximation, are as
follows
The equation of continuity for an incompressible fluid is
V.g=0 (1)
The equation of momentum, following Darcy law, is given by
aq 1,— — ~ — 4 — = e — —
%[a—f+g(q.V)q] =—Vp —pgé, + (u+ Vg —(%)q + (VXN+Z—H (VxH)xH
.(2)
The equation of internal momentum is given by
.[ON 1, = 5 = , o2 1 o =
poj |5 +2(G.VIN | = (a+B)V(V.N)+ 7 V2N + (2 VxG—2N)
(3
The equation of energy is given by
[0y € +p5C(1=€)] 5= + poCo(@. V)T = 7 V2T + 8(V x N). VT
..(4)

And the equation of state is

p=poll—al—T)]

..(5)

Where @, N, p, p, Pos Pss L & ey 1, Jo !y By Tt 7,0, a, Ty,C,, Cg and &, denote respectively
fluid velocity, microrotation, pressure, fluid density, reference density, fluid viscosity, coupling viscosity
coefficient, magnetic permeability, microinertia coefficient, micropolar viscosity coefficients, specific heat at
constant volume, temperature, time, thermal conductivity, micropolar heat conduction coefficient, coefficient of
thermal expansion, reference temperature and unit vector along z-direction.

The Maxwell’s equations become

oH 5 =
€ =Vx(§xH)+€y,V’H
..(6)

V.H=0

A7)

Where y,, is the magnetic viscosity.
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I1l. BASIC STATE OF THE PROBLEM
The basic state of the problem is assumed to be
(_j = %) = (0'0'0) 'N = Nb = (0,0,0),1‘1 = Hb = (O, O'HO );p = pb(z)lp = pb(z)
Using above equations the equations (1)-(7) yield
o 4 p,g =0
oz T Pbd =
..(8)
T = _ﬁZ + TO
..(9)
p=po(1l+apz)
...(10)

IV. PERTURBATION EQUATIONS:

1

Let 5,1\'/,;3 .0, be represent the perturbations in G, N ,p, T, H then the new variables become

> =

G=G,+G,N=N,+N,p=p, +p,T=T, +0,H=H, +h
Using these new variables and using equations (8) , (9) , (10) the equations (1)-(7) become

V.gd=0
.(12)

polod [ 1,2 2 , 2 W)z o o He P\ o T He Ny T
—°[¥+E(q.V)q]=—Vp+(u+()V2q—Tq—pgez+(V><N+E(Vxh)be+E(Vxh)xh

€

.(12)

poj[%+é(a.V)ﬁ] = (6+B)V (V.K) +4v2N + (G V x § — 2K)
..(13)

[PoCy € +psC(1=E) 5+ poC,(§.V)6 + poC,(§.9)T, = 47 V26 + 6 (VX N).V0 + 6 (Vx N).VT,
..(14)

p = —poab
...(15)

0 _ = N2 7
€= (Hy.V)4+E€ v, V?h
.(16)

V.h=0
(17)

Using the following non-dimensional variables

and dropping the stars , the equations (11)-(17) become

V.§=0
..(18)
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é%_—wﬂ4w@+u+xwﬁ “”W+KVxN+Qmex@
(19)

o5 = CV(V.N) = €V x (Vx N) + KCV x § — 2N)

.(20)

ER.Z =V + W — §¢
(1)
a

671 (? €EP, 27
EPL—=—+—V°h
T ot 6z+Pm

..(22)
V.h=0
..(23)
4 242

Where R = 29922 s the thermal Rayleigh number , Q = #eHo™d” s the Chandrasekhar number ,

uKr Anu Kt
k==%X7=L,¢= Grbi ¢~ ¥ p — _E_jsthe Prandtl number B, = —“— isthe magnetic

u a2’ ud? ' ud? *°T T poKr ™ porm
Prandtl number, & = d2 &= (VxN),, W=4.6, ,E=[¢€ +p73i”(é_e)]
0ty

V. BOUNDARY CONDITIONS:
We consider that both the boundaries of the problem are free and perfectly heat conducting, thus

W=0=27 9=0N—0€—0at z =0 and z =1
VI. DISPERSION RELATIONS:
Using curl operator on equations (18) to (23) and applying normal mode given by

[W,E,0,h,]1=[W(2),6(2),0(z2),B(z)]etxtiky+t) and eliminating ®, G , B, we have

207 —a®) = (1 + K)(D? - a?)? + C“)wz—a]Ua—cwz—ﬁ)+mqua—aﬂ—aﬁﬂe
Pro—€PrPmpD2—aZlW

2
+mlkpa e”wz—ﬁﬂba—cwz—ﬁ)+m«+ aﬂ—a)hv+%aﬂ—aﬁﬂeaa—
EPrPmPD2—aZlPro—D2—aZW

+QD%(D? — a®)[EP.c — (D? — a®)][jo — C(D? —a?) + 2K|W =0
...(25)

_ 2 2 _d
where a = /kx + k,” and D—d—z

Boundary conditions (24) become
W =0 = D?W atz=0 and z=1 therefore D?"W = 0 at z=0 and z=1, where n is a positive integer.

Thus, W = W, sinmtz , where W, is a constant.
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Substituting for W in equation (25), we have

14K €P,b

[% +(1+K)b%+ (K—l) b] o + Cb +2K][EP0 + bl[€ Bo + 7]
< 23,2
—Ra? [e Po+ Elf;b] [ja +Cb + 2K — 22| - %[e Po+ e:;b] [EP.c + b] + Qbr?[EP.c + b][jo + Cb +

2K=0..(26)

where b = a? + 72
VII. STATIONARY CONVECTION:

For the stationary marginal state we set =0 in (26) and we obtain
K%p3
€

2 1 _ anme
b (b+K1)(1+K)(Cb+2K) + g I (Ch+2K)

= (27
a?(cb+2K -5 @7

In the non-porous medium and in the absence of magnetic field and coupling parameter equation (27) reduces to

_ b3 (hA+K)C+2K +K?

T a2 [ (Cb+2K) ]
Which is the same as given by Goodarz Ahmadi[2].
In the absence of magnetic field and in non-porous medium equation (27) reduces to

R= b3 C(1+K)b+2K+b?
- az[ (c-8K)b+2K ]
Which is the same as proposed by C.E. Payne and B. Straughan and Y. Qin and P.N. Kaloni.
In order to investigate the effect of medium permeability K; , coupling parameter K , heat conduction parameter
& and magnetic field Q , we examine the behavior of AR AR AR and &
Y ! dKy "dK ’dé do ’

From equation (27), we have
dR b2(1+K)(2K+Cb) dR = _Ce
—_— = = — < 0whend < —
dKy Ki2a2[2k+b(c-2K)] T dka K
Thus, R decreases as K; increases when § < % hence the medium permeability has destabilizing effect
when § < % :
From equation (27), we have

20K 28K2 3C K28 +p3[ax2 4 2KC 2K2 286K2% Q8mn2CPpm] 4b2K?2
€ € 'eKq' €2 K € €K1 €?p, | K1 (28)

5(~2,8C\, ;4 ,c2
ar P (c +E)+b [4CK.K1

Exb]z
€

dR 1 = C C
=Xsowhene>=,6 <<, and K2 < —
dK 2 K 2K,

dK a?[Ch+2K—

thus, R increases as K increases when &> % 6 < % ,and K? < % hence the coupling parameter has
1
stabilizing effect when €> % < CK—E ,and K% < %
1
From equation (27), we have

2,3 2
2 1 K2%p3 Qu?bPp (Ch+2K)
dr _ Kblb (b+ﬂ)(1+K)(Cb+2K) - o ]
dé ea?[ch+2k X272

=250 whene>1
dé 2_ 1
Thus, R increases as & increases when €> Z and hence the heat conduction parameter has stabilizing effect

1
when €> 5

From equation (27), we have
dR _ w2bPp (Ch+2K)
dQ  q2[ch+2K-2K2
=% 5 owhend <<

dQ K
Thus, R increases as Q increases when when § < % , hence the magnetic field has stabilizing effect when
§<<

K

International organization of Scientific Research 49 | Page



Thermal convection of MHD Micropolar fluid layer heated from below saturating a porous medium

VIIl. CASE OF OVERSTABILITY:
Equation (26) may be written as
EjbP; ib% (EP, b 2 b2 b? 2\ (EP- -
[—]e ]O’4 + []?(H-l_ 1) + EP. (%+ alj)] o3+ }ET,-'_ ( :2 + alj) (H+ 1) + a;a,EP, — Ra?j —
K202EPre+Qm2Eh/€o2+b2Pmbale+alj+alalblPrPm+1-Ralal+joPm— K203€LPrPm+1+@n2be
PrEPraZ+ojo+alab2Pm—RaZbaZPm— K204€Pm+Pn2b2a2ePm=0 ...(28)

where a; = (1 +K) (b2 +Ki) and a, = (Cb + 2K)
1

Putting o = io; in equation (28) and separating real and imaginary parts and then eliminating Ra?, we have
Ags? +Ais+A, =0

.(29)

where ;2 = s and 4, , 4, ,A, are the coefficients which are given as

bZ
Ay = —J* (E +ERay

_Jb’a; JK*b®  Qm*b*j* jba, j°b*  ERJ*b’a; b’ay’ 2pp K?b?EP.a,
1=€r, € 'Te€r ~€B erp, p? € WAt/
Qm2ED2j2
e
4y = _b4a22 _ a;a,°b*EP,  K?b*a,EP. K*%b*a, _ Qn’b?a,’E i K%b*a, _ K?b%]  Qn*b%a,?
P P’ €p,’ € B, € P, EP.  €EPRPR, €EP

As s = ¢;% which is always positive, therefore both the roots of equation (29) must be positive so that the sum
of the roots will be positive. But from equation (29), the sum of the roots is —(;i) thus, the sufficient conditions
0

for non-existence of over-stability are given by
B <Py, C<LZande>:

r

Hence PES is valid.

IX. CONCLUSION:
1. The medium permeability has destabilizing effect when § < % (Fig.2)

2. The coupling parameter has stabilizing effect when €> é 6 < CK—E ,and K? < % (Fig.3)
1

3. The heat conduction parameter has stabilizing effect when > % (Fig.4)

4. The magnetic field has stabilizing effect when § < % (Fig.5)

X. FIGURES:

—+—deltabar=0.7
deltabar=0.5
——deltabar=0.3

—4—deltabar=0.1
16000000

14000000 \
12000000 \
10000000

B

80000000 3‘\
60000000 4\.:1

20000000
0

Thermal Rayleigh Number R

0.005 0.006 0.007 0.008 0.009 0.01

Medium permeability K1

Figure 2: Marginal curve between Rayleigh Number R and medium permeabilityK,with €= 0.5,
Q=10, P,, =4,P, = 2,a=0.5,K=1, C=2
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Figure 4: Marginal curve between Rayleigh Number R and Heat Conduction Parameter with €= 0.6,

Q=0.73, P,, = 4,P, = 2, K, = 0.005, C=2, K=1
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Figure 5: Marginal curve between Rayleigh Number R and Magnetic Field Q with e= 0.05, P,,
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