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Abstract

Throughout this paper we have introduced a new concept of intuitionistic fuzzy B generalized homeomorphism
and intuitionistic fuzzy iB generalized homeomorphism in intuitionistic fuzzy topological spaces and some of
their properties are discussed and also we have compared with existing homomorphism intuitionistic fuzzy
topological spaces.
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I Introduction

Zadeh [13] initiated the concepts fuzzy sets in 1965. Later, Atanassov [1] introduced the a new idea
about intuitionistic fuzzy sets in 1986, After that Coker [3] has introduced intuitionistic fuzzy topological
spaces in 1997. | have studied many research papers, later we get new idea of about intuitionistic fuzzy
topological spaces. Further, we have introduced a new paper is intuitionistic fuzzy B generalized
homeomorphism and intuitionistic fuzzy iB generalized homeomorphism in intuitionistic fuzzy topological
spaces. Also we studied the relations with basic concepts of intuitionistic fuzzy homomorphisms, intuitionistic
fuzzy continuous mappings.

1. Preliminaries
Definition 2.1: [1] An intuitionistic fuzzy set (IFS in short) A in X is an object having the form A = {( X,
pax), va(X) ) / xe X},where the functions pa(x): X — [0, 1] and va(X): X — [0, 1] denote the degree of
membership (namely pa(x)) and the degree of non-membership (namely va(X)) of each element xe X to the set
A, respectively, and 0 < pa(x) + va(x) <1 for each x € X. Denote by IFS(X), the set of all intuitionistic fuzzy
sets in X.

Definition 2.2: [1] Let A and B be IFSs of the form

A ={(x, pax), va(x) ) I xeX }and B = { { x, pa(x), ve(X) ) / x € X }. Then
(@) A c B ifand only if pa(x) < pg (x) and va(x) > vg(x) for all x eX

(b) A=Bifandonlyif AcBandBc A

(©) A*={(x va®),pa(¥))/ x € X}

(d) AnB={{x, palX) A pg (x), va(X) v va(x) ) / x € X }

(6) AUB={(x, pa(X) v pg (x), va(X) A ve(X) ) /x € X}

Definition 2.3:[3] An intuitionistic fuzzy topology (IFT in short) on X is a family t of IFSs in X satisfying the
following axioms.

(i) 0,1l.er

(i) G1n Gyetforany Gy Gy e 1

(iif) U Gj e tforany family { G;/ ieJ}c 1.

Definition 2.4:[3] Let ( X, t) be an IFTS and A = { x, pa, va ) be an IFS in X. Then the intuitionistic fuzzy
interior and intuitionistic fuzzy closure are defined by

int(A) = U{G/Gisan IFOSinXandGc A},

cl(A) = n{K/KisanIFCSinXand Ac K}

Definition 2.5:[8] An IFS A = ( x, pa, va ) in an IFTS (X, 1) is said to be an
(i) intuitionistic fuzzy semi closed set (IFSCS in short) if int(cl(A)) c A,
(ii) intuitionistic fuzzy a-closed set (IFaCS in short) if cl(int(cl(A)) < A.
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Definition 2.6:[9] An IFS A in an IFTS (X, 1) is said to be an intuitionistic fuzzy n- generalized closed set
(IFRGSCS in short) if scl(A) < U whenever Ac U and U isan IFzOS in (X, 7).

Definition 2.7:[8] AnIFS A in an IFTS (X, 1) is an
(i) intuitionistic fuzzy generalized closed set (IFGCS) if cl(A) < U whenever Ac Uand U isan IFOS in X.

(i) intuitionistic fuzzy alpha generalized closed set (IFaGCS) if acl(A) < U whenever A < U and U is an IFOS
in X.

Definition 2.8:[10] Let fbe a mapping from an IFTS (X, t) into an IFTS (Y, o). Then fis said to be

(i) intuitionistic fuzzy continuous (IF continuous) if f(B) e IFO(X) for every B € o.

(ii)intuitionistic fuzzy semi continuous (IFS continuous) if f*(B) e IFSO(X) for every B € o.
(iii)intuitionistic fuzzy o-continuous (IFa continuous) if f*(B) e IFaO(X) for every B € o.

(iv)intuitionistic fuzzy generalized continuous (IFG continuous) if f *(B)elFGC(X) for every IFCS B in Y.
(v)intuitionistic fuzzy generalized semi continuous (IFGS continuous) if f *(B) eIFGSC(X) for every IFCS
BinY.

(vi)intuitionistic fuzzy a-generalized continuous (IFaG continuous) if f*(B)e IFaGC(X) for every IFCS B in
Y.

Definition 2.9:[10] Let f be a mapping from an IFTS (X, 1) into an IFTS (Y, o). Then f is said to be an
intuitionistic fuzzy B generalized open mapping (IFp G open mapping) if f (A) € IFfGOS(X) for every IFOS
AinX.

Definition 2.10:[11] A mapping f: (X, t) — (Y,o) is called an intuitionistic fuzzy = - generalized semi closed
mapping (IFxGS closed) if f (A) is an IFRGSCS in (Y,o) for every IFCS A of (X, 1).

Definition 2.11:[9] Let fbe a mapping from an IFTS (X, 1) into an IFTS (Y, o). Then the map f is said to be an
intuitionistic fuzzy n- generalized semi irresolute (IFnGS irresolute in short) if £ (B) e IFRGCS(X) for every
IFRGCSBinY.

Definition 2.12:[8] Let f be a bijection mapping from an IFTS (X, 1) into an IFTS (Y, o). Then f is said to be
(i) intuitionistic fuzzy homeomorphism (IF homeomorphism) if f and f™ are IF continuous mappings.

(i) intuitionistic fuzzy semi homeomorphism (IFS homeomorphism) if f and f* are IFS continuous
mappings.

(iii) intuitionistic fuzzy alpha homeomorphism (IFo. homeomorphism in short) if f and f* are IFa
continuous mappings.

(iv) intuitionistic fuzzy generalized homeomorphism (IFG homeomorphism in short) if f and f* are IFG
continuous mappings.

(v) intuitionistic fuzzy generalized semi homeomorphism (IFGS homeomorphism in short) if f and f* are
IFGS continuous mappings

(vi)intuitionistic fuzzy alpha generalized homeomorphism (IFaG homeomorphism in short) if f and f* are
IFaG continuous mappings.

1. IFsG homeomorphism
Definition 3.1: A bijection mapping f: (X, 1) — (Y,0) is called an intuitionistic fuzzy B generalized
homeomorphism (briefly IF3G homeomorphism) if f and ™ are IF3G continuous mappings.
We denote the group of all IFzG homeomorphisms of an IFTS(X, t) onto itself by IF3G-h(X, 1).

Example 3.2: Let X = {a, b}, Y = {u, v} and 1= {0-, G 1.} and o = { 0., G, 1.} where G; = (X, (0.21, 0.21),
(0.6,0.6) yand G, =y, (0.4,0.7), (0.4, 0.2). fisan IF3G continuous and f™ is also an IF3G continuous. .. f is
an IFgG homeomorphism.

Proposition 3.3: Every IF homeomorphism is an IFzG homeomorphism.

Proof: Let f: (X, 1) — (Y, o) be an IF homeomorphism. Then f and f* are IF continuous mappings and f is
bijection. By Proposition, every IF continuous mapping is IF3G continuous mapping, f and f* are IFG
continuous. .. fis IF3G homeomorphism.
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Example 3.4: Let X ={a, b}, Y ={u,v}and ={0., Gy 1.} and c = {0, G, 1-} where G; = ( X, (0.31, 0.21),
(0.6, 0.6) ) and G, =(y, (0.51, 0.41), (0.4, 0.2) ). f is an IF3gG homeomorphism except an IF homeomorphism
since fand ™ are not IF continuous.

Proposition 3.5: Every IFo. homeomorphism is an IF3G homeomorphism.

Proof: Letf: (X, 1) — (Y, o) be an IFo. homeomorphism. Then f and f'1 are IFa continuous. By Proposition ,
every IFa continuous mapping is an IFG continuous, f and f™ are IF3G continuous mappings. .. f is an IF3G
homeomorphism.

Example 3.6: Let X={a, b}, Y={uv}iandt={0,G; 1. }and o = {0, G, 1.} where G; = (X, (0.51,
0.41), (0.5,0.6) yand G, =(y, (0.21, 0.21), (0.7, 0.7) ). f is an IF3G homeomorphism. For an IFCS A = (y,
(0.7,0.7), (0.21,0.21) ) in (Y, o). Then f*(A)=( x, (0.7, 0.7), (0.21, 0.21) ) is not an IFaCS in (X, 7). Thus f
is not an IFa. homeomorphism.

Theorem 3.7: Let f: (X, 1) = (Y, o) be an IFzG homeomorphism. Then f is an  IF homeomorphism if (X, 1)
and (Y, o)are IFg, Ty, Space.

Proof: Let B be an IFCS in (Y, o). Since f is an IFzG homeomorphism, f*(B) is an IFzGCS in (X, ). Since
(X, 1) is an IFg,Ty,space, f1(B) is an IFCS in (X, t). Hence f is an IF continuous. Also,f™: (Y, o) = (X, 1) is
a IFG continuous. Let A be an IFCS in (X, 7). Then, (f1)™(A) = f (A) is an IF3GCS in (Y, o). Since (Y, o) is
an IFg,Tyspace, f (A) is an IFCS in (Y, o). f*is an IF continuous mapping. .. the mapping f is an IF
homeomorphism.

Theorem 3.8: Let f : (X, 1) — (Y, o) be an IFgG homeomorphism. Then f is an IFG homeomorphism if (X, )
and (Y, o) are IFg, Ty, Space.

Proof: Let B be an IFCS in (Y, o). Since f is an IF3G homeomorphism, f*(B) is an IF;GCS in (X, ). Since
(X, 1) is an IFg,Typspace, f(B) is an IFGCS in (X, t). Hence f is an IFG continuous. Also, f™*: (Y, o) —» (X, 1)
is an IFG continuous. Let A be an IFCS in (X, t). Then,(f)*(A) = f (A) is an IF3GCS in (Y, o). Since (Y,
o) is an IFg,Tyospace, f (A)isan IFGCS in (Y, o). Hence f* is an IFG continuous. Therefore, f is an IFG
homeomorphism.

Theorem 3.9: Let f (X, 1) — (Y, o) be a bijective mapping. Iff is an IFzG continuous, then the following are
equivalent:

(M fis an IFG closed mapping

(i) fis an IF3G open mapping

(iii) fisan IFzG homeomorphism.

Proof: Letf: (X, 1) — (Y, o) be a bijective mapping and f be an IF3G continuous mapping.

(i) = (ii): let f be an IF3G closed mapping. This implies thatf™: (Y, o) — (X, 1) is IF3G continuous. By
proposition 3.3, every IFOS in (X, 1) is an IF3GOS in (Y, o). Hence £ is an IF3G open mapping.

(ii) = (iii): let f be an IF3G open mapping. This implies that f: (Y, 6) — (X, 1) is IF3G continuous. Hence f
and f* are IFG continuous. Therefore, f is an IF3G homeomorphism.

(iii) = (i): Let £ is an IF3G homeomorphism. Then, f and f™ are IF3G continuous. By proposition 2.2.3, every
IFCSin (X, ) isan IFgGCS in (Y, o),f is an IF3G closed mapping.

Remark 3.10:The composition of two IFzG homeomorphisms need not be an IFzG homeomorphism in general.
This can be shown from the following example.

Example 3.11: Let X ={a, b}, Y ={c,d}andZ={u,v}. Lett={0.,Gy 1.} o={0- G, 1.} and n = {0,
Gz 1.} where G; =(x, (0.81, 0.61), (0.21, 0.41)), G, =(y, (0.61, 0.11), (0.41, 0.31) ) and G5 = ( z, (0.41, 0.41),
(0.61, 0.21) ). f and f* are IF;G continuous mappings. Also g and g™ are IFzG continuous mappings. Hence f
and g are IFgG homeomorphisms. Except the composition gof: (X, 1) = (Z,m) is an IFzG homeomorphism
since gof is not an IFzG continuous mapping.

V. IFigGS homeomorphism
Definition 4.1: A bijection mapping f: (X, t) — (Y,0) is called an intuitionistic fuzzy iBgeneralized semi
homeomorphism (IFizGS homeomorphism in short) if f and /™ are IFzG irresolute mappings.
We denote the group of all IFizgG-homeomorphism of a topological space (X, ) ontoitself by IFizgG-h(X, 7).
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Theorem 4.2: Every IFigG homeomorphism is an IFG homeomorphism.

Proof: Let f: (X, 1) — (Y, o) be an IFizGS homeomorphism. Then, f and f™ are IFG irresolute function. By
Proposition, every IFzG irresolute function is an IFgG continuous function. Therefore, f and f‘1 are IFzG
continuous function and hence f is an IFzG homeomorphism.

Example 4.3: Let X ={a, b}, Y={u,v}andt= {0, Gy 1.} and 6 = {0, G, 1.} where G; = ( X, (0.31,
0.31), (0.61, 0.61) y and G, =(y, (0.21, 0.11), (0.41, 0.41) ). fis an IF3G homeomorphism. The IFS A=y,
(0.31, 0.21), (0.61, 0.61) ) in (Y, o), Clearly, Aisan IF3GCSin (Y, c), except f(A) is an IF3GCS in (X, 1)
and therefore, £ is not an IF3G irresolute mapping. Hence f is not an IFigG homeomorphism.

Definition 4.4: Let Abe an IFSinan IFTS (X, 7). T hen Bgcl (A) is defined as  Bgcl(A)= n { B/ B is an
IF;GCS in (X, 1) and A B }.

Theorem 4.5: If f : (X, 1) = (Y, o) is an IFizgG homeomorphism, then Bgcl(f(B)) = f*(Bgcl(B)) for every IFS
Bin (Y, o).

Proof: Since f is an IFigG homeomorphism, f is an IF3G irresolute mapping. Consider an IFS B in (Y, o).
Clearly Bgcl(B) is an IF3GCS in (Y, ©).By hypothesis, f*(Bgcl(B)) is an IF3GCS in (X, 7). Since f*(B) f
“(Bgel(B)), Bgel(/(B)) <Bgel(f'(Bgel(B))) = ' (Bgel(B))). This implies Bgel(f(B))</f ' (Bgcl(B)).

Since f is an IFigG homeomorphism, f*:(Y, 6) — (X, 1) is an IF3G irresolute mapping. Consider an IFS f*(B)
in (X, 7). Clearly Bgcl(f*(B)) is an IF3GCS in (X, 7). This implies that ()" (Bgcl(f*(B))) = f(Bgcl(f*(B))) is
an IFsGCS in (Y, o).

Clearly B = ()" (/ (B))<(f")(Bgcl(f*(B))) = f(Bgel(/*(B))). Therefore, Bgcl(B)=Bgcl(f(Bgcl(/(B)))) =
Ff(Bgcl(F(B)), sincef™ is an IF3G irresolute mapping. Hence f(Bgcl(B))<f ' (f(Bgcl(f*(B)) = Bgcl(f*(B)).
That isf*(Bgcl(B)) <Bgcl(f*(B)).This implies Bgcl(f(B)) = £ *(Bgcl(B)).

Corollary 4.6: If f : (X, 1) — (Y, o) is an IFizG homeomorphism, then Bgcl(f(B)) = f(Bgcl(B)) for every IFS
Bin (X, 7).

Proof: Since f is an IFizG homeomorphism, £ is an IFizG homeomorphism.Let B be an IFS in (X, 1). By
theorem, Bgcl(f(B)) = f(Bgcl(B)) for every IFS B in (X, 7).

Corollary 4.7: If f: (X, 1) — (Y, o) is an IFigG homeomorphism, then f (Bgint(B)) =Bgint(f (B)) for every
IFS B in (X, 1).

Proof : For any IFS B in (X, 1), Bgint(B) = (Bgcl(B"))°, By Corollary, f (Bgint(B)) = f(Bgcl(BY))") =
(f(Bgcl(B9)))® = (Bgcl(F(B%)))°. This implies thatf(Bgint(B)) = (Bgcl(f (B)))° = Bgint(f (B)).

Corollary 4.8: If f: (X, 1) —> (Y, o) is an IFizgG homeomorphism, then f* (int(B)) = int  (f*(B)) for every
IFS B in (X, 7).
Proof : Since f™: (Y, o) — (X, 1) isalso an IFizGS homeomorphism, the proof follows from Corollary 4.7.

Proposition 4.9: If f: (X, 1) = (Y, o) and g : (Y, 6) — (Z, n) are IFizgG homeomorphisms then their
composition g of : (X, t) — (Z, n) isalso an IFizgG homeomorphisms.

Proof: Let f: (X, t) — (Y, o) and g:(Y, ) — (Z, n)be any two IFizG homeomorphisms. Therefore, f, f*, g
and g™ are IF3G irresolute functions. By theorem, g of and (g of)™= flogtarelFzGS irresolute functions
and (g of) is an IFigG homeomorphism.

Proposition 4.10: The set IFizgG-h(X, t) is a group under the composition of maps.

Proof : Define a binary operation * : IFizG-h(X, 1) x IFigG-h(X, 1) — IFizgG-h(X, 1) by f *g =g~ f for all f,
g € IFigG-h(X, 1) and - is the usual operation of composition of maps.

Q) Closure Property: Let felFizG-h(X, 1) and g elFizG-h(X, t). By theorem 6.3.9, g ° fe IFigG-h(X, 1).
(i) Associative property : We know that the composition of mappings is associative.

(iii) Existence of identity : The identity mappings I : (X, 1) — (X, 1) belonging to IFigG-h(X, 1) servers as
the identity element.

(iv) Existence of inverse : If fe IFigG-h(X, 1), then f'e IFigG-h(X, 1) such that f* * f = fof'= |,
Therefore, inverse exists for each element of IFizgG-h(X, 1).

Therefore, (IFizgG-h(X, 1), °) is a group under the operation of composition of maps.
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Theorem 4.11: Let f: (X, 1) — (Y, o) be a IFizgG homeomorphism. Then f induces an isomorphism from the
group IFigG-h(X, 1) onto the group IFizG-h(Y, o).

Proof : Let f: (X, 1) — (Y, o)be a IFigG homeomorphism. We define a map 6; : IFizgG-h(X, t) — IFizG-h(Y,
o), by 0; (h): fo hof™ for every h e IFigG-h(X, 1), using the mapping f.

Obviously, to prove that 0; is a homeomorphism. 05 (hye hy) = fo (hye hy) o= (fo hy)e(hye f1) = (fo hy) o(f e f
) o (hpef™) = (fo hpef™™ ) o (fo hpef™) = 0; (hy) © 07 (hy),for all hyh,e IFigG-h(X, 1). Therefore, 0; is a
homeomorphism. Hence f induces an isomorphism from the group IFizG-h(X, t) onto the group IFizG-h(Y, o).
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