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I. INTRODUCTION
Fixed point theory is one of the most important topics in the development of mathematical analysis. In
this area of the simplest and most useful results in fixed point theory is Banach fixed point theorem. The first
important and significant result was proved in 1922 for contraction mapping in complete metric space.

Let(X, d)be complete metric space and T be self mapping ofX satisfying
(1)d(T,, T, ) < kd(x,y) forallx,y € X wherek € [0,1). Then T has unique fixed point.

A mapping satisfying the conditions(1) is called contraction mapping. In [3] Bakhin introduced b-
mectric spaces as a generalized of metric spaces. He proved the contraction mapping principle inb- metric
spaces as generalization the famous Banach contraction principle.

In this paper, we present some new fixed-point coincidence point and common fixed point in b- metric space.
Throughout this paper IRandIR* will represent the set of real numbers and non — negative real number
respectively

2 Preliminaries

Definition 1.[8]. Let X be a non- empty set and let d:X x X — R* be a function satisfying the conditions.
d)dx,y) =0=x=y
d;) d(x,y) = d(y,x);
d3)d(x,y) <d(x,z) + d(z,y)forall x,y,z € X. Then d it is called metric on X, and the pair (X, d) is called
metricspace.
Definition 2.[9]. Let X be a non-empty set. Let k > 1 be a real number then a mapping b:X x X - R * is called
b —metric if Vx,y,z € X, the following conditions are satisfied:
b)) b(x,y) =0 & x=y
by) b(x,y) = b(y,x)
b3) b(x,y) < k[b(x, z) + b(z,y)].And the pair (X, b)is called b — metric space.

It is clear from the definition of b —metric that every metric space is b —metric for k = 1, but the converse is
not true as clear from the following example.
Example 2.1. LeX = {0,1,2}. Defined b: X x X - R* as follows
b(0,0) = b(1,1) = b(2,2) = 0,b(1,2) = b(2,1) = b(0,1) = b(1,0) = 1,b(2,0) = b(0,2) =m = 2 for k = %
where m > 2
the function defined above is a b-metric space but not a metric for m > 2.
Definition 3: A sequence {x,} in b-metric space (X, b) is called Cauchy sequence if for €> 0 there exists a
positive integer N such that for m,n > N we have b(x,, x,) <€
Definition 4: A sequence {x,} is called convergent in b-metric space (X,b) if fore> 0 there exists forn >
Nwe have b(xn’x) <€ where x is called the limit point of the sequence {x,, }.
Definition 5: A b-metric space (X, b) is said to be complete if every Cauchy sequence in X converge to a point
of X
Lemma 1. Let (X, b) be a b-metric space and {x, } be a sequence in b-metric space such that
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(3) b(xn ,xn+1) <a. b (xn—lﬂxn)
forn=1.2,3,....and0<ak < 1,a € [0,1), and Kk is defined in b-metric space then {x,} is a Cauchy sequence
in X.
Coincidence point: Given two mappingsf,g: X — Y , we say that a pointx in X is coincidence point of
fandg.If f(x) = g(x). We can write X =Y and we can take g is the identity mapping.
Commuting mapping: Two mapping f, g: X — Xis said to commuting if

flg() = g(f(0))vx

(fog)(x) = (gof)(x)vx

I1. MAIN RESULTS
Theorem.3.1: Let (X, b) be a b-metric space andf,g:Y — X, f(Y) € g(Y) are mappings such that
(i) b(fe f,)< ab (g, gx ) +Bb(gx, fi) + vb(fy, gy) + u[b(gx. ;) + b(gy, f)]Vx, y € y where o, B, yu =
Owithka + kB +y + (K> +ku <1
(i) Eitherf (Y)or g(Y) is complete.
Then f, g have a coincidence point.

Proof: Letx,, x;be points of Y such that x, = gx;. Sincef(Y) € g(Y)and fx, = gx; hence we can contract a
sequence{x,} s.tfx, = gx, 1. Letz, = fx,
Putx =x,y = x,,1 in (i)
b(fxnﬂgxn+l) = b(znrzn+1)
< ab(gxn'gxn+1) + .B(gxn'fxn) + yb(fxn+1' gxn+1)
+ ﬂ[b(gxn'fxn+l) + b(gxn+1'fxn)]
< (Zb(Zn_l,Zn) + ﬁb(zn—lizn) + yb(Zn+1,Zn) + /’t[b(zn—l ,Zn +1) +b (Zn!zn)]
< ab(zn—l 'Zn) + Bb(zn—l,zn) + Yb( Zn+1 +Zn ) + Hk[b(zn—l ,Zn) + b(Zn,Zn+1 )]
b(z, Zy41) < M
n,4n+1) = 1_(Y+ku)
=< }‘b(zn—l ,Zn)

(Zn—l,Zn)

a+B+kp
1-(y+kp)
so, from lemma (1) z, - {fx,, } is Cauchy sequence. Suppose g(Y)is complete. Thenap € g(¥)
s.tz, pand3z € ys.tg, p putting x = x,, andy = z in (1)

b(fxn f2)< ab(gxn,gz) + Bb(gXn fXn) + ¥b(fz .92) + u[b(g%n fz) + b(9z fX0)]

Taking limit n —» o

b(p, fz) < ab(p,p) + Bb(p,p) +vb(fz, .92) + 1 [b(, fz) + b(p,p)]

The inequality is possible only ifb(p, f;) = 0

Sop = f(2) = g(2)

Hence p is coincidence point of f and g.

Again iff (Y)is complete then

z, » p € f(Y) c g(Y). Hence as above zis coincidence point off and g.

wherei =

From conditionsA = %

In the fowling theorems and corollaries, we takef (X) € g(X)

Theorem3.2: Let (X, b)be a b —metric space with coefficientk > 1andf, g : X — X are mappings such that
) b < a(g:,9,) +Bb(g £ + ¥(9y. f;) + u[b(g0 £) + b(gy. )]

Vx,y € Xwherea, B,y,u = Owith ka + kf +y + (k> + k)u < 1

(i) Eitherf (X) or g(X)is complete

(iii) f and g are commuting at their coincidence point.

Thenf and g have unique common fixed point.

Proof: If we takeY = Xin theorem (3 )then we get z,, = fx, such that {z,} is a Cauchy sequence. Supposeg(X)
is complete. Then z, - p € g(X) hencedz € X such that g(z) = p
Puttingx = x,y = z in (3)
f(z) = g(z) = p. Since fand gare commuting at their coincidence point hence fgz = gfz such that

_ f() = gp.
Now putting
x=2z y=f(2z)in(3)

b(fz, ffz) < ab(gz, 9fz) + B9z fz) + v(fz ff2) + ulb(gz ff2) + b(gfz, f2)]
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b(®.1,) < (p.gy) + Bb®.0) +¥(9p. £) + u[b(p. £,) + b(gp.P)]
b(p,f()) <0

which is possible only ifp = f(p) Sop = f(p) = g(p). hencepis a common fixed point off and g.
For unique, supposep and p ‘are two common fixed pointof fand gthen from (3)
b(fy fo) < ab(gy.gy) + Bb(gp. f;,) +¥b(g, f,) + ulb(gy.f,) +b(g, f,)]

, b(p,p) < ab(p,p) + pb(p,p) +v(p,p) +ub(p,p) + b(p,p)]
b(p,p) <0 sop =p’
Theorem 3.3 [6] Let (X,b) be a complete b-metric space with coefficient k > 1 and fbe a self-mappingf: X —
X satisfying the condition

b(fe fy) < a.b(x,y) + B.b(x, £) +v.b(y.f,) + u.[b(x. £,) + b(y, £)]

Vx,y € X,where a, B,y, 1 = 0, with ka + kB +y + (k% + k) u < 1 thenf has a unique fixed point.
Proof: In the above theorem 3.2 if we take g = I (identity mapping) then the theorem 3.3 automatically follows.

Corollary 3.1: Let (X,b) be a complete b — metric space with coefficientk > 1 andf, g:Y — X be mappings
satisfying the condition

b(f..f;) < ab(gx. 9,) + Bb(gs, f) + vb(g,, f,)Vx,y € Xwhere a,B,y =0 withka + kB +y < 1, thenf, g
have coincidence point.

Proof: Puttingu = 0 in theorem 3.1 we get the required result.

Corollary 3.2Let (X,b)be a b —metric space with coefficientk > 1andf, g : X — X are mappings such that

i. b(fo.f,) < ab(ge gy) + Bb(gy, f) +¥b(gy, f,)Vx,y € Xwhere  a,B,y >0  withka + kB +y <1,
thenf, g have coincidence point.

ii. Eitherf(X) or g(X)is complete

iii. fand g are commuting at their coincidence point.

Thenf and g have unique common fixed point.

Proof: Putting 4 = 0 in theorem 3.2 we get the required result.

Corollary 3.3 [6]: Let (X,b) be a complete b-metric space with coefficient k > 1and aself-mappingf: X — X
satisfying the condition

b(fu fy) < a.b(x,y) + B.b(x, f) +v.b(y.£,)
Where a, 8,y = 0 with  ka + kB + y < 1, then fhas a unique fixed point.
Proof: In the above Corollary 3.2 if we take g = | (identity mapping) then the Corollary 3.3 automatically
follows.

Corollary3.4: Let (X, b) be a complete b — metric space with coefficient k = 1 and f, g be mappings f,g:Y —
X satisfying condition.

b(f.. f,) < ab(gx, gy) + Bb(gy, f.)Vx,y € X where Ya, f > 0 with ka + kB < 1.Then

f, g have coincidence point.

Proof: By putting 4 = y = 0 in Theorem 3.1 we get the require result.

Corollary3.5 Let (X, b)be a b —metric space with coefficientk > landf, g : X — X are mappings such that
i.  b(fe.fy) < ab(gr gy) + Bb(gy, f))Vx,y € Xwhere a,(,=0 withka + kf < 1,

ii. Eitherf(X) or g(X)is complete

iii. f and g are commuting at their coincidence point.

Thenf and g have unique common fixed point.

Proof: By putting 4 = y = Otheorem 3.2 we get the required result.

Corollary 3.6[6] Let(X,b) be a complete b-metric space with coefficient k = 1 and f be a self mappingf: X —
X satisfying the condition

b(fe f) < @ b(x,y) + B-b(x, £,)
VX, y € X, where @, 8 = 0 withka + kf < 1 then fhas a unique fixed point.
Proof: In the above Corollary 3.5 if we take g = | (identity mapping) then the Corollary 3.6 automatically
follows.
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Corollary3.7: Let (X, b) be a complete b — metric space with coefficient k > 1 and f, g: Y — X be mappings
satisfying the condition.

b(fy, fy) < ab(gy, gy)Vx,y € X wherea > 0 with ka < 1, then f, g coincidence point.

Proof: By putting 8 =y = u = 0 in Theorem 3.1 we get the required result.

Corollary3.8Let (X, b) be ab —metric space with coefficientk = 1andf, g : X — X are mappings such that
i. b(fx,fy) < ab(gx,gy)‘v’x,y € Xwhere a,,> 0 withka < 1,

ii. Eitherf(X) or g(X)is complete

iii. fand g are commuting at their coincidence point.

Thenf and g have unique common fixed point.

Proof: By putting § = y = u = 0 itheorem 3.2 we get the required result.

Corollary3.9 [6] Let(X,b) be a complete b-space with coefficient k > 1 and f be a self mapping f: X - X
satisfying the condition b(f;, f,) < a.b(x,y)Vx,y € X,

where a = Oka < 1 then fhas a unique fixed point.

Prof: In the above Corollary 3.8 if we take g = | (identity mapping) then the Corollary 3.9 automatically
follows.

11l. CONCLUSION
If we take X =Y and g = I identity map in our result then result of “SARWAR?” [6] is automatically follow
from our result which is more generalized than the result of “SARWAR?” [6].
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