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Abstract:  In this paper, we introduce a new class Wk(a, b, α, β) consists of multivalent function which is 

analytic in the open unit disk with negative coefficient defined with the help of Hohlov operator. 
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I. INTRODUCTION 
Let A denote the class of functions defined as (1), (2) 

𝑓 𝑧 = 𝑧 +  𝑎𝑛

∞

𝑛=2

𝑧𝑛  

  (1)  

𝑔 𝑧 = 𝑧 +  𝑏𝑛

∞

𝑛=2

𝑧𝑛  

             (2) 

which are analytic and univalent in open unit disk U = {z: 𝑧 < 1} is in A. 

Then convolution or Hadmard product of f(z) and g(z) is defined by  

  

 (𝑓 ∗ 𝑔) 𝑧 = 𝑧 +  𝑎𝑛
∞
𝑛=2 𝑏𝑛𝑧𝑛       𝑧 ∈ 𝑈.   (3) 

Let 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) denote the subclass of A consisting of functions of the form  

 𝑓 𝑧 = 𝑧𝑘 −  𝑎𝑛+𝑘−1
∞
𝑛=2 𝑧𝑛+𝑘−1, (𝑎𝑛+𝑘−1 > 0: 𝑘 ∈ ℕ)

  
(4) 

  which are analytic and k-valent in the open unit disk U = {z: z𝜖𝕔, 𝑧 < 1}. 

Definition1. Generalized hypergeometric function 𝓅Ϝ𝓆 is defined in [5] as follows for 

𝑎1 , 𝑎2 … . . 𝑎𝑝 , 𝑏1 , 𝑏2 … . . 𝑏𝑞 ∈  ℕ   

⇒ 𝓅Ϝ𝓆 𝑎1 , 𝑎2 … . . 𝑎𝑝 ; 𝑏1, 𝑏2 … . . 𝑏𝑞 ; 𝑧 = 1 +  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1 𝑧𝑛−1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

∞

𝑛=2

  

 (5) 

 p ≤ q + 1 ,  𝑧 < 1 

where (𝑎)𝑛  is pochhammer symbol defined, in terms of the Gamma function, by   

 𝑎 𝑛 =
Г 𝑎 + 𝑛 

Г 𝑎 
=  

1, 𝑖𝑓  𝑛 = 0 

 𝑎 𝑎 + 1 … .  𝑎 + 𝑛 − 1  , 𝑖𝑓  𝑛 ∈ ℕ 
 . 

Definition 2: Let 𝑓(z)ϵ(𝑎, 𝑏, 𝛼, 𝛽) be of the form (4) then the Hohlov operator 

( 𝛪 𝑎, 𝑏 𝑓 𝑧  , [(𝛪(𝑎, 𝑏)𝑓 𝑧 ): 𝑊𝑘 → 𝑊𝑘)] [4] is defined by means of a Hadmard product below: 

 𝛪 𝑎, 𝑏 𝑓 𝑧  = 𝑧𝑘𝓅Ϝ𝓆 𝑎1 , 𝑎2 … . . 𝑎𝑝 ; 𝑏1 , 𝑏2 … . . 𝑏𝑞 ; 𝑧 ∗ 𝑓(𝑧) = 𝑧𝑘 −  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1 𝑧𝑛−1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

𝑎𝑛+𝑘−1

∞

𝑛=2

𝑧𝑛+𝑘−1 

  (𝑎1, 𝑎2 … . . 𝑎𝑝 , 𝑏1, 𝑏2 … . . 𝑏𝑞 ∈  ℕ & 𝑘 ∈ ℕ, 𝑧 ∈ U).        

 (6) 
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Definition 3:   A function f(z) is in the class 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽)  if it satisfies the condition  

  

 
𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  "

𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  " − 2(1 − 𝛼)𝑧1−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  ′
 < 𝛽. 

where 0 ≤ 𝛼 < 1, 0 < 𝛽 ≤ 1, 𝑘 ∈ ℕ, 𝑧𝜖𝑈. (7) 

 

II. CHARACTERIZATION PROPERTY 
We now investigate the characterization property for the function f(z)  belongs to the class 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) 

thereby, obtaining the coefficient bound. 
Theorem 1: Let the function f be defined by (4) then 𝑓(z)ϵ𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) if and only if 

 
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝑎𝑛+𝑘−1

≤ 𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ] 
where 0 ≤ 𝛼 < 1, 0 < 𝛽 ≤ 1, 𝑎𝑛+𝑘−1 > 0, 𝑘 ∈ ℕ  (8) 

the result is sharp for the below function. 

𝑓 𝑧 = 𝑧𝑘 −
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  (𝑏𝑗 )𝑛−1 𝑛 − 1 !

𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼   (𝑎𝑖)𝑛−1
𝑝
𝑖=1

𝑧𝑛+𝑘−1 

Proof : Suppose that the inequality (8) holds true and let  𝑧 < 1. Then we obtain 

 𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  " − 𝛽 𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  " − 2(1 − 𝛼)𝑧1−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  ′  

= 𝑘 𝑘 − 1 −  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1
∞
𝑛=2   

−𝛽  𝑘[ 𝑘 − 1 − 2 1 − 𝛼 ] −  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1  𝑎𝑛+𝑘−1[ 𝑛 + 𝑘 − 2 − 2 1 − 𝛼 ]

∞

𝑛=2

  

≤  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝑎𝑛+𝑘−1 − 𝑘[(𝑘 − 1) 1 − 𝛽 

+ 2𝛽 1 − 𝛼 ] 
≤ 0 

by our hypothesis. Hence by the maximum modulus principle 𝑓(z)ϵ𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽). 

To prove the converse, assume that f(z) is defined by (4) and is in the class𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) so by the condition (7). 

 
𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  "

𝑧2−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  " − 2(1 − 𝛼)𝑧1−𝑘 𝛪 𝑎, 𝑏 𝑓 𝑧  ′
 < 𝛽 

⟹  𝑘 𝑘 − 1 −  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1
∞
𝑛=2 𝑧𝑛−1 . 

 𝑘 𝑘 − 1 −  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1

∞

𝑛=2

𝑧𝑛−1

− 2 1 − α  k −  
 (ai)n−1

p
i=1

 (bj)n−1 n − 1 !
q
j=1

 n + k − 1  an+k−1zn−1

∞

n=2

  

−1

< 𝛽 

⟹   
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗=1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1
∞
𝑛=2 𝑧𝑛−1 − 𝑘 𝑘 − 1   . 

  
 (ai )n−1

p
i=1

 (b j )n −1 n−1 !
q
j=1

 n + k − 1 an+k−1zn−1  n + k − 2 − 2 1 − α  − k k − 1 + 2k(1 − α) ∞
n=2  

−1

< 𝛽 

            

              (9) 

since  𝑅𝑒(𝑧) ≤  𝑧  for any z, we find from (9) that 

𝑅𝑒    
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1
∞
𝑛=2 𝑧𝑛−1 − 𝑘 𝑘 − 1  .     

 (𝑎𝑖)𝑛−1
𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗 =1

 𝑛 +∞
𝑛=2

𝑘−1𝑎𝑛+𝑘−1𝑧𝑛−1𝑛+𝑘−2−21−𝛼−𝑘𝑘−1+2𝑘(1−𝛼) −1<𝛽  

(10) 

Choose values of z on the real axis so that (𝛪 𝑎, 𝑏 𝑓 𝑧 )is real. Taking 𝑧 → 1 through real values, we have 
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⟹   
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2 𝑎𝑛+𝑘−1

∞

𝑛=2

𝑧𝑛−1 − 𝑘 𝑘 − 1  

≤ 𝛽   
 (ai)n−1

p
i=1

 (bj)n−1 n − 1 !
q
j=1

 n + k − 1 an+k−1zn−1  n + k − 2 − 2 1 − α  − k k − 1 

∞

n=2

+ 2k(1 − α)   

⟹ 
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛−1 !
𝑞
𝑗 =1

 ∞
𝑛=2  𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝑎𝑛+𝑘−1 ≤ 𝑘[(𝑘 − 1) 1 − 𝛽 +

2𝛽 1 − 𝛼 ] 
desired assertion (8) is proved . 

Finally, we note that the assertion (8) of theorem 1 is sharp for the function  

 

𝑓 𝑧 = 𝑧𝑘 −
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  (𝑏𝑗 )𝑛−1 𝑛 − 1 !

𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼   (𝑎𝑖)𝑛−1
𝑝
𝑖=1

𝑧𝑛+𝑘−1 

   (11) 

Corollary 1.   Let the function f(z) defined by (4) belong to the class  𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) then  

 

𝑎𝑛+𝑘−1 ≤
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  (𝑏𝑗 )𝑛−1 𝑛 − 1 !

𝑞
𝑗 =1

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼   (𝑎𝑖)𝑛−1
𝑝
𝑖=1

, 𝑛𝜖ℕ 

 

 (12) 

if we put k=1, i=1, j=1, b=1, 𝛼 = 𝛾, then its reduced to [1] 

𝑎𝑛 ≤
2𝛽 1 − 𝛾 

 𝑛   𝑛 − 1  1 − 𝛽 + 2𝛽 1 − 𝛾  . 𝑎
 

if n=2 then [1] 

𝑎2 ≤
𝛽 1 − 𝛾 

 1 + 𝛽 1 − 2𝛾  . 𝑎
. 

Theorem 2: Let the function f(z) be defined by (4) and g(z) defined by 

𝑔 𝑧 = 𝑧𝑘 −  𝑏𝑛+𝑘−1

∞

𝑛=2

𝑧𝑛+𝑘−1 

   (𝑏𝑛+𝑘−1 > 0: 𝑘𝜖ℕ)  (13) 

be in the class 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽), then the function h(z) is defined by 

𝑕 𝑧 =   1 − 𝜃 𝑓 𝑧 + 𝜃𝑔 𝑧 = 𝑧𝑘 −  𝑐𝑛+𝑘−1

∞

𝑛=2

𝑧𝑛+𝑘−1 

  (𝑐𝑛+𝑘−1 =  1 − 𝜃 𝑎𝑛+𝑘−1 + 𝜃𝑏𝑛+𝑘−1  ; 0 ≤ 𝜃 < 1, 𝑘 ∈ ℕ)              (14)   

is also in the class 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽). 

Proof: By the hypothesis of theorem 2 we find from (8) that 

 
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝑐𝑛+𝑘−1

=  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼   1 − θ 𝑎𝑛+𝑘−1

+  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝜃𝑏𝑛+𝑘−1 

≤  1 − θ  𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ] + 𝜃 𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ] 
≤ 𝑘  𝑘 − 1  1 − 𝛽 + 2𝛽 1 − 𝛼   

Hence the function h(z) satisfies the condition (7) &  𝑕 z ∈ 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽). 
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III. DISTORTION THEOREM 
Following [8] we can easily prove the results given below: 

Theorem 3: Let 0 ≤ 𝛼 < 1, 0 < 𝛽 ≤ 1, 𝑘 ∈ ℕ .If the function f(z) defined by (4) being the class  𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) 

then 

 𝑓(𝑧) ≥  𝑧 𝑘 −
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  𝑏𝑗

𝑞
𝑗 =1

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 𝑧 𝑘+1 

                                 (15) 

 𝑓(𝑧) ≤  𝑧 𝑘 +
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  𝑏𝑗

𝑞
𝑗 =1

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 𝑧 𝑘+1 

       (16) 

Proof :- Since 𝑓(z)ϵ𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) By theorem 1 we have 

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 𝑏𝑗
𝑞
𝑗 =1

 𝑎𝑛+𝑘−1

∞

𝑛=2

 

≤  
 (𝑎𝑖)𝑛−1

𝑝
𝑖=1

 (𝑏𝑗 )𝑛−1 𝑛 − 1 !
𝑞
𝑗 =1

 

∞

𝑛=2

 𝑛 + 𝑘 − 1   𝑛 + 𝑘 − 2  1 − 𝛽 + 2𝛽 1 − 𝛼  𝑎𝑛+𝑘−1 

≤  𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ] 

⟹   𝑎𝑛+𝑘−1

∞

𝑛=2

≤
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  𝑏𝑗

𝑞
𝑗 =1

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 

Consequently, we obtain           𝑓(𝑧) ≥  𝑧 𝑘 −  𝑧 𝑘+1  𝑎𝑛+𝑘−1
∞
𝑛=2  

 𝑓(𝑧) ≥  𝑧 𝑘 −
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  𝑏𝑗

𝑞
𝑗 =1

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 𝑧 𝑘+1 

and  

 𝑓(𝑧) ≤  𝑧 𝑘 +  𝑧 𝑘+1  𝑎𝑛+𝑘−1

∞

𝑛=2

 

 𝑓(𝑧) ≤  𝑧 𝑘 +
𝑘[(𝑘 − 1) 1 − 𝛽 + 2𝛽 1 − 𝛼 ]  𝑏𝑗

𝑞
𝑗 =1

 𝑘 + 1   𝑘  1 − 𝛽 + 2𝛽 1 − 𝛼   𝑎𝑖
𝑝
𝑖=1

 𝑧 𝑘+1 

Which prove the assertions (15), (16) of theorem 3. 

Corollary 2- Under the hypothesis of theorem 3, f(z) is included in an open unit disk with its center at the origin 

and radius r given by: 

r = 1 +
k  k − 1  1 − β + 2β 1 − α  .  bj

q
j=1

 k + 1 [k 1 − β + 2β 1 − α ].  ai
p
i=1

 

 

IV. FURTHER PROPERTIES OF 𝑾𝒌(𝒂, 𝒃, 𝜶, 𝜷) 
Now we study some interesting properties of the class 𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽). The proof of each of the following results 

in this section runs parallel to that of the corresponding assertion made by Srivastava and Aouf  [11]. We skip 

details involved. 

Theorem 4: Let the conditions given by (4) be satisfied and 0≤ 𝛼′ < 1 , 0 < 𝛽′ ≤ 1 , then 

𝑊𝑘(𝑎, 𝑏, 𝛼, 𝛽) =𝑊𝑘 𝑎, 𝑏, 𝛼′, 𝛽′ ,  

If and only if 
β 1−α 

 1−β +2β 1−α 
=

β′ 1−α′ 

 1−β′ +2β′ 1−α′ 
    (17) 

Theorem 5: Let 0≤ 𝛼1 ≤ 𝛼2 < 1  𝑎𝑛𝑑  0 < 𝛽 ≤ 1 , then 

𝑊𝑘 𝑎, 𝑏, 𝛼₁, 𝛽 ⊇ 𝑊𝑘 𝑎, 𝑏, 𝛼₂, 𝛽  (18) 

Theorem 6: Let 0< 𝛽1 ≤ 𝛽2 ≤ 1  𝑎𝑛𝑑  0 ≤ 𝛼 < 1 , then 

𝑊𝑘 𝑎, 𝑏, 𝛼, 𝛽₁ ⊆ 𝑊𝑘 𝑎, 𝑏, 𝛼, 𝛽₂            (19) 
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