IOSR Journal of Engineering (IOSRJEN)
ISSN: 2250-3021 ISBN: 2878-8719 PP 66-69
National Symposium on engineering and Research

Some Curvature Properties of Sasakian Manifolds
Dr. S. M. Bhati, A. R. Tambe~

Sandip Institute of Technology and Research Centre, Mahiravani , Nashik
Matoshri College of Engineering & Research Center, Eklahara, Nashik

Abstract: - In this paper, we established several curvature properties of a Sasakian manifold of dimension

n > 5. The Bochoner curture tensor B of a Sasakian manifold M?*"™* with structure (9, &,m, Q) is introduced
as an analogue of the Weyl conformal curvature tensor of a Reimannian manifold (see Matsumoto and Chuman
[3]) We obtained many identities containing components of Bochoner curture tensor. We studied some
geometrical implication of vanishing of the contact Bochoner curture tensor in Proposition 2.1 and 2.2

Key words: - Subject Classification: 53 C 20 Global Differential Geometry

. Introduction:
A differential manifold M?*""is said to have a (@,&,m,Q)-structure if it admits an
endomorphism ¢ of the tangent spaces, a vector field & and a 1-form 1 satisfying

(1.1) n€) =1
and
(1.2) e’ =—-1+n®¢&
where | denotes the identity transformation. It is easily seen that ¢p satisfies
(1.3) eE=0 and Mo@=0

That is, (phas rank 2n. The notion of an almost contact structure and a (¢,&,n) -structure are
equivalent. In this sense we sometimes refer to an almost contact structure (¢,&,m) .

We also see that M?"™™ admita special Riemannian metric called a compatible metric such that
(1.4) 9(eX,0Y) =9(X,Y) —n(X)n(Y).
M?™ with (@, &,1) -structure and then metric (1.4) is said to have (¢,&,m, ) -structure or an almost
contact metric structure (o,&,1,9) .

The fundamental 2-form @ of an almost contact metric structure (@, &,m,Q) is defined by

(L5) d(X,Y) = g(oX, Y).

@ is skew-symmetric because of (1.2), (1.3) and (1.4). An odd dimensional Euclidean space R2"+l, a
hypersurface in an almost complex manifold, especially an odd dimensional sphere, a product manifold

2 . . . .
M*" x R of an almost complex manifold and real line are examples of almost contact metric manifolds.

An almost contact manifold M*™* is said to be normal if an almost complex structure M xR is
normal, that is,

(1.6) [, @] (X, Y) +dn(X,Y)5 =0
where [@, @] is the Nijenhuis torsion tensor for ¢ .

An almost contact metric structure is said to be a contact structure if
(1.7) D(X,Y)=dn(X,Y)
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A Sasakian manifold is an almost contact metric manifold satisfying (1.6) and (1.7). But it is well
known that

(1.8) (Vx0)Y =—g(X, Y)E+n(Y)X

is the necessary and sufficient condition for an almost contact metric manifold to be a Sasakian manifold. See
Blair[1] . In a Sasakian manifold we have

(1.9) Vyi&=0X

By (1.8), (1.9) and the Ricci identity for & we have
(1.10) R,"& =8m, -8,
or
(1.11) R@ihnh =M9; —N;9%%

By applying SE to (1.10), we have
i
(1.12) R;& =2,

Let M?"™ be a Sasakian manifold.  The sectional curvature of the section spanned by X and @X

which are orthogonal to & is called a ¢ -sectional curvature .A Sasakian manifold of constant ¢ -sectional

2n+l

curvature c is called a Sasakian space form M (c). The necessary and sufficient condition for a Sasakian

manifold M *"* (2n+12>5) to be a Sasakian space form M an+ (c) is that the curvature tensor has the following
form:
c+3 c-1
(113) RXYZ= = =(9(Y, )X~ eX2v) + = = ((X)(2)Y
~n(YIN2D)X+9(X, 2n(y)E—9(Y, Zm(X)E
+9(Y, 2)oX —g(0X, 2)pY —29(eX, Y)0Z) .
If the curvature tensor is of the form (1.13), the Ricci tensor R ji and the scalar curvature S are given
by

n(c+3)+c-1

114 RY)= a(x, ) —wf‘”n(xmm

and

(1.15) S:%[n(Zn +1)(c+3)+n(c-1)].

An odd dimensional sphere S and odd dimensional Euclidian space R 2" and the product bundle

(R,CD"),where CD" is a simply connected homogeneous complex domain with constant holomorphic

sectional curvature having value less than or equal to zero and R is the real line, are examples of Sasakian space
forms.

By generalizing (1.14), we call a Sasakian manifold M?™ c- Einstein if Ricci tensor Rji of

M?" is of the form (see Kon[2])
(1.16) Rji Zagji+bﬂmi'

where a+b=2n.

Remark : The second Bianchi identity reduces to
(1.17) VS-2V,R; =0
From (1.16), the scalar curvature is expressed by
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(1.18) S=(2n+la+b=2n(a+1).
By putting (1.16) and (1.18) into (1.17), we have

(1.19) (2n-2)V,a+2n,E'vV,a=0,
Since (1.9) and (1.3) hold. Applying &', we see

(1.20) 2ng'V, a=0.

Thus if n>1, aand b in (1.16) are necessarily constants, because (1.19) with the second term replaced
by (1.20) gives

(2n-2)V;a=0.

I1.  Contact Bochner curvature tensor
From this section Sasakian manifolds always have dimension n >5. The contact Bochoner curvature

tensor B of a Sasakian manifold M*"*" with structure
tensor (¢, &, 7, Q) is introduced as an analogue of the Weyl conformal curvature tensor of a Riemannian

manifold. (See Matsumoto and Chuman ) [3] But we do not know as to what kind of non-trivial transformation
leaves the contact Bochoner curvature tensor invariant.

(2.2) By =R+ —mi&"L;i—(;" —ng"Ly
+Lkh(gji_njni)_|—jh(gki —NN;)
+(pkhMji _(Pthki + Mkhq)ji _Mjh(pki
—2(esM," +My9,")
+(@ 95 — 9 Py —2040;"),

where

(2.2) Lji = 2(n1+1) [_Rji_(L+3)gji+(|—_1)njnj]l
2.3) L, =L,g"

(2.4) L:g“Ljia

(2.5) M;; = _th(Pitf

(2.6) M, =M,g"

From (2.2) and (2.4) it follows that

2.7 L= ——S +4§r(]32£; 2) :

where S is the scalar curvature of M?"™
Applying (1.12) to (2.2), we have

(2.8) Ljigi =-n;
which together with (2.5) yields

(2.9) th(Pit =L;i+njn;
The following identities are easily verified

(2.10) Bmh +Bjkih -0

(211) By +Bi +By" =0,

(2.12) B, =0,

(2.13) Byin + B =0
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(2.14) By = Bing»
(2.15) Byi'My =0,
(2.16) By @' =By'o,",
(2.17) By ¢¢ =0

Since the vanishing of the Wey1 conformal curvature tensor has an important geometric meaning, next
we will study some geometric implications of the vanishing
of the contact Bochoner curvature tensor, i.e., B =0.

PREPOSITION 2.1

Let M?*"* be a Sasakian manifold. If M*™™ has constant ¢ — sectional curvature, .then M>"* is

C-Einstein and the contact Bochoner curvature tensor B vanishes.
Proof : The first part was already observed in (1.14), so we will just prove the second part. By using (1.14)
and (1.15) we have

I_:_nc+3n+4
4
and
c+3 c-5
Li=- 3 g + 3 niM;»
Thus
c+3
Mji:_T(pji’

which, substituted in (2.1), gives the result.
The converse of Proposition 2.1 is given in the next Proposition 2.2.

PREPOSITION 2.2
Let M?"™ be a Sasakian manifold. If the contact Bochoner curvature tensor B vanishes and M*"*™ is a C-
Einstein, then M*"™" has a constant ¢ — sectional curvature.

Proof : Since M2 s C-Einstein, Ricci tensor is expressed by
R =ag; +bnm;
where a and b are necessarily constants such that a + b = 2n . Thus the scalar curvature S= (2n +1)a+b is
constant. By using (2.1), we can compute qu-ih which has the form (1.13) with
_2na+4a-3n®-5n+2
 (n+)(n+2)
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