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Abstract. In the present article ,the solution of a fractional integro-differential equation model associated with
a RLC circuit with 0<a<1 is derived.By introducing the fractional derivative in the sense of Caputo,homotopy
analysis method is applied to find the analytic approximate solution of the model.The result obtained is shown
graphically with the effect of varying the auxiliary parameter h and o.
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I. INTRODUCTION

Fractional calculus has attracted the interest of many researchers in the recent years being a new
mathematical method for solving the diverse problems due to the frequent appearance of the fractional
differential equations which are generalization of classical integer order equations in various fields like
viscoelasticity,biology,mechanics,fluidflow,physics,engineering and other models.fractional order derivatives
and integrals are proved to be more appropriate for formulating certain mathematical models as compared to the
classical models[1-6].For the fractional differential equations as such no method exists which provides the exact
solution.Although some effective perturbative and nonperturbative techniques are there to derive the
approximate solutions for the same.The perturbation techniques such as homotopy perturbation method involve
small perturbation parameters [7] .Hence when applied to a problem it involves the expansion around the
perturbation parameter which leads to small convergence region of the result.Whereas in the non perturbative
techniques like the optimized perturbation theory(OPT)[8]and linear & -expansion method(LDE)[9,10] the
convergence of the region is controlled by some artificial parameters not existing in the original problem and so
the approximations have a least dependence on these parameters.Among the non perturbative techniques the
homotopy analysis method is a powerful analytical method proposed by Shi-Jun-Liao[11-13] to find the
solutions of linear and non linear differential and integral equations. The Ham contains the auxiliary parameter h
to control the convergence region of the solution. The HAM was successfully applied to solve many nonlinear
problems such as nonlinear Riccati differential equation with fractional order [14], nonlinear VVakhnenko equation
[15], the Glauert-jet problem [16], fractional KdV-Burgers-Kuramoto Equation [17], nonlinear heat transfer [18],
to projectile motion with the quadratic law [19], to boundary layer flow of nanofluid past a stretching sheet [20], to
the system of Fractional differential equations [21], to the nonlinear flows with slip boundary condition [22] and so
on.

This paper is organized to have some important definitions in section 2. Section 3 deals with reviewing
the basic idea of HAM briefly. Section 4 is concerned with Mathematical Model for RLC electrical circuit .In
section 5 the Formulation of fractional differential equation model and its solution applying the HAM s
presented graphically.

I1. DEFINITIONS
In this section we mention some basic definitions of the fractional calculus theory:the Caputo and its reverse
operator Riemann -Liouville and their properties which we will use to get the solution[1-3].
Def.2.1:A real valued function f(x),x > 0 is said to be in the space C, € R if there exists a real number p >
u suchthat f(x
) = xP fix ,where f;(x) € C[0, o}
Def.2.2: A function f(x),x > 0 is said to be in the space C*,m € N U {0}, if f™ € C,.
Def.2.3 The Riemann-Liouville fractional integral operator of order <> 0,for a function f € C,, u > 1is defined
as

1 X
Jof(x) = mjo (x — ) 1f(t)dt; x>0,x>0
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JOf () = f(x)

For the convenience of establishing the results,we have the following properties

JIPF) =] f(x0)

]:xxﬁ - I'(f+1) xa+B
I'(<+p+1)
Def2.4:The fractional derivative of f € C";in the Caputo’s sense is defined as

) J ﬁfot& — el dr, n-1<a<nneN,
D*f(t) = dn

I f@), «=n.

According to the Caputo’s derivative,we can easily obtain the following expressions:
D*K = 0; Kis a constant,

Irg+1
Ltﬁ_a’ﬁ >a_1‘
0, f<a-1

1Hl. HOMOTOPY ANALYSIS METHOD
In order to show the basic idea of HAM, consider the following differential equation
N [u(t)] = 0, (3.2)
where N is a nonlinear operator, t denotes the independent variables and uis an unknown function. For
simplicity, we ignore all boundary or initial condition, which can be treated in the similar way. By means of the
HAM, we first construct the zeroth-order deformation equation as
(1 =@ L[$(t,q) —u(t)] = qhH() N [$(t,q)], (3.2)
where g € [0 1] is an embedding parameter , h # 0 is an auxiliary parameter, L is an auxiliary linear operator,
¢(t,q) is an unknown function, u(t) is an initial guess of u(t)and H(t)# 0 denotes a nonzero auxiliary
function. It is obvious that when the embedding parameter q = 0 and g = 1, equation (3.2) becomes

¢(t, 0) = ug( ), ¢(t.1)=u(t)

(
3.3)
respectively. Thus as ¢ increases from 0 to 1, the solution varies from the initial guess u(t) to the solution u(t) .
Expanding ¢ (t, q) in Taylor series with respect to q ,

d(t,q) = ug(t) + X1 un () @™,

Where u,,,(t) = %% |q =o0. (3.4)

The convergence of the series in (3.4)depends upon the auxiliary parameter h and the auxiliary function H( t). If
it is convergent at g = 1,we have

u(t) =uo(t) + Xp=1 U (1)

(3.5)
Which is definitely one of the solutions of the nonlinear equation considered in (3.1) ,as proven by Liao.
Defining the vector
u—‘r; = (uO( t)'ul( t)' -"'un( t))
By differentiating the zeroth order deformation equation m —times , dividing it by m! and then setting q=0,we
get the m-th order deformation equation as.

L [um( t) — Xm Un-1 (t)] = hH(t) Rm [ﬁ(t)]

3.6)
Subject to the initial condition
u,(0)=0
Where
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1 I™IN[4(t,
R 01 o b A oo

_ {0, m<1
Im =1, m>1.
If we choose L[4(t, q)] = D*,then according to (3.6) we have

J* D [up (©) = Xm Um-1(O)] = K*[H(@O) Ry {1 (0)}]
Which further gives

Uy () = Yn Um—1(8) + B [H(O Ry, {1 (D)}],

(
3.6)
Subject to the initial condition:
U, (0)=0
For the special case when @ = 1,then () reduces to
U () = Yo 16 + 1 [{TH(O Ry (U (D)} ]d
(

3.7)

IV. MATHEMATICAL MODEL FOR RLC ELECTRICAL CIRCUIT

Various fractional model for electrical circuits such as RL, RC, RLC have already been proposed.
Caputo derivatives and Numerical Laplace transform are considered to get the solution of RL and RC circuits.
Further, RLC circuit is also analysed in time domain and the solution are found in terms of Mittag-Leffler
function [23]. Analytic solution of RL electrical circuit described by a fractional differential equation of the
order 0 <a <1 has been obtained by using the Laplace transform of the fractional derivative in the Caputo
sense[24]. RLC circuit of non-integer order is solved analytically by using the Laplace Transform method
including convolution theorem[25].In continuation to these developments this paper discusses a hew and recent
application of fractional calculus i.e. RLC electrical circuit considering an integro differential equation with
parameterae(0,1] and the analytic approximate solution is obtained as an application of Homotopy analysis
method.

Here, we present an oscillatory RLC electrical circuit in which resistor(R),inductor(L) and capacitor
(C) are connected with voltage(E) in series. Here, the capacitance (C), the inductance (L) and the resistor (R) are
considered as positive constants.

R L CI_

\

E

RLC Circuit

1)

Nomenclature

E(t) { The voltage of the power source (measured in volts = V)

I(t) { The current in the circuit at time t (measured in amperes = A)
R { The resistance of the resistor (measured in ohms = V/A)

L { The inductance of the inductor (measured in henry = H )

C { The capacitance of the capacitor (measured in farads =F = C/V)
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V. FORMULATION OF FRACTIONAL DIFFERENTIAL EQUATION MODEL AND ITS
SOLUTION

If the voltage across R, L and C are RI,LZ—iand %fot 1(¢)de respectively,as per Kirchhof's voltage law, around

any loop in a circuit, the voltage rises must equal to the voltage drops. We have,
Up(t) + Ur(t) + U (8) = E(8)
Or

LdI+RI+1fIdt—E(t)
dt C B

Here we study the model for RLC circuit in the form of fractional differential equation as

LDI(t) + RI(t) + 7 [ I(t) dt = E(t)

5.1)

Where D%I(t) —d—a,O <a<l.

For an AC voltage source, choosing the origin of time so that V' (0) = 0,V (t) = E, sin(wt) and the
differential equation becomes

R 1 (¢ E,
DUl +—1+ = I(t)dt=TSinwt

LC
wheret =0, =0orI(0) = 0.

(5.2)
Choosing the auxiliary linear operator L{#(t, q)] = 00(tq) with the property L(c) = 0 and the auxiliary function
H(t) = 1,we construct the homotopy as
R [Tt (D]7D 1 () + Tl ey () + - fy hye (0)dx — 2 Sinwt  (5.3)
In(®) = Xon Ine1(©) + 1 i Ry [T (0)] dt (5.4)
0,0 m<1
Xm = {1, m> 1.

h© = [ RG] d
0
= hfot [Dalo(t) + §Io(t) + ifot Iy(x)dx — EL—OSin wt] dt

Let [,(t) = r(f—;) then

(5.5)
I(t)—hf pe_ & + R t +1jt X = Bosin ot ar
= ta+e T ITa+ e LCOF(1+a)x Lo
fr(1+a) t* +1 tite EOS' s
F(1+a) LT(A+a) 'LCT@2+a) L-M¢
t1+a 1 t2+a
= nh|t Cos wt — 1
[ L(1+a)F(1+a)+LCF(3+a) o (Cos @ )]
t1+a 1 t
h[ +Zr(z+a) LCF(3+a)+_(Coswt_1)] (5.6)

L) = x, L(®) +h [ R[] dt

(5.7)
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1+a 1 t2+a

ITC+@ (ICTG+a)

t R 1 t E,
hf DI (t) + Il(t) +LCf L (x)dx — TSm wtdt

Rh t1+a h t2+a
L T@2+a) ' LCT(B+a)

L(t)=h [t + (Cos wt — 1)]

R tlta 1 t2ta
[ + LT(2+a) LC F(3+a) (COS wt = 1)] + hf [Da {hlt T

RLAt+RALLT+al (2+a)+/z[[' 12+4-al (3+a)+£0hwl(Cos
wt—1)+hLC0tx+RLxI+al (2+a)+1LCx2+al (3+a)+E 0wl (Cos wx—1)dx— £O0LSin witdt

LZL(COS wt — 1)} +

R tlta 1 2+ Eo
=h [t t1 F(2+a) LCT(3+a) | ol (Cos wt — 1)] +

1-a Rh _tI(2+a) b tr@+a) | Eon o an } { Rh tlta b g%t
hfo [{ r2-a) + L TQR+a)T(2) + LCT(3)I(3+a) + oL @ Cos ( 2 + wt) ht + L T(2+a) + LCT(3+a) +

LOhwl(Cos wt—1)+ALCE22+RLt2+al (3+a)+1LCt3+al (4+a)+L0w2LSin wt—£Owlt—£0LSin wtdt

t1+a 1 t2+ 1-a

=h [t t1 [(2+a) Er(3+a) (COS wt = 1)] + hf [{ r-a)
RLAt+RALLL+aT (2+@) Ltz bar (3+a)+E0hwL(Cos
Wt 1)+ALCE22+RLL24aT (3+@)+1LCE3+al (4+a)+E0w2LSin wi- EOwlt- EOLSin wtdt

+—t+ +%*‘w“€os(?+wt)}+

R_tite 1 et _ 2« Rh t2 h th w®
[ +1 LT(2+a) tie r(3+a) (COS wt 1)] th [{ G- +o7F ﬂ? +-2 Sin (— + wt)}
RLALZ2+RNLE2+al (3+a) +/zl[' 13+al (4+a) +£0hwl(Sin

Wtw—)+hLCE36+RLES+AT (4+a)+1LCt4+al (5+a)+L0w2l (1-coswtw)— £0wlt22— £0L(1-coswiw)

hEO(h _i_) (_ﬂ) 22(& i_thO) n%t3 2 t27@  Rh tlte
Hence I,(t) = L ZLc LC +ht wLC +ht 2L+ZC 20wL2C + 3Lc th r(3 a)+ L F(2+a)+

n 2 hz t4ta th _ h L EO a -2 an
(1 +R h) r'(3+a) LZC2 (L + C) T(4+a) LC r'(5+a) ( w?LC + LC) Cos wt +=— L Sin ( 2 +
wt) +X ZLc " Sin wt.
(5.8)
...and so on

Here only two terms of the HAM series solutions are used in evaluating the approximate solution shown in the
following figures.The efficiency of the solution can be enhanced by calculating further terms of 1(¢t).

Consider the electrical circuit RLC with R = 250Q,L = 1072 H,C = 10~*F ,E, = 1V and o=100x.Figures
1-2 show the solution for the current in the inductor , for different particular cases of a and h:
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4x%10° . , :
alpha=.2,I(t) +
3.5x100 - alpha=.5,1(t) d
alpha=.9,It)
3%10° |- i
2.5%10° |- i
2100 |- i
1.5x10° | i
1x10° ~ /
—~ RN ___x' 1
500000 |- i ++++\ +++ v\ /4
AT A / + w4
ar '\-.-_ +.+ -P_-F | |,+ + + \_“ ; _,."++ + +
04- 4" i b + ++\\ yan ++ ++ _
+ i+ i o ot
-500000 L B hd |
T +
-1x10° : ' ' I
] 2 4 i 8 10

Fig.1.plot for h = 1;x= 0.2,I1(t)with points,x= 0.5, I(t)with lines, x= 0.9, I(t) with linespoint

4x10° T T T
h=0.8,I(t) +
h=1.2,1(t)
3x106 | h=1.4,(t) |
2x108 |- 7N :
~ N ++"
1x10° | N e + -
i ++ +++ ++
A "{|.+++++++ " ey
bt + =+
o . .1L++++++-F:'.... g P
o I +F T P .
.\.+ . 4t ++.|.H_++ N
-.\‘.. I x___\ f
-1x108 - 5
-2x10° L I ! !
] 2 4 6 8 10

Fig.2.plot for x=0.7,: h0.8,I(t)with points, h1.2,I(t)with lines,h =
1.4, I(t)with linespoint.

V1. CONCLUSION
In the present article,We have presented an approximate solution for fractional integro-differential
equation model associated with LCR circuit in time domain using the homotopy analysis method.The result
obtained has been shown graphically for varying values of the exponent « of the fractional derivative and the
auxiliary parameter h which shows that with the decrease in the values of o« and h,the amplitude of the
oscillation is decreased due to the increase in the damping capacity of the system and it leads the system to
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exhibit an overdamped behavior.Hence the solution obtained depends on o< and h and the electrical LCR circuit
shows a non local effect of internal friction for .

The homotopy analysis method used here has an advantage that the convergence of the solution region can be
controlled by choosing the auxiliary parameter h,auxiliary function H(t),auxiliary linear operator L and the
initial guess.Hence it is a powerful tool to solve various problems in fractional calculus.
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