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I. INTRODUCTION
In connection with the bounds for the zeros of a polynomial with real coefficients,
Gulzar [3] recently proved the following results.

n
Theorem A. Let P(2) =Zajz‘ be a polynomial of degree n such that for some positive numbers
j=0
k,,K,, pand some integer 4 with k;, 21k, >1,0< p<10<A<n-1,
kia,=a,, >....2k,a, 2a, ;, >....2a, 2 pa, .
Then all the zeros of P(z) lie in the closed disk
1
lz+k -1 < m{klan +2(k, —D)[a,| - p(a, +|ag]) + 2Ja, [}
n
n .
Theorem B. Let P(z) = Zasz be a polynomial of degree n such that for some positive numbers
j=0
k,,K,, pand some integer 4 with k; 21k, 21,0< p<10<A<n-1,
ka,=>a,; >....2k,a, 2a, , >....2a, > pa,.

a R
Then for any R>0,the number of zeros of P(z) in |I\/|_O| < |Z| < —,C >1 does not exceed
C
1 K
——log——,
logc ~ |P(0)|

where
K =la,[R™™ +|a,|+ R"[ k, ([a,| +a,) —[a,|+2(k, —Dla,|+[a,| — p(a,| +a) ],
M =[a,[R™ +R"[ k,(a,| +a,) —[a,| + 2(k, —D]a,| +[a,| — p(lac| +a,) ]

for R>1 and
K =a,|R™ +[a| + R[ k;(a,|+a,) —[a,|+2(k, —Dla,| +|a,| — pac| +a,) ],
M =la,|R™ +R[ k,(|a,| +a,) —|a,|+2(k, —D|a,| +|a,| - p(a,| +a) ]

for R<1.
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I1. MAIN RESULTS
The aim of this paper is to consider the polynomial of Theorem A with complex coefficients and find bounds for
its zeros and for the number of its zeros in a specific region. In fact, we prove the following results.

n

Theorem 1. Let P(z) = Zaj Z" be a polynomial of degree n with complex coefficients such that for some
j=0

positive numbers K, ,K,, 0 and some integer 4 with k; 21k, >1,0< p<10<A<n-1,

[ -3 " - W Y- VY Y - W o - W

and for some real numbers ¢, S,
T
‘argaj —ﬁ‘SaSE, j=012,......n.
Then P(z) has all its zeros in the closed disk

lz+k, -1 < ||

4
+2Ja,| - plag|(cos —sina +1) + 2sina nZ‘aj‘ }
[N

Remark 1. Choosing & =0, # = 0 and a; 2 0, V] in Theorem 1, we get Theorem A.

{ kiJa,|(cosa +sina) + 2k,[a, [sine + 2(k, —1)[a,|

For different values of the parameters , we get many different results. For example taking k2 =1in
Theorem 1, we get the following result.

n
Corollary 1. Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some
j=0
positive numbers K, p and some integer 4 with k;, >1,0< p<10<A<n-1,
kijan| =[a, | = > oy 2 [a, > 2 [ay| > play|

and for some real numbers ¢, £,
T
larga, —ﬂ‘SaSE, j=012,.....n.

Then P(z) has all its zeros in the closed disk

lz+k, -1 < ||

+2sina ni‘aj‘ }

j=1,j#4

{ k,|a,|(cosa +sina) + 2a,| - play|(cos —sina +1)

Taking p =1 in Theorem 1, we get the following result.

n .
Corollary 2. Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some
j=0
positive numbers K, K, and some integer 4 with k; 21k, >1,0<A<n-1,
kja,| >[a, o = 2 kylay| = a4 > 22y >3y

and for some real numbers ¢, £,
T
‘argaj —ﬁ‘SaSE, j=012,......n.
Then P(z) has all its zeros in the closed disk

lz+k, -1 < ||

{ k,[a,|(cosa +sina) + 2k, a,|sina + 2(k, —1)[a,|
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1
~|ay|(cos & —sin & 1) + 2sinex HZ‘aj‘ .
j=1,j#A4

Next, we prove the following result.

n
Theorem 2. Let P(z) = Zaj Z" be a polynomial of degree n with complex coefficients such that for some
j=0
positive numbers K, ,K,, 0 and some integer 4 with k; 21k, >1,0< p<10<A<n-1,
kja,| =|a, 4| = 2 Kola,| 2 |a, 4> . 2|8y = play

and for some real numbers ¢, £,

a,|

Then P(z) has no zeros in the open disk |Z| < V

where
M =la,|R™ +R"[ (k,Ja,|(cose +sina +1) —[a,|+2k,[a,[sine + 2(k, —D)[a,|

1
— plag|(cos & —sina +1) + [a, [+ 2sin nZ‘aj @
j=1,j#4

forR>1
=la,|R™ +R[ (k,[a,|(cosa +sina +1) —[a,| + 2k,|a,|sina + 2(k, —D|a,|

-1
— plag|(cosar —sina +1) + [a, |+ 2sin nZ‘aj @
i=L j#4

forR<1.
For different values of the parameters, we get many different results. For example taking k2 =1in
Theorem 2, we get the following result.

n
Corollary 3. Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some
j=0
positive numbers K, p and some integer 4 with k;, >1,0< p<10<A<n-1,
kila,| =[a, | = 22y 2 ]a, > . 2 [ay | > play|

and for some real numbers ¢, f3,

a|

Then P(z) has no zeros in the open disk |Z| < V

where
M =|a,[R™ +R"[ (k,Ja,|(cosa +sinar+1) —[a,|

1
— plag|(cos e —sina +1) +|a,| + 2sin anZ‘aj‘ ]
i1,

forR>1
=la,|R™ +R[ (k,Ja,|(cosa +sinar+1) —[a,|
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1
— plag|(cos a —sina +1) +[a | + 2sin anZ‘aj‘ |
i

forR<1.
Taking p =1 in Theorem 2, we get the following result.

n

Corollary 4. Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some
i=0

positive numbers K, ,K,and some integer 4 with k; >1,k, >1,0< A <n-1,

|2|a, = 2k,la, | 2[a, > > o = a|

a|

Then P(z) has no zeros in the open disk |Z| < V

where
M =[a,[R™ +R"[ (k,Ja,|(cosa +sina +1) —[a |+ 2k,|a,[sine + 2(k, —D]a,|

n-1
—[a,|(cos a —sina)+ 2sin Z‘aj @
j=L j#A

forR>1
=la,|R™ +R[ (K,Ja,|(cosa +sina +1) —[a,| + 2k, |a, [sine + 2(k, —Da, |

1
~|ay|(cos & —sin &)+ 2sin nZ‘aj @
j=1,j=A

forR<1.
Next we prove

n

Theorem 3. Let P(z) = Zaj " be a polynomial of degree n with complex coefficients such that for some
j=0

positive numbers K, ,K,, o and some integer 4 with k; 21k, >1,0< p<10<A<n-1,

I -3 " - W Y- Y Y - o - W

a R
Then the number of zeros of P(z) in |I\/I_0| < |Z| < —,C > lis less than or equal to
c
1 K
——log— ,
logc  [ay|

where
M =la,|R™ +R"[ (k,Ja,|(cose +sina +1) —[a,|+2k,[a,[sine +2(k, —1)[a,|

1
— plag|(cosa —sina +1) +|a |+ 2sin & nZ‘aj @
j=L %2

forR>1
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=la,|R™ +R[ (K,Ja,|(cosa +sina +1) —[a,| + 2k, |a, [sine + 2(k, —Da, |

1
— plag|(cos a —sina +1) + [a |+ 2sin nz:‘aj@
j=1,j#4

forR<1,

K =a,|R™ +R"[ (ka,|(cosa +sina +1) —|a,|+ 2k, |a,[sina + 2(k, —1)[a,|

n-1
— plag|(cos & —sina +1) + [a, [+ 2sin & Z‘aj@
j=1,j#4
forR>1
=la,|R™ +R[ (k,Ja,|(cosa +sina +1) —[a,| + 2k, |a,[sine + 2(k, —Da, |

-1
— plag|(cos e —sina +1) + [a, |+ 2sin nZ‘aj @
i=L j#4

forR <1.

For different values of the parameters, we get many different results. For example taking p =1 in
Theorem 2, we get the following result.

n
Corollary 5. Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some
j=0

positive numbers K, K, and some integer 4 with k; >1,k, >1,0<A<n-1,
kija,| =[a, o = 2 kyla,| 2o, 4> 22y >3y

and for some real numbers «, £,

‘arg a; —ﬁ‘ <a< % j=012,....,n.

a R
Then the number of zeros of P(z) in|M—O| < |Z| < —,C > lis less than or equal to
c
1 K
——log— ,
logc  [ay|

where
M =|a,[R™ +R"[ (K,Ja,|(cosa +sina +1) —[a |+ 2k,|a,[sine + 2(k, —D|a,|

n-1
~|ay|(cos  —sin @)+ 2sin Z‘aj@
j=1,j=4
forR>1
=[a,|R™ +R[ (kjJa,|(cosa +sina +1) —[a,| + 2k,|a,[sine + 2(k, —D]a, |

n-1
—[a,|(cos @ —sina)+ 2sin Z‘aj @
=L j4

forR <1,
K =la,[R™™ +|a,|+ R"[ (k[a,|(cos e +sine +1) —[a |+ 2k, |a,|sin & + 2(k, —D|a,|

n-1
~[a|(cos @ ~sina)+ 2sina Y Ja, @
j=1,j=A
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forR>1
=la,|R™ +a| + R[ (k,|a,|(cose +sina +1) —|a,|+ 2k, |a,|sina + 2(k, —1)[a,|

j=Liza

—[a,|(cosa —sina)+ 2sin ni‘aj @
forR<1.

I11. LEMMAS
For the proofs of the above results, we need the following lemmas.

Lemma 1. Let f(z) (not identically zero) be analytic for |Z| <R, f(0)#0and f(a)=0,
k=12,......Nn.Then

1 (or i 4 R
—| " log|f (Re"|d@ —log| f (0)| = > log— .
o0 .[0 ‘ ‘ | | JZ_; ‘aj‘
Lemma 1 is the famous Jensen’s Theorem (see page 208 of [1]).
Lemma 2. Let f (z) be analytic for |Z| <R, f(0)#0 and |f(Z)| <M for |Z| < R. Then the number of zeros

R 1 M
of f(z) in |Z| < —,C >1 does not exceed ——log ——.
logc | f(0)|

Lemma2isa S|mple deduction from Lemma 2.
Lemma3. For any two complex numbers Z,,Z,such that |Zl|2|22|and for some real

a,ﬂ,‘argzj —ﬂ‘ﬁaﬁ%,jzl,Z,wehave

|2, — 2,| < (2| |z, |) cos & + (|7 | + |2, sinex .
Lemma 3 is due to Govil and Rahman [2].

IV, PROOFS OF THEOREMS
Proof of Theorem 1. Consider the polynomial

F(z)=Q1-2)P(2)
=-a,2" +(@, -a,,)2" +....+(@,,, —a,)2"" +(@, —a,,)z" +....+ (8, —a,)z+a
=-a,2"" +(ka, —a,,)2" -k, -Da,z"+(a,,—a,,)z"" +..+(a,, —k,a,)z*"
+(k, —Da,z*"* +(k,a, —a,,)2" —(k, -Da,z" +(a,, —a, ,)2* " +....
+(a, _al)zz +(a, —pay)z+(p—1a,z}+a,

1 . ) .
For |Z|>lso that —j<1,j=1,2,....,n, we have by using the hypothesis and Lemma 3,
YA

1 1
IF(2)|>|a,|z"[ |z +k, ~1 - | |{ k,a, - _1|+|an_1—an_2|.ﬂ+ +|al+l_k2al|'—|z|n—z—1
n
1)|a/1| n-i-1 +|k a, /171|' na T k2 _l)|al|' n-1
2 | E |Z|
1 1 1
e,y —a, | g e [a, — | =g+ [ay — g 5+ U p)fag| — 5
K E 2 | E

Iaol|| j ]
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>a,|2"[ [z+k, 1~ { ka, —a, | +[a, ., —a, o+t —Koay).

fau|

+(k, —Da, | +]k,a, —a, | +(k, —Dla,|.+|a, ., —a, o +....
+la, —anl +fay —pao|+(1—p>lao|+lao| j ]
>a,|2"[ |z +k, -1~ A

+(ja.|—|an.) cosa + (a, | +]a,_,) sina +......

+ (2| —k,|a, ) cosar + (|a., |+ k,|a, ) sina + 2(k, —D)|a, |
+(k,|a;|—[a, ) cosa + (k,|a,| +|a, ) sine + (|a,,|-|a, ) cosa
+(ja,y| +|a, 5 sina +.....+ (a,| —|ay) cos @ + (|a,| +|a) sin

+(jay| - plag) cos a + (|| + pla ) sina + (L- p)la,| +]ay| | ]

>a,[2"[ |z+k, ~1 -

{ (k,Ja,| -[a, 1)) cos e + (k,[a, | +]a, 1) sine

i{ k,a,|(cosa +sina) + 2k, |a, [sina + 2(k, —1)|a,|

]

n-1
+2Ja,| - plag|(cosa —sina +1) + 2sina Y |a;| } ]

=1, j#4

>0
if

z+k —1> ﬁ{ kjJa,|(cosa +sina) + 2k, [a, |sin & + 2(k, —1)[a,|

n
-1
+2a,|— plag|(cosa —sine +1) + 2sin nZ‘aj‘ }
j=1,j#A

This shows that those zeros of F(z) whose modulus is greater than 1 lie ithheJ j:losed disk

lz+k, -1 < { ki|a,|(cosa +sina) + 2k,|a,|sin & + 2(k, —1)[a, |

n-1
+2Ja,| - play|(cosa —sina +1) + 2sina Y Ja;| }
j=1j#4
Since the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality, it follows
that all the zeros of F(z) and hence P(z) lie in the closed disk

lz+k, -1 < ||

1
+2a,|— plag|(cosa —sine +1) + 2sin nZ‘aj‘ }
j=1,j#4

{ Kj[a,|(cos a +sin ) + 2k, [a, |sin & + 2(k, —1)[a, |

thereby proving Theorem 1.

Proof of Theorem2. For the polynomial
F(2)=Q1-2)P(2)
=-a,2"+(@, -a,,)2" +...+(@,,, —8,)2"" +(@, —a,,)2" +..+ (8, —3,)Z+ 3,

=-a,2"" +(ka, —a,,)2" -k, -Da,z"+(a,, —a,,)z"" +..+(a,, —k,a,)z*"
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+(k, -Da,z"" +(k,a, —a, ,)z" —(k, -Da,z* +(a,, —a, ,)z" * +....
+(a,—a,)2% +(a, — pa,)z+(p—Da,z.+4a,
=a, +G(2)
where
G(z)=-a,2"" +(k,a,-a,,)z" - (k, -Da,z" +(a,, —a, ,)z" +...+(a,,, —k,a,)z*"
+(k, —Da,z*"* +(k,a, —a,,)2" —(k, -Da,z" +(a,, —a, ,)2* " +....

+(a, _a1)22 +(a, — pay)z+(p—Dayz.

for|Z| <R, we have by using the hypothesis and Lemma 3,
G(2)| < a,|R™ +|(k, ~D)a, |R" +|k,a, —a,,|R" +|a,; —a, .| R"™" +...+|a,,; —k,a,|R*"
+|(k, —Da,|R** +|k,a, —a, ,|R* +|(k, —Da,|R*
+la,, —a, R+ +[a, —a [R? +[a, — pag[R+[(p —1)a,|R
<la,|R™ +R"[ (k, —D|a,|+[k,a, —a, | +[ays — |+ Az, —k,a,
+(k, —D|a, |+|k,a, —a, |+ (k, —Da,|+|a, s —a, o]+
+[a, —ay| +]a, — pa| + - p)lay| ]
<[a,[R™ +R"[ (k, —Dla, |+ (k;]a,|—|a,.]) cos e + (k,a,| +]a, ) sine
+ (a4 —|an2) cosa + (|a, 4| +]a, . sina +......
+ (.| —k,la,)) cosa + (|a,,,| +k,|a, ) sina
+2(k, —Da,|+ (k,[a,| - |2, cosa + (k,|a, | +]a, ,) sine
+(ja,y| —|a,.) cosa + (|a, | +|a,_, ) sina +.....
+(ja,| —|ay) cos e + (|a,| +|a,) sin e + (&, | - pla,|) cos
+(|ay| + plag sina + (L1- p)a,| ]
=la,|R™ +R"[ (k]a,|(cosa +sina +1) —|a,|+ 2k, |a,|sina + 2(k, —1)[a,|
— play|(cos e —sina +1) +a,| + 2sin ni‘aj‘ ]
L

for R>1.
For R <1,

G(2)| <[a,|R™ +R[ (k,|a,|(cos +sina +1) —|a,| + 2k, |a,|sin & + 2(k, —1)[a,|
n-1
— plag|(cosa —sina +1) +[ay| + 2sina Y |a;] ].
j=1,j#A
Since G(z) is analytic for |Z| < R and G(0)=0, it follows by Schwarz lemma that
|G(Z)| < I\/I|Z| in |Z| <R, where
M =[a,[R™ +R"[ (k,|a,|(cosa +sina +1) —[a,| + 2k,|a,|sina +2(k, —D|a,|
n-1
— plag|(cosar —sinar +1) +[ag| + 2sine Y [a| ]

j=1,j#A
for R>1.
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=la,|R™ +R"[ (k]a,|(cosa +sina +1) -|a,|+ 2k, |a,sina + 2(k, —1)[a,|

1
— play|(cos e —sina +1) +a,| + 2sin nZ‘aj‘ ]
j=1,j#A
for R<1.
Hence ,

IF(2)|=|a, +G(z)|

>[ag| - 6(2)
2[as] - M2
>0
if || <M .
M

In other words, no zero of F(z) lies in |Z| < M

2]

Since the zeros of P(z) are also the zeros of F(z), it follows no zero of F(z) lies in |Z| < Vo That completes the
proof of Theorem 2.

Proof of Theorem 3. For the polynomial
F(z)=Q1-2)P(2)
=-a,z"+(a,-a,,)2"+....+(a,,—a,)z
=-a,z2" +(ka, —-a,)z"-(k,-Da,z"+(a,_ —a, )" +..+(a,, —k,a,)z*"

+(k, -Da,z"" +(k,a, —a, ,)z" —(k, -Da,z* +(a,, —a, ,)z" * +....

i@, -a,)2" +...+(a,—a,)z+4,

+(a,-a,)z° +(a, - pa,)z+(p—Da,z.+a,,
for|Z| <R, we have by using the hypothesis and Lemma 3,
IF(2)|<|a,|R™ +|(k, —D)a,|R" +|k,a, —a,4|R" +|a,; —a, ,|R"" +...+|a,,, —k,a,|R*"
+|(k, —Da,|R** +|k,a, —a, ,|R" +|(k, -Da,|R*
+la,, —a, | R+ +]a, —ay[R? +|a, — pa | R+[(p —1D)a,|R +|a|
<la,|R™ +ag| + R"[ (k, —D|an|+[Kya, —a, | +[ay 1 — | + oo +]az: — ko3,
+(k, —D|a, |+|k,a, —a, |+ (k, —Da,|+|a,, —a, o]+
+[a, —ay| +]a, — pa| + - p)lay| ]
<a,|R™ +[a|+ R"[ (k, —D]a,|+ (k |a,| —[a,[) cos e + (ka, | +|a, ) sin e
+(ja,4| |,z cosa + (|a, 4| +]a, . sina +......
+ (.| —k,la,) cosa + (|a,,,| + k,|a, ) sina
+2(k, —Da,|+ (k,[a,| - |2, cosa + (k,|a, | +]a, ,) sine
+ (a4 -2, cosa + (|a, 4| +]a, ) sina +.....
+(ja,| —|a,)) cos e + (|a,| +|a,) sin e + (&, | - pla, |) cos
+(|ay| + plag sina + 1- p)a| ]
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=la,|R™ +a,| + R"[ (kj]a,|(cosea +sina +1) —|a, |+ 2k, a, |sin & + 2(k, —1)[a,|

1
— play|(cos e —sina +1) +a,| + 2sin & nZ‘aj‘ ]
j=1,j#A
for R>1.
For R <1,

IF(z)| <]a,|R™ +|ay| + R[ (ki|a,|(cose +sina +1) - |a, |+ 2K,[a, [sin & + 2(k, —Da, |

1
— plag|(cosa —sina +1) +[a |+ 2sin e nZ‘aj‘ |
j=1, j#4

R
Hence, by Lemma 2, the number of zeros of F(z) and hence P(z) in |Z| <—,c>1 is less than or equal to
c

1 K
——log— ,
logc  [ay|
where

K =a,|R™ +[a,|+ R"[ (k;]a,|(cosea +sina +1) —|a, |+ 2k, |a,|sin & + 2(k, —1)[a,|

— plag|(cosar —sina +1) + [a, |+ 2sin ni‘aj@
i=1, j%A
forR>1
=[a,|R"™ +[a,| + R[ (k,|a,|(coser +sina +1) —|a,|+ 2k, |a,[sina + 2(k, —1)[a,|

n-1
— plag|(cosa —sina +1) +[a |+ 2sina Y _[a;|
j=1j=A
forR<1.
By using Theorem 2, the result then follows.
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