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Abstract: The stationary longitudinal vibrations of a finite length visco-elastic cylindrical shell with regard
to singularity of the shell creeping nucleus are investigated. A formula for axial displacement of the shell
points are obtained in explicit analytic form. A formula of amplitude-frequency dependence on the base of
which an appropriate curve is constructed for the given values of input parameters, is derived.
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I. INTRODUCTION

The issues of vibrations of inelastic thin-walled structural elements are important as before, their results
are highly demanded in engineering and building. This is connected with the fact that a great majority of
structural elements work at periodic loading conditions. The used materials have explicitly inelastic features of
rheological character. The main goal of the investigations is to define the eigen frequencies the knowledge about
of which in practical planallows to carry out preventive measures in order to avoid initiation of resonance.

In the paper, periodic stationary vibrations of a finite length annular cylindrical shell whose material is a
hereditary type visco-elastic material are investigated.

II. PROBLEMSTATEMENT
Consider a thin-walled annular cylindrical shell of radius R and finite length |. Direct the axis z

along the axis of the cylindrical shell, & is an annular angular coordinate, r is radial coordinate. Accept the
denotation:

{u, LV P uz} is the displacement of the shell points.

Let from the left side the thin-walled cylindrical shell be subjected to longitudinal vibrations of the given amplitude
and frequency, and the right end side of the shell be free from forces. If we locate the origin of coordinates z on
the left end side of the shell, then the boundary conditions will take the form:

u, =u,coswt; for z=0; ()

o,=0; for z=I. 2

On account of availability of the axial symmetry, the tangential stresses 0 ,, and &, in the shell and tangential
displacements U, equal zero. The remaining displacements and stresses are independent of the tangential

angular coordinate €.
Considering the mean stresses along the shell thickness based on the membrane theory [1] it is easy to see that

the displacements U, (Z;t), u, (Z;t) and stresses O, (Z;t), O o (Z;t) differ from zero. The equations of
motion of a thin-walled elastic annular cylindrical shell based on the membrane theory [1] have the form:

°u, 1 E (u_r+iauzj
a?  pl-vZ\R? R &z
ou, 1 E [azu2+zau,j ©
o> pl-vi\ éz? R oz

where p is density of the material, E is Young’s modulus, V is the Poisson ratio.

In order to get an appropriate system of equations of motion for a hereditary elastic thin-walled annular cylindrical
shell by the membrane theory, apply the Volterra-Rabotnov correspondence method where it is suggested to
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change in the equations the modulus of elasticity E and the Poisson ratio v by the appropriate operators E

and 1;[2]:
- E
E=E(l-T")=
( ) 1+ K @
;:v(1+1_zvl“*j
2v

where K™ is the creeping operator, I'" is its resolvent operator called a relaxation operator. These operators
have the following representation:

ot = [KE-o)f ()de; T =[T(t-0)1 ()de ®

where K (t - r) is a creeping nucleus, F(t - T) is a relaxation nucleus.
The equations of motion for visco-elastic case take the form:

?u, 1 E |u. Y v ou,
at? 2| R7"R G
pl—v ’
N (6)
d’u, 1 E |d, vm
ot p. - ot "R a
1-v
As a creeping nucleus take the Abel weaksingular nucleus:
P .
Kt)=J, =———t%, 0<a<l 7
=3 =tia) "

where I} (l— a) is Euler’s gamma function.

Then the relaxation operator will be determined by the operator whose nucleus is Rabotnov’s
fractional-exponential function [2]:
r'=¢3,(-¢). (®)

This operator is from the class of resolvent operators, and then using the algebra of Rabotnov’s resolvent
operators, we get:

E > = E 5 1_£1+_V 3’; _L _3_¢1__V 3; _3—¢ . 9)
TV 41-v 2-v)) 4 1+v 2(1+v)
Boundary condition (2) will take the form:
ou, ~u
L+yv——L=0; for z=I. (10)
oz R

I1ll. PROBLEM SOLUTION
Equations of motion (6) of a thin-walled hereditary-elastic annular cylindrical shell is a system of integro -
differential equationswhose solutions will be sought in the form of the following Fourier series:

ZU i \Z s 7k et
i Z yk -yt
k=1

where y, are the parameters defined in the course of problem solution, and in the general case they are

(11

. - . . . . 2
complex expressions, i is an imaginary unit, t© =—1.
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Substituting representation (11) in the system of equations (6) , allowing for (4); (7); (8); (9), and also

. r © (_1)" n: (n+1)(1-a) B
3, (-p)e™ :Z( )]/(”'Bﬂ)l(la) e (12)
n=0 k

we get the following system of differential equations with respect to the functions U (Z Vi ) and
Uzk(Z; 7k) of series (11):

7/kU Z, 7/k W( ( )Urk(Z;Vk)"'
5)3Y dZ n)}zo

z
d Uzk(z 7/k)+

o
A (S
+%@+5)%ﬁﬁqkn

dz

(13)

where the following denotation are accepted:
(_l)n+l . ¢n+1 . IU(J) . i(n+1)( —a) .

5= :

ot 2n+2 . ylEnJrl)(lfa) ,
W _ 1+v +3"+1 (1—1/) .
:un (1 _ V)n+1 (1 n V)n+l ’

@_ v  3v(-v) 1-2v 11
,Lln (1_V)n (1+V)n+l + 2n—1 ( +V) (1_V)n 2n +

+3a—v)£afly1—§%].

From the first equation of system (13) the function U, (Zi 4 k) may be expressed by the function
Uzk(Z; Yk ):

: E(V+5|£2)) du, (z; 7.)
Urk(ziyk): 2\ 2 0y :
RL-v?)y2-E@L+sY)  dz
Taking into account this expression in the second equation of system (13), we get the following ordinary
differential equation of second order with respectto the functions U, (Z; 7k):

dUzk(Z;Vk)
dz

Here we accept the following denotation:

(14)

"‘g(Z;?/k)Uzk(Z;?/k):O- (15)

yipl-v?)
E@+8Y + )
E(v+o5?)
pRE(L-v2)y2 —El+6Y)
The solution of equation (15) is representable in the form:
U, =c¢,, -chi,z+c,, shAi,z (17)

g(Z;7k):
(16)

Hy =

where A, are the roots of the characteristic equation:
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A +9(z57)=0. (18)
Note that A, is a complex expression and its values for real y, >0 and y, <0 are complexly
conjugated. Then it suffices to give formulas for the parameter A, for y, >0, thatare of the form:
A, =a, +

_ _p7k ___my, pll-v? (19)
" m? 4+ p? V m>+p?\ E '

In its turn, the parameters M and p are expressed in a complicated way by the two main values:

A= o) An+l1 o)

— =11 COS
pore 2n+2 )Jkn+101 a) 2
(i) _ w( 1T+1(0n+1é{nj) . 7(n+101 OC)
B _z 2n+2}jn+101 a) sin 2 :
n=0 k

The constants C,; and C,, of solution (17) are determined from boundary conditions (1) and (10). Satisfying

boundary condition (10), we get the following relation the constants C,; and C,,:
shA,l

C . (20)
7 chal Cu
Substituting this expression in representation of solution (17), we find:
chi, (z+1)
U,(z;7 )=cC Suiak & il 4 (21)
Then on the base of the second formula of (11), the longitudinal displacement U, will take the form:
z cha (z+1)
u, =chl-—k( Je-we. (22)
= chA,l
Boundary condition (1) is satisfied assuming in (22)
uO
C,=C,=—; C,=0; k>3;
11 21 2 k1 (23)
V1="V, = 0.

In this case in series (22) there remain only the first two summands corresponding to two complexly conjugated
values of the parameter A,, k =1 and 2. Transforming the sum of these two complexly conjugated first
summands of series (22), we give it the form convenient for practical use:
u, =U,A(z; ) - cos(at—o(z; ®)). (24)
This solution reflects the desired stationary vibrations with dimensionless amplitude of vibrations
A (Z; a)) and shift of vibrations phase ¢ (Z; a))
So, for the effort free right end of the cylindrical shell we get:

u, =U,A(l; @) - cos(at —p(l; ))

1
Al )= cos4b,l +cha,l )2
7| cos2b,l +ch2a,l

sh3a,l-sinb,| + sha,| - sm3b| (25)
ch3a,l-cosb,l +cha,l- cosSbI

. 0; for ch3ayl-coshl+chal-cos3b,l >0
z; for ch3al-cosbl+chal-cos3bl <0

o(1; w)=arctg
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In these formulas the parameters &, and b, are determined from formulas (19) for ¥, = @.

On the base of formulas for dimensionless amplitude A(I ;a)) the amplitude- frequency characteristics to 5 Htz
was calculated for the following dimensional values of . the problem parameters:
p=165q/cm®; E=2,2-10°kqg/cm?*; a=1; ¢ =05; v=0,3; | =100cm;

R =5cm. The constructed amplitude-frequency curve is given in fig. 1.

As it follows from the cited graph, on the interval under investigation two resonance frequencies are observed,
and the value of the resonance amplitude decreases with the growth of the value of amplitude frequency.

InA

A
10

1 2 3 4 5 P10’
Fig.1 Amplitude-frequency curve for the free end of the shell.

IV. CONCLUSION
A closed analytic representation of the solution of a problem on stationary axial vibrations of a finite
length hereditary elastic annular cylindrical shell subjected to the given vibration on one end and the external
forces free second end is obtained. A formula was derived for amplitude-frequency dependence on the base of
which a graph of an amplitude-frequency dependence is constructed. The character of resonance amplitude
decrease with the growth of resonance frequency value is revealed.
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